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Evaluating the forecasting capabilities of probabilistic
and point-based LSTM models in sequence prediction

Abstract. This paper compares the performance of probabilistic and non-probabilistic LSTM models in the task of univariate, real valued sequence
forecasting. The performance of models is evaluated in terms of mean absolute error and root mean squared error for different forecasting horizons.
The results show that probabilistic models can outperform non-probabilistic models in the task of forecasting.

Streszczenie. W artykule pordwnano wydajnos¢ probabilistycznych i nieprobabilistycznych modeli LSTM w zadaniu prognozowania szeregow
czasowych. Wydajnos¢ modeli jest oceniana pod wzgledem Sredniego btedu bezwzglednego i btedu Sredniokwadratowego dla réznych horyzontéw
prognozy. Wyniki pokazuja, Ze modele probabilistyczne moga przewyzsza¢ modele nieprobabilistyczne w zadaniu prognozowania. (Ocena jakosci

prognostycznych modeli probabilistycznych i punktowych LSTM)
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Introduction

Recurrent Neural Networks (RNNs) are models de-
signed to process temporal sequences. They implement dy-
namic memory in the form of recurrent connections between
nodes [1]. RNNs have been used successfully for modeling
short term dependencies. However, traditional RNNs poorly
capture long term dependencies and are known to suffer from
vanishing gradient problem, when trained with gradient based
algorithms [2]. In order to eliminate vanishing gradient issue,
modifications to the basic RNN architecture have been pro-
posed, notably the Long Short-Term Memory (LSTM) [3] and
Gated Recurrent Unit (GRU) [4]. Their capacity to retain in-
formation over long sequences makes them particularly suit-
able for forecasting tasks. Both networks have been eval-
uated against models most commonly used in time series
forecasting (e.g. ARIMA and SVR). LSTM and GRU have
achieved superior performance across multiple domains, on
problems involving forecasting sequences such as energy
demand, traffic flow, cryptocurrency price, stock market in-
dex, and weather, as noted in [5, 6, 7, 8, 9, 10].

Traditionally, real valued forecasting models based on
RNNs have been configured for point forecasting. During
training of such models, loss functions that measure distance
between samples and predictions are minimized, such as
mean squared error. This approach assumes constant vari-
ability in the data over time, known as homoscedasticity. Al-
ternatively, RNNs can be configured to provide parameters
of specific probability distributions, facilitating heteroscedas-
tic, probabilistic forecasting. In addition to providing measure
of uncertainty, estimated probability distributions can be used
to derive point forecasts.

Probabilistic and point prediction models have been
compared, in case of feedforward neural networks. Proba-
bilistic models were demonstrated to better fit heteroscedas-
tic data, in the task of surgery prediction [11]. RNN-based
probabilistic models have been suggested for various ap-
plications, prominently in predicting power demand, traffic
flow, and items sales [12, 13]. These models have demon-
strated their ability to capture intricate patterns, fluctuations,
and seasonal effects inherent in such datasets. However,
a comprehensive comparison of these probabilistic mod-
els with their point prediction counterparts hasn’t been per-
formed, which leaves an open question regarding relative
performance and advantages. Probabilistic models may mit-
igate error accumulation and reduced accuracy, especially in
the tasks involving multistep ahead forecasting.

This research conducts a comparative analysis between
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point forecasting LSTM based models and their probabilistic
counterparts, for real valued, univariate time series. Experi-
ments were performed on two, real-world, publically available
datasets. Performance of multistep ahead models is eval-
uated over selected prediction horizons. Two distinct strate-
gies for multistep forecasting are compared: multi-input multi-
output (MIMO) [14] and autoregressive LSTM models [15].
Additionally, one-step ahead model is evaluated. The core
focus remains on the accuracy of point predictions. Prob-
abilistic models predicting two probability distributions were
compared: Gaussian and Laplace, commonly used for mod-
eling real valued variables.

Initial evaluation indicates that, in terms of mean abso-
lute error (MAE) and root mean squared error (RMSE), prob-
abilistic models showcase a better data fit than traditional
point forecasting models. This advantage in accuracy doesn't
come with a trade-off in computational efficiency; both model
types demand similar computational resources during their
training phase.

LSTM networks

The Long Short-Term Memory (LSTM) network is one of
the most widely used variant of recurrent neural networks in
time series forecasting tasks. Its ability to learn and remem-
ber over long sequences has been demonstrated in numer-
ous studies, making it a fitting choice for this research.

LSTMs process sequential data using a series of gates
and states. Unlike traditional RNNs, LSTM network utilizes
gating mechanism that effectively address the vanishing gra-
dient problem, when dealing with long sequences. Addition-
ally, LSTM network introduces 2 states that allow for cap-
turing long and short term dependencies. For an input se-
quence z¢, the LSTM cell uses the input gate (i;), forget gate
(f:), and the output gate (o;) to update its cell state (c;) and
the hidden state (h;) at every time step. The sigmoid function,
represented by o, outputs a value between 0 and 1, modulat-
ing content being added or removed from existing cell state.
Vector of candidate values for (c;) and (h;) is computed by
tanh function, that ensures output values between -1 and 1.

The input gate determines the new information stored in
the cell state:

iy = o(W; - [he—1, z¢] + b;)

The forget gate decides the amount of the previous cell
state to retain:

fe=0(Wy - [he—1, 2] + by)
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The cell state updates using the output of the forget gate
and the input gate:

Ct = ft X Cy—1 + it X tanh(WC . [htfhfl't] + bc)

The output gate controls the information from the cell
state:

o =0(Wy - [hi—1, ] + Do)

ht = 0¢ X tanh(ct)

Hidden state h, is passed through a fully connected
(dense) layer, which reshapes the LSTM’s output to match
the desired forecasting task. This adaptability enables
LSTM’s configuration for various forecasting strategies, both
point and probabilistic.

Strategies for time series forecasting

Given a sequence of recent observations from a time
series (input sequence), denoted as y1.7 = {y1,...,¥y7},
LSTM model aims to predict future values (output sequence),
denoted as yr+1.7+1 = {Gr+1,- -, Jr+mu}- Were T refers
to the length of the input sequence and H indicates the fore-
casting horizon. When H = 1, the problem is known as one-
step ahead forecasting. When H > 1, the model attempts to
predict multiple future values, and the problem is referred to
as multistep ahead forecasting. For the sake of convenience
and the scope of this article, the notation assumes that the
forecasts are directly subsequent to the last input time step.
This means models that make lagged forecasts are not con-
sidered.

Time series models can be further categorized based on
the number time-dependent variables (dimensionality of the
target variable y). Univariate models forecast one variable
and multivariate models forecast multiple time-dependent
variables [16].

In addition to y;.7, forecasting model is conditioned on
sequence of covariates x1.7 or x1.7+m—1, depending on
forecasting strategy employed by the model. The distinction
is motivated by the assumption that variables y are known
only in conditioning range {1, ..., T} and covariates are in-
puts known across all time steps (e.g. day of the week, month
of the year) [17].

Following sections describe two commonly used strate-
gies for multistep ahead forecasting, that were employed in
this research.

MIMO strategy

The first approach involves using a multi-output model that
directly generates the entire sequence of future predictions
in one step. Sequence of variables y,.7 and covariates ;.1
is processed by LSTM network. Sequence §ri1.7+m iS
predicted directly at time step 7T'. For this purpose, dense
layer is configured to output vector of dimensionality H,
corresponding to each time step within the forecasting
horizon.

MIMO strategy was proposed to preserve stochastic
dependency between predicted values. Incorporating the
interdependencies between each time step leads to better
accuracy, in comparison to models forecasting each time
step in isolation. However, MIMO strategy requires fixed
prediction horizon, determined by the shape of dense layer
in LSTM model. Lack of flexibility in the structure prevents
from reusing model in multiple forecast horizons [18].

Autoregressive strategy

Alternatively, an autoregressive strategy can be employed,
which generates future predictions in an iterative man-
ner. For these models, two temporal ranges can be
distinguished. In conditioning range, at each time step
t € {1,...,T} the inputs to the LSTM model are target
variables y; and covariates x;, which results in initial,
one-step ahead prediction. In prediction range, at each time
stept € {T+1,...,T+ H — 1} prediction from previous
time step 7;_1 is fed back to the model, along with covariate
Tt.

Providing covariates in prediction range improves com-
putational time and accuracy, in comparison to autoregres-
sive LSTM generating all inputs. This strategy minimizes er-
ror accumulation in long sequences [19]. Models predicting a
sequence for one-dimensional variables are considered uni-
variate, despite relying on multidimensional input vector.

Autoregressive models are known to suffer from accu-
mulation of error for long forecasting horizons. Therefore, the
accuracy of this strategy depends on level of noise present
in the time series. The main advantage of autoregressive
models comes from their ability to make predictions for
arbitrary forecasting horizons, using single model [18].

Moving window

Training and evaluation of LSTM models often employs a

rolling window strategy. This technique involves the use of

consecutive, overlapping segments (windows) of the time

series to train the network. An example of this process

is presented in Fig. 1. Each window consists of an input
window (N-H)

window (t)

nput sequence

window (N-H-1)
uuuuuuuuuuuuu k

window (T+1)

window(Ty 1 oignpan
1 T+ tot+ t+H N

Fig. 1. Moving window example.

sequence of length 7" used to predict the output sequence
of length H. The window then rolls forward one step for
the next training iteration. For a complete time series of
length NNV, this process results in D = N — T' — H pairs of
input/output sequences. Utilizing overlapping windows for
training recurrent model can be considered as data augmen-
tation technique and has been shown to improve forecasting
results [20]. When formulating supervised learning problem,
N can denote number of time step in training, validation
and test time series. Evaluating model's performance with
windows (rolling analysis) gives insight into model’s stability
over time and allows for independent metrics for each time
step in forecasting horizon [21].

Probabilistic forecasting

In many neural network-based regression problems,
there exists an underlying assumption that the target’s vari-
ability is global and independent of the input, leading to what
is known as a homoscedastic model. Such an assumption
implies that the uncertainty or noise around the predictions
is constant across all levels of the independent variables. In
contrast, probabilistic models that allow for input-dependent
variance are categorized as heteroscedastic. These het-
eroscedastic models recognize that the uncertainty in pre-
dictions may vary with the input values [22]. Time series data
often exhibits heteroscedasticity, where the volatility changes
over time. Changing variances in time series data is well
documented across multiple domains [23, 24]. Probabilistic
models can better fit the data by allowing for input-dependent
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variance and addressing stochastic nature of time series [11].

This distinction between homoscedastic and het-
eroscedastic assumptions can be crucial in the context of
time series forecasting, where the nature of uncertainty can
be complex and dependent on the temporal dynamics of the
system. Probabilistic models allow for more nuanced under-
standing of the data structure, by providing uncertainty along
point predictions. Assuming constant variance across time
might lack robustness to capture varying uncertainty across
different time steps. A homoscedastic assumption in RNNs
might limit its ability to capture these dynamics, potentially
affecting prediction accuracy.

Training LSTM models

In training the LSTM models, the moving window strat-
egy was employed, where each window is rolled forward
by one time step. Experiments were also conducted with
non-overlapping windows, but this approach resulted in lower
forecast accuracy.

The global loss function is minimized in case of all eval-
uated models. Loss function is defined for all training se-
quences as:

D
Lglobal = § L;
i=1

where L; represents the loss for the it" window.

Negative likelihood loss

Likelihood function defines probability of observed data
sequence, given parameters of LSTM model 6. In univariate
case, it can be expressed as a product of individual sample
probabilities. It is convenient to define objective function as a
Negative Logarithm of Likelihood (NLL) function. Logarithm
is a monotonically increasing function of its parameters and
thus does not change the location of the maximum. It allows
computing sum of probabilities instead of product, which is
more stable numerically. Negative sign is added to convert
maximization problem to minimization problem which is by
convention used in optimization algorithms [25]. Likelihood
functions described below provide support for real valued,
single variable. LSTM models are required to estimate two
parameters. For given sequence (window), NLL for Gaussian
and Laplace distribution is defined as:

L~ (G )®
it — Yit o
H (wﬂog(%))

(1) Li,gaussian —
_ a; t
t=T+1 s

(2) Li,laplace =

1 "E (i — vl
it — Yit >
T2 (;;“"g“’%t)>

t=T+1 it

In the provided equations, 3 is assumed to be location
parameter 1. of distributions. Standard deviation estimated
at time ¢ for the i*" sequence in (1) is denoted as oir > 0.
It represents the variability or dispersion of the dataset.
Parameter Bi,t > 0 in (2) indicates the estimated scale
parameter, defining the spread of the distribution. The
relationship between the scale parameter and the standard
deviation is given by b = 20.

Point loss

The loss function commonly used for point forecasts in LSTM
models is the mean squared error (MSE), which measures
the average squared differences between the predicted
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values and the actual values for each time step. MSE aims
at approximating the conditional mean of the target variable.
MSE sequence loss can be written as:

| THH
(3) L point = T Z (Gie — yi,t)z
t=T+1

MSE loss can be derived from (1), under the assumption of
constant variance.

Configuring LSTM models

Point LSTMs output predicted mean (7)) for each forecasting
step. In probabilistic LSTMs, the dense output layer must
produce parameters of the selected distribution. In case
of Gaussian or Laplace distribution the model is tasked
with estimating two parameters with similar constraints: a
location parameter (predicted mean) and a positive scale
parameters. Consequently, the output dimension of the
dense layer in probabilistic models is twice that of point
forecasting models. For each time step in the forecasting
horizon, the model produces two outputs: one for the mean
(9) and another for the standard deviation (&) or the scale
parameter (b). R

To ensure the positivity of scale parameters (6 and b),
the softplus activation function is employed in the output
layer. Outputs corresponding to the mean value employ a
linear activation, for probabilistic and point models.

In autoregressive LSTMs, point prediction is made for
each time step in the forecasting horizon, where the predic-
tion for one time step is used as input for predicting the sub-
sequent time step. In the experiments, the mean of the esti-
mated distribution was directly fed into the model as input for
the next prediction.

Ancestral sampling strategy was also considered for ob-
taining point predictions, in autoregressive strategy. This ap-
proach involves drawing random samples from predictive dis-
tribution, at each time step in forecasting horizon, generating
one sample trace. After obtaining sufficient number of sam-
ple traces, point forecasts can be estimated as median val-
ues [12]. However, this method resulted in point forecasts
with marginally lower accuracy in comparison to the direct
feeding of the distribution mean.

Experiments

Two publically available datasets were used for model
evaluation: electricity and exchange (Table 1). Electric-
ity dataset contains time series, logged for 370 clients (in-
stances) [26]. Subset of 10 clients was selected randomly.
Exchange dataset contains collection of the daily exchange
rates of 8 foreign countries, as introduced in [27]. Since
each instance can display unique patterns, separate mod-
els are trained for each instance of electricity and exchange.
Datasets contain no missing values.

Table 1. Summary of the Electricity and Exchange datasets

dataset electricity exchange
unit kW exchange rate
L 35065 7588
granularity hour day
start time | 2011-01-01| 1990-01-01
instances 10 8

Original time series are split into training, validation and
testing sets contain 80%, 10%, 10% of original time se-
ries, respectively. Time series are not shuffled before the
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split. Variables are normalized to have mean 0 and variance
1. Mean and variance are calculated exclusively on train-
ing dataset and are used to perform reverse normalization of
forecasts.

Table 2. Hyperparameters of the LSTM model

batch size 32
optimizer Adam
learning rate 0.001
units 32
T 168
H 1,3,6,12,24, 48

Table 2 contains hyperparameters of training. Number
of units refer to dimensionality of state vectors (c;) and
(h¢). Prediction horizon h = 1 (one step-ahead forecast)
is considered as special case of autoregressive model and
serves as baseline for comparing sequence error. During
training, validation set loss is evaluated on each epoch.
Increase in loss for two successive epochs stops the training,
and weights of best performing models are preserved.
Monitoring validation loss can prevent overfitting of LSTM
model on training set.

Electricity dataset for instance: 1

g
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Time Steps

Fig. 2. Example of single window, evaluating model performance on
test set (Laplace MIMO model, T = 168, H = 48).

Metrics

For evaluation of the LSTM models, a set of robust
metrics has been selected to quantify their forecasting
performance. Models are evaluated on test set, using
moving window scheme, described in . Figure 2 shows
example of single evaluation window, obtained from test
sets of electricity and exchange data. Window contains
samples, corresponding to forecasting horizon of 48 hours
and 168 hours of historical samples. Error is evaluated in
original scale, therefore, reverse normalization is performed
on forecasts obtained from models, before calculating error
metrics.

Introduced metrics are defined for samples at fixed fore-
casting horizon and are averaged over test windows, to ob-
tain sequence error of specific forecasting step.

1. Mean Absolute Error (MAE): The MAE metric provides
an average of the absolute forecasting errors across all
observations and is calculated using the following for-
mula:

D
1 .
(4) MAE—BEL%—M
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where g; is the predicted value, y; is the actual value,
and N is the total number of observations.

2. Root Mean Squared Error (RMSE): RMSE is another
popular metric used to assess the accuracy of forecast-
ing models, especially when large errors are particularly
undesirable. The RMSE can be computed as:

(5) RMSE =

3. Percentage Reduction: To measure the improvement or
degradation in forecasting performance of probabilistic
models (Gaussian and Laplace) over the point models,
the percentage reduction is utilized. This metric is de-
fined as:

(6)
Reduction (%) = (

Errorpoint — Erforgistribution % 100
Errorpoint

where Errorpoint represents the error (MAE or RMSE)
for the point model, and Errorgistribution iS the error for
either the Gaussian or Laplace model. Positive values
indicate that the distribution-based model outperformed
the point model, while negative values suggest the
opposite.

Selected metrics encapsulate different aspects of predic-
tion errors. MAE offers simplicity and direct interpretability;
each error impacts MAE directly in proportion to its absolute
magnitude. RMSE, by squaring the differences, brings focus
to larger errors, causing them to have bigger influence on the
final value. Consequently, a few substantial deviations can
elevate RMSE significantly more than MAE. This differential
treatment of errors highlights that RMSE is more sensitive
to outliers, whereas MAE provides a linear error perspective
[28].

Results

Performance of LSTM models was compared in similar
training setting. Combination of LSTMs employing different
forecasting strategies (one-step, autoregressive, one-step)
and minimizing different objectives (point, gaussian, laplace)
was considered. Models were trained independently, for each
instance of datasets. Table 3 reports performance figures av-
eraged across 10 randomly selected clients. Table 4 reports
performance figures averaged across exchange series for 8
available countries. The best results for MAE and RMSE met-
rics are marked in bold (lower is better).

Laplace models reliably outperform other methods, ex-
cept in autoregressive strategy for electricity dataset. One-
step LSTMs minimizing Laplace objective achieved the low-
est MAE and RMSE for both datasets.

Gaussian distribution proved to describe data worse
than Laplace distribution. Models performed notably worse
in MIMO and one-step strategy in electricity dataset, in com-
parison to Laplace and point models.

Long forecasting horizons in autoregressive strategy
tend to lower the reduction of error of probabilistic mod-
els. Additionally, performance of autoregressive probabilis-
tic models, relative to point models, shows high variability
across forecasting horizons. This is most notable in table
4 for Laplace model, where reduction of RMSE and MAE ex-
ceeds 20% for forecasting horizon H = 3, while for H = 48,
increase of error exceeding 9 % is observed.

MIMO strategy results in lower error than autoregressive.
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Table 3. One-step vs.

autoregressive vs. mimo models for electricity dataset, averaged across instances

Strategy one-step autoregressive mimo
Horizon 1 3 6 12 24 48 3 6 12 24 48
3*MAE point 23.680 |/ 28.366|32.837|36.174|33.818 | 38.910 (| 27.715|31.883 | 34.356 | 34.228 | 36.576
gauss 24.599 |/ 27.836 |30.250 | 34.956 | 35.020 | 37.854 || 27.859 | 33.181 | 35.685 | 34.703 | 37.176
laplace | 22.234 |/ 27.730|31.136|32.110|34.503 | 39.149 || 27.245 | 29.851 | 31.731 | 31.645 | 35.422
2*Reduction (%) | gauss -3.88 187 | 7.88 | 3.36 | -3.56 | 2.72 -0.52 | -4.07 | -3.87 | -1.39 | -1.64
laplace 6.11 2.24 518 | 11.23 | -2.03 | -0.61 1.70 6.37 7.64 7.55 3.16
3*RMSE point 33.311 |/ 39.459 |45.267 | 52.337 | 48.594 | 54.759 || 38.460 | 44.630 | 47.928 | 48.834 | 51.863
gauss 35.055 |[/39.287|42.862 | 50.212|50.299 | 54.177 || 39.426 | 45.809 | 50.365 | 49.108 | 52.743
laplace | 32.955 | 39.103|44.343|47.438 |50.934 | 55.728 || 38.974 | 42.772 | 45.838 | 46.232 | 51.268
2*Reduction (%) | gauss -5.24 0.44 5.31 4.06 | -3.51 1.06 -251 | -264 | -5.09 | -0.56 | -1.70
laplace 1.07 0.90 2.04 9.36 | -4.81 | -1.77 -1.34 | 416 4.36 5.33 1.15
Table 4. One-step vs. autoreggresive vs. mimo models for exchange dataset, averaged across instances
Strategy one-step autoregressive mimo
Horizon 1 3 6 12 24 48 3 6 12 24 48
3*MAE point 3.822 6.517| 7.513 [11.025|14.687 | 20.835||5.890 | 7.503 | 9.294 | 12.433|16.352
gauss 3.551 5.620 | 8.073 |11.771 |14.482|20.281 || 5.540 | 7.124 | 9.013 | 11.199 | 15.809
laplace | 3.488 5.144 | 7.302 | 10.766 | 14.378 | 22.928 || 5.181 | 6.686 | 8.806 | 11.596 | 14.059
2*Reduction (%) | gauss 7.07 13.77| -7.44 | -6.77 1.40 2.66 594 | 5.05 | 3.02 9.93 3.32
laplace 8.73 21.08| 2.81 2.35 2.10 [-10.04 || 12.03|10.89| 5.24 6.73 | 14.02
3*RMSE point 5.157 8.775| 9.930 | 14.486 | 19.249 | 26.419 || 7.790 | 9.887 | 12.182 | 16.124 | 20.812
gauss 4.879 7.599(10.693 | 15.360 | 19.645 | 26.357 || 7.601 | 9.592 | 11.814 | 14.453 | 19.872
laplace | 4.833 6.850 | 9.688 | 14.158 | 18.533 | 28.853 || 6.998 | 8.832 | 11.396 | 14.714 | 17.876
2*Reduction (%) | gauss 5.40 13.39| -7.68 | -6.03 | -2.05 | 0.23 242 | 298 | 3.02 | 10.37 | 4.51
laplace 6.28 21.94| 2.44 2.26 3.72 | -9.21 ||10.17|10.67| 6.45 8.75 | 14.11

*1e — 3 units for readability.

Levels of error reduction are consistent across forecasting
horizons. Laplace MIMO models resulted in the lowest MAE
and RMSE in 4 out of 5, or all forecasting horizons, in both
datasets.

Reduction of MAE and RMSE was maintained at simi-
lar levels across forecasting horizons, for both datasets. This
indicates that probabilistic models do not affect outliers in dis-
proportionate way, in comparison to point models.

It is worth noting that increasing forecasting horizons re-
sults in increase of MAE and RMSE for all models. No strat-
egy or objective function was able to mitigate accumulation of
error in long sequences. Additionally, MIMO strategy resulted
in lower error than autoregressive, independently of objective
function used.

Conclusion

Performed experiments showed that, aside from model-
ing uncertainty of point predictions, probabilistic models can
reliably reduce forecasting error. The choice of probability
distribution is crucial for the performance of probabilistic mod-
els and depends on dataset being modeled. Set of NLL func-
tions, applicable for given problem, can be considered as hy-
perparameter when training probabilistic models.

Comparison can be further extended to univariate cases
other than real valued variables. For example, impact of loss
function on forecasting categorical and ordinal variables can
be evaluated.

Experiments were performed on univariate datasets.
However, the proposed approach can be extended to mul-
tivariate time series. In such case, multivariate distributions
can be used to model dependencies between variables. For-
mulating optimization problem can be more complex, when
accommodating marginal distributions and their dependen-
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cies (e.g. copula functions).
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