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Modelling a solution of a homogeneous parabolic equation with
random initial condition from L,({2)

Abstract. In this paper, a model of solutions to the heat equation with initial conditions from the Orlicz space L, (2) of random variables is built. The
constructed model approximates the solution of a homogeneous parabolic equation with given reliability and accuracy in some Orlicz space.

Streszczenie. W pracy zbudowano model rozwigzar rownania ciepta z warunkami poczatkowymi z przestrzeni Orlicza L,,(S2) zmiennych losowych.
Skonstruowany model przybliza rozwigzanie jednorodnego réwnania parabolicznego z zadang niezawodnosciag i doktadnoscia w pewnej przestrzeni
Orlicza. (Modelowanie rozwigzania jednorodnego rownania parabolicznego z losowym warunkiem poczatkowym z L,,(£2))
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Introduction

When solving second-order partial differential equations
describing physical processes, the properties and conver-
gence criteria of random series are often investigated. The
question arises under which conditions the Fourier method
can be used to sloved some type equation of mathematical
physics with randm factors. Based on the method developed
by Kozachenko Yu.V. and Buldigin V.V., the solution of such
equation can be approximated using partial sums of conver-
gent series over different function spaces. We also used this
method during the research.

The subject of this paper is the construction of a model
that approximates a solution to the heat equation with ran-
dom Orlicz initial conditions. In [11] we found the conditions
under which the solution of the boundary value problem for
the homogeneous parabolic equation exists with probability
one and can be represented in the form of a certain contin-
uously differentiable series. Some methods of simulation of
random processes and random fields can be found the [1],
[13], [6], [5], [8], [4] by Yu. V. Kozachenko and his students.
In these works the authors not only construct the models of
stochastic processes and fields, but also investigate the ac-
curacy and reliability of these models. The main result of this
study is the construction of a model of solution to parabolic
equation with given reliability and accuracy. In addition, we
consider the problem in some special cases. In particular, we
bulid the model for the problem

0?V(t,x) _OV(t,z)

02 ot 0

V(0)=0 V(t,1)=0

V(0,z) = &(x);
where {(x) € L,(9).

Random processes from the Orlicz space
Defintion 1 [3] A continuous even convex function U (x)
such that U(0) = 0 and U(x) # 0 for x # 0 is called
C'-function.

Let {Q2, S, P} be the probability space.
Defintion 2 [10] The set of random variables {(w) = &,
w € () is called the Orlicz space Ly () of random variables
generated by the C-function U (z) if for any § € Ly (2) there
exists a constant r¢ such that EU (é) < oo (where E(-) —

expected value).

The Orlicz space Ly (2) is a Banach space with respect to
the norm

SESH

Defintion 3 [3] We say that the g-condition holds for a C-
function U (x) if there are some constants zy > 0, K > 0,
and A > 0 such that

(2) U(x)U(y) < AU(Kzy).

forallz > zg andy > zy.

Defintion 4 [3] We say that a C'-function U (x) is subordi-
nate to a C-function V (z) and denote U < V if there exist
two numbers zo > 0 and m > 0 such that U (z) < V(mz)
for all z such that |z| > xo.

Defintion 5 [2] Let U(x) be a C-function such that
V(z) = 22 is subordinate to the function U (z). A family
A of centered random variables (E{ = 0, £ € A) from the
Orlicz space Ly () is called a strictly Orlicz family if there
exists a constant C'a, such that

(3) 1Y Al < Ca(BG . Xi&)H)?

iel iel

(1) 1€ l|Ly=inf{r>0: EU(

for all finite collections of random variables &; € A, 1 € I,
andforall\; € R*,i e 1.

Remark 6 For Orlicz space L,(Q), p > 2, (u(z) = |z|?)
the constant C'a can be represented in the form

cs=2a(r(Ez))

where I'(+) — is a gamma function.

Defintion 7 A stochastic process X (t) = {X(¢),t € T}
belongs to the Orlicz space Ly () if the random variable
X (t) belongs to Ly (2) forallt € T.

The main result
Consider a boundary value problem for a parabolic equa-
tion with two independent variables

(4)

%(p(u@)%) —q(x)V(t,z) — p(m)% ~0
©) V(t,0) = 0,V(t,7) = 0
© V(0,2) = €(),

where 0 < 2 < mandt > 0, {(z) is a continuous stochastic
process with probability one belonging to the Orlicz space
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Ly (), such that E¢(z) = 0. The functions
p=(p(z),z €[0,7]),¢ = (¢(),z € [0,]),
p = (p(z),z € [0, 7]) in equation (4) satisfy the conditions
1. p(z) > 0,¢(x) >0, p(x) >0,z € [0, 7]
2. p(z), p(z) are twice continuously differentiable for all
x € [0, 7]
3. ¢(z) is continuously differentiable for all z € [0, 7].

(7) V(t,z) = &e M Xy (),

where X () are eigenfunctions and \j, are eigenvalues of
the Sturm-—Liouville problem

© d dX
£0x) = 4 (o) 5

) ~g(@)V (@) + Ap(2)X (2) = 0

and

(10) G = / o) Xi (2)E(x) dr.

0

The next Theorem follows from the Theorem 3.2 ( [7]).
Theorem 8 ([7]) Let the initial condition
¢ = {&x),z € 0,7} on the right hand side of (6)
be a strictly Orlicz stochastic process belonging to the
Orlicz space Ly () of random variables, where U(x) is a
C-function such that the function V (z) = x? is subordinate
to U(x) and condition g holds for U(x). Assume that the
stochastic process & is separable and mean square contin-
uous, E¢(x) = 0. Let there exist a continuous increasing
function ¢ = {p(x),x > 0} such that p(x) > 0, forz > 0,
and ¥(x) = 5, « > 0 increases for z > o, where v is
a certain constant. We also assume that

-1
1
S C’((p(h + ’UQ)> .
Moreover, let
5 2
(12) / U= <<7T (cp(_l) (C) —vo) +1> ) dv < 00
0 2 v

foralle > 0 and C > 0. If the series

N

sup (E(§(x) —£(1))%)

lze—y|<h

(11)

ZZ | ESk&ilo( M+ vo)e(Ni + vo) < 00

k=11=1

(13)
converges, for all e > 0,

P{ sup |Z§k€ M X ()] > €}

T, tEAT Py

: (U(B;(Q)DI’

(14)

where Ar ={0 <z <mo<t<THT>0;0>0

(15)

n, n < U(z)
1 =
( 6) XU(n) {CUU(_I)(H), n> U(Zo),
Cuy =K1+ U(z))max(1,A), 20, K, A, - constants from

Definition 3, and 0 < 0 < 1,
Ry = QC'A\/ ~n - max(2C,, L),

Wy = E Z |E§k§l|<,0(>\k + v0)p (N + vp) < o0, Ca—

k=N I1=N
is a constant from Definition 5, C,, is a constant such that
| Xk(2)| < Cy, won = —— By for L the following

¢ Craz(T,m¥g)
conditions hold | Xy, (z) — X (y)| < L|x — y|Ag.
Theorem 9 Let the initial condition { = {{(x),x € [0, 7]}
on the right hand side of (6) be a strictly Orlicz stochastic pro-
cess belonging to the Orlicz space L, () (p > 2) of random
variables. Assume that the stochastic process & is separable
and mean square continuous, E¢(x) = 0. Let

sup (E(E(x) —&(y))*)? < C|h)®

lz—y[<h

(17)

if 3 > 2 and the series

Sy ’Egkgl’)\f/\f < o0

k=11=1

(18)
converge, then

(19)

PLswp |3 e Xi()] > e} < Cpys W
zteAr [y €

where
(20)

2+ppB
(pB+2)77
(pB —2)r
Ca from Defintion 5, Tis a certain constant: T' > T .
andWy =5 3 |BEEINN < 0.
I=N k=N

Crps = TPPCR - 2P~ % (max(2C,, L))?,

Proof As we know, the Orlicz space L,(£) is generated by
the function U(x) = [z[” . In our case p(\) = [A|%, 5 > 2,
and the statement of Theorem 8 holds true for ¢(-) . Check
each condition of the Theorem 8 . Let consider the condition

(12),ifvg =0
[(m/C 5 g
/<2<U) +1> dv
0

78 PRZEGLAD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 99 NR 5/2023



IN
\
7N
o] 3
—
= 1Q
~—
Wl
]
QU
<
+
o
—
3 N
U
<

|
/N
3
N—
T o

Q
'U‘N

Y
=
bS]

for 5 > %. Condition (13) implies the convergence of (18).

And finally in (14): if x,,(u) = n# , then function By(0)
can be estimated as:

B(0) = g7

' w:/Nﬁ((g(}iN)é“) <§<R;V)é+1>>;dv§

won -0 . %
aicy | ((Z(T)”l)) o

0

for " > 7; we can derive that

RNT?
wNzRNTﬁ< gﬁ s
then
UJ()N<0 R%
A 1 P
6 TN\ dv=
VO = 5= ( ) !
0
1 . Y
TiRY [ 5 dv=
o1—g) N /v% v
0
1 1
— TRy o
Qpﬁ(l—e) 1—ﬁ
consequently
2+pp
~ 2) B
min By (8) = P92 " e
275 (pf — 2)

If we have (18) then (14) holds true.

Let 7y, be independent random centred variables
En, =0, En < oo and
§={&(t),t € TH(E(&(t))? < o0)

$) = mfr(s)
k=1

then the series in the expansion converges in the mean
square.
As a model for the process &(x) we consider

M—-1

)= D mfr(s)
k=1

Consider a Banach space A(T') with norm || - || 4, let

£(t) € A(T)and £(t) € A(T); N =1,2,....

Defintion 10 [13] A stochastic process é (t) approximates
the process £(t) with reliability 1 — o, 0 < o < 1 and accu-

racy e if
Pt —en®)] >} <a
A(T), £(t) € A(T), N

(21)

for&(t) € =1,2,...

Let £(z) be a stochastic process from (6) and his model
be £(z), then as a model for the process £, we consider

s

G = / o) X ()€ () da

0

Let us denote:

=

1
e M X ()3

VN (t7 LC) =

S
Il
-

and

2

-1

(22) Vn(t,x) = re X ().

=~
Il
-

r={0<z<mé<t<T)

where § > 0 is a constant.

Theorem 11 Let the initial condition § = {¢(x),z € [0, 7]}
on the right hand side of (6) be a strictly Orlicz stochastic pro-
cess belonging to the Orlicz space L, () (p > 2) of random
variables. Assume that the stochastic process & is separable
and mean square continuous, E&(x) = 0. If the conclusion
of Theorem 9 holds for &(x) and we have

T

[ 1(Ei@ -

0

(29) £ (2)[P) da < A

for the & (), where () is the model for a process & (i), then
Vi (t, x) is the model for the process V (t,z) with reliability
1 — « and accuracy ¢ in uniform metric of Ar, if for the N
the following conditions hold :

o 1/p
24 .
(24) VWN<(2CTpﬁ) g1,
(25) Ky < M
2% p(x)C2A

where W and Cryp are defined in Theorem 9,
0<i<1,p=maxp(z), |Xp(z) < Cs,

N-1
Ky 1= sup | > e | § > 0 some constant.
0<t<T k=1

Proof We need to estimate the expression:

P{sup |V(t,z) — Vn(t,z)| > e}

teEAT
(26)
P{sup [V(t,2) - Vn(t )| > e} =
P{|V(t,x) = Vn(t,z)llc > e} =
P{|V(t,z) — Vi (t, ) + Vi (t,2) — Vn(t,2)|| > e} <
P{|V(t,x) = Vn(t,2)|| + [V (t,2) = Vi (t,2)|| > e} <
P{|V(t,z) = Vn(t,2)|| > e 1}+
P{|Vn(t,z) = Vn(t,2)|| > (1 —1)e} = Ay + Ay
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where 0 < [ < 1. Let us denote:
@7) Ay = P{|Vn(t,2) — Vn(t,2)|| > (1 — )&}

and consider

Ag =P{|[Vi(t,2) = Vn(t,2)]| > (1 = D)e} <

N-1
P{Cx ) |& —&l-e™ > (1-1)e} =
k=1
N-1
3 ot o (I=1D)e
P{kz_l&c—éﬂ'@ aren }<

N-1 . .
E| > |6 — &k - e
k=1

p S
<(1l)6>
Cx

P
,OC?(AKN_l < g
(1-=10e 2
From Theorem 9 we have the approximations of A,

<E / " p(e) Xa(@)|E(x) é<x>dx|p> <

/0 " p@)| - 1K (@) (Elé() — E@)P) Fdr < (32)
p-Cx / (Blé() - é@)P) P d

Ay =P{||[V(t,x) — Vn(t,x)|| >e-1} <

VWN)P _ «
Cros (lE)IZ <3

‘d\'—‘
.&

Using the approximations (31), (32), we get the expression

P{sup |V(t,z) — Vy(t,z)| > e} <
teAr

where p = max p(z), | Xx(x)| < Cx. Therefore (33) . SN pC%AD N1 (1) P 3
T8 (1gye (1—1D)e “

We can make the following conclusion: the stochastic pro-

cess Vi (t, ) is the model for a process V (¢, ) with relia-
bility 1 — o and accuracy ¢ in uniform metric of A.

N1 A
E| Z & — §k|eﬂ\kt|p

N-1 1 P
. v O
—Apt
(29) ( Z (E €k — g’fp> e ) = Remark 12 [9] The following equality holds true
k=1
— —Axt ' (34) Wy < 72C% sup (W(z,vy)) E E
p-Cx-A E et = - 10<w<7r /\k)‘l
k=1 0§y<7r k=N I=N

(pCx )P - AP (Kn_1)", where \;, are eigenvalues of Sturm Liouville problems.

Example

Consider a boundary value problem for a parabolic equa-
tion with two independent variables in domain
Ap={0<2<md<t<T}(6>0,T>0):

P*V(t,z) aV(t,x)

where O}|(E|§(x) —E@)P)Pdr < A

Taking into account that

R (39 022 o "
IIVN(t x) = Vy(t, o)|| =
N-1 (36) V(t,0)=0 V(t,m)=0;
[ Z Ere M X (2) = D Ee X (2)] =
=1 k=1 (37) V(0,2) = &(x);
(30) N1

where £(x) is a continuous with probability one stochas-
tic process belonging to the Orlicz space L (£2), such that
E¢(x) = 0. In this case we have:

\gk — |- e O, L(z) = X"(z) + AX (z) = 0,
1
X(0)=0 X(m)=0.
From [14] it is well known that

X (z) =sinkz, M\, = k2,

1) 7 (& — &x)e M Xy (z)] <

1

=
L

k

where | X (x)| < Cx,
we have for As : (38)
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and

(39)

sin kx;

[eS)

12

)= et
k=1

& = | &(x)sinkx dx,
/

where &(x) € L,(Q).

Let’s bulid a model of stochastic process (39). From [12]
(85.p.) we know if stochastic process £(x) admits the ex-
pansion

(40)

oo .
sinls
::jz:nl lH
=1

then {(z) where k > % 7y, - are independent, have the same
distribution Eny, = 0, En? = o2, i € L,(Q2), where p > 2
Remark 13 /f the stochastic process admits the expansion
(40), then &(x) is a strictly Orlicz stochastic process belong-
ing to the Orlicz space L,,(2) of random variables.
Proof In [2], it is proved, that stochastic process (40) is a
strictly Orlicz stochastic process, because the series in the
expansions of the process converge in the mean square.
|

From [12] we have, if stochastic process £ () admits the
expansion (40) then model of (40) can be represented by the
following scheme:

" osinds
(41) =D
1=1
where s € [0; 7).

From (22), (21

(42)
) M-1 7
e Ftsinka Z m/
=1

where Vi (t,z) is a model for a process V (£, ) in uniform
metric Ar.
Corollary 14 [f for M we have

) and (40) we have

N-1
sinls

sin(ks) ds,
k=1

C~'O-7T- 2k—1
43 M> | —— +1,
43) (A\/2m—1>
here (' = MEMP s o 52 — E(p)2. then for th
WereA \/mp_ o (nk)?, then for the
model £(s) from (41) of the process &(s) from (40) hold true
(23).

Proof Let us consider

‘p %: (E’ Z nksmks‘ )

(El&(s) -

(E‘ Z nkblnk’s‘ )% Sé( Z B ]%5121255)% B

oo 3 ) <0o( X )’

k=M k=M

> % Co
; / T V2 - L(M — 1)~0

< (iUW
V25 —1(M —1)5—0

sw

[ (eiet - tapyba
0
the enquality (23) holds if:
(?JW

<A
2k —1(M —

1)&—05

Com 2r=1
M>| — + 1.
(A\/ 2k — 1 )
O
Corollary 15 Let the stochastic process &(x) € L, (§2) from
(37) admits the expansion (40) and model of £(x) admits the
expansion (41). If the following inequalities hold true:
oz)% (1—=10)-e-¢

A< (= 5

(44) >

2 vp P
N>( 2P7T Ctpﬂ )zn,3+1
-\ (2k — 5)ap52l2

where k > %, 0<l<1, 0 ; inp IS constant from (20) then

Vi (t,x) is the model for a process V (t,x) with reliability
1 — «v and accuracy ¢ in uniform metric of
Ar = {0 <z < m,d <t <T}, (where§j >0, T >0
const).
Proof The statement of corollary follows from the Theorem
11. First we check the (23).

From(12) we have

o0 o0 1
Wy <7 sup (W(e,y) Y > -
8;;2: k=N I=N

From the proof of theorem 3.3 [11] it is easy to see that
W (z,y) admits the expansion (in the case of ( 35)-(37))

'B(x,y) 0°B(z,y)
Wiw,y) = 0x20y?  0xdy
from (40), we have
sup W(z,y) <
0<z<m
0<y<m

<

> /k*sin kx sin ky — k2 cos kz cos ky
> = )
1

2Kk— 4

=kt
s [
k=N

Ju

- 1
(26— 5)(N —

And, consequently from (34

1)2575'
) we have got:

2

(26 — 5)(N — 1)2~—3

Wi <
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Taking the (38) into account we can claim that (24) holds true
if

5 2
2P
N> ( 2v Ctpﬂ >2m3 1
~ \(2x — 5)are?]?

Finally we want to prove, in our case, that the (25) holds
true. Considering the (38) we can estimate the series:

N-1 N-1 N—11 1 1
—Apt] _ — k%t T (-
XM= S 2 Y gl )

k=1

for K y_1 from Theorem 11 we have:

N-1
Ky_1= sup | E e M| <
s<t<T =1

(45) Moo L Y11 )y 1,
o s\ N—1) s\ T N-1) S5

Using (45) and (44) we have that (25) holds true if C'x = 1,
p(x) = 1. Thus, from the Theorem 11 we get the assertion

of this corollary.
|

Fig. 1. The model that approximates a solution to the heat equation
with Orlicz initial conditions
Letp=6,a=0,01e=0,01,l=0,5.
Then: A = 0,00001, if 0 is uniformly distributed on the
interval [—1; 1] and k = 4 then M=27. In our case we have:
(46)

N-1 M—1 .

. B T sinls |
Vn(t,x) = Z e sin kx lz; m/ T sin(ks) ds,
=10

k=1

then Viy (¢, ) is the model for the process (39) with reliability
1 — v and accuracy ¢ in uniform metric of

Ar = {0 < 2 < 70,01 <t < 2} where 8 = 0,5,
N =114.
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