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Modelling a solution of a homogeneous parabolic equation with
random initial condition from Lp(Ω)

Abstract. In this paper, a model of solutions to the heat equation with initial conditions from the Orlicz space Lp(Ω) of random variables is built. The
constructed model approximates the solution of a homogeneous parabolic equation with given reliability and accuracy in some Orlicz space.

Streszczenie. W pracy zbudowano model rozwiązań równania ciepła z warunkami początkowymi z przestrzeni Orlicza Lp(Ω) zmiennych losowych.
Skonstruowany model przybliża rozwiązanie jednorodnego równania parabolicznego z zadaną niezawodnością i dokładnością w pewnej przestrzeni
Orlicza. (Modelowanie rozwiązania jednorodnego równania parabolicznego z losowym warunkiem początkowym z Lp(Ω))
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Słowa kluczowe: symulacja, przestrzeń Orlicza, równanie paraboliczne

Introduction
When solving second-order partial differential equations

describing physical processes, the properties and conver-
gence criteria of random series are often investigated. The
question arises under which conditions the Fourier method
can be used to sloved some type equation of mathematical
physics with randm factors. Based on the method developed
by Kozachenko Yu.V. and Buldigin V.V., the solution of such
equation can be approximated using partial sums of conver-
gent series over different function spaces. We also used this
method during the research.

The subject of this paper is the construction of a model
that approximates a solution to the heat equation with ran-
dom Orlicz initial conditions. In [11] we found the conditions
under which the solution of the boundary value problem for
the homogeneous parabolic equation exists with probability
one and can be represented in the form of a certain contin-
uously differentiable series. Some methods of simulation of
random processes and random fields can be found the [1],
[13], [6], [5], [8], [4] by Yu. V. Kozachenko and his students.
In these works the authors not only construct the models of
stochastic processes and fields, but also investigate the ac-
curacy and reliability of these models. The main result of this
study is the construction of a model of solution to parabolic
equation with given reliability and accuracy. In addition, we
consider the problem in some special cases. In particular, we
bulid the model for the problem

∂2V (t, x)

∂x2
− ∂V (t, x)

∂t
= 0

V (t, 0) = 0 V (t, π) = 0

V (0, x) = ξ(x);

where ξ(x) ∈ Lp(Ω).

Random processes from the Orlicz space
Defintion 1 [3] A continuous even convex function U(x)
such that U(0) = 0 and U(x) �= 0 for x �= 0 is called
C-function.

Let {Ω,�, P} be the probability space.
Defintion 2 [10] The set of random variables ξ(ω) = ξ,
ω ∈ Ω is called the Orlicz space LU (Ω) of random variables
generated by the C-function U(x) if for any ξ ∈ LU (Ω) there
exists a constant rξ such that EU( ξ

rξ
) < ∞ (where E(·) –

expected value).

The Orlicz space LU (Ω) is a Banach space with respect to
the norm

(1) ‖ ξ ‖LU
= inf{r > 0 : EU(

ξ

r
) ≤ 1}.

Defintion 3 [3] We say that the g-condition holds for a C-
function U(x) if there are some constants z0 ≥ 0, K > 0,
and A > 0 such that

(2) U(x)U(y) ≤ AU(Kxy).

for all x ≥ z0 and y > z0.
Defintion 4 [3] We say that a C-function U(x) is subordi-
nate to a C-function V (x) and denote U ≺ V if there exist
two numbers x0 ≥ 0 and m > 0 such that U(x) ≤ V (mx)
for all x such that |x| > x0.
Defintion 5 [2] Let U(x) be a C-function such that
V (x) = x2 is subordinate to the function U(x). A family
Δ of centered random variables (Eξ = 0, ξ ∈ Δ) from the
Orlicz space LU (Ω) is called a strictly Orlicz family if there
exists a constant CΔ, such that

(3) ‖
∑
i∈I

λiξi‖LU
≤ CΔ(E(

∑
i∈I

λiξi)
2)1/2

for all finite collections of random variables ξi ∈ Δ, i ∈ I ,
and for all λi ∈ R1, i ∈ I .
Remark 6 For Orlicz space Lp(Ω), p ≥ 2, (u(x) = |x|p)
the constant CΔ can be represented in the form

CΔ = 2
√
2

(
Γ
(p+ 1

2
√
2

)) 1
p

where Γ(·) – is a gamma function.
Defintion 7 A stochastic process X(t) = {X(t), t ∈ T}
belongs to the Orlicz space LU (Ω) if the random variable
X(t) belongs to LU (Ω) for all t ∈ T .

The main result
Consider a boundary value problem for a parabolic equa-

tion with two independent variables
(4)
∂

∂x

(
p(x)

∂V (t, x)

∂x

)
− q(x)V (t, x)− ρ(x)

∂V (t, x)

∂x
= 0

(5) V (t, 0) = 0, V (t, π) = 0

(6) V (0, x) = ξ(x),

where 0 ≤ x ≤ π and t ≥ 0, ξ(x) is a continuous stochastic
process with probability one belonging to the Orlicz space
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LU (Ω), such that Eξ(x) = 0. The functions
p = (p(x), x ∈ [0, π]), q = (q(x), x ∈ [0, π]),
ρ = (ρ(x), x ∈ [0, π]) in equation (4) satisfy the conditions

1. p(x) > 0, q(x) ≥ 0, ρ(x) > 0, x ∈ [0, π]
2. ρ(x), p(x) are twice continuously differentiable for all

x ∈ [0, π]
3. q(x) is continuously differentiable for all x ∈ [0, π].

Let

(7) V (t, x) =
∞∑
k=1

ξke
−λktXk(x),

where Xk(x) are eigenfunctions and λk are eigenvalues of
the Sturm–Liouville problem
(8)

L(X) =
d

dx

(
p(x)

dX(x)

dx

)
− q(x)V (x)+λρ(x)X(x) = 0

(9) X(0) = 0, X(π) = 0

and

(10) ξk =

π∫
0

ρ(x)Xk(x)ξ(x) dx.

The next Theorem follows from the Theorem 3.2 ( [7]).
Theorem 8 ([7]) Let the initial condition
ξ = {ξ(x), x ∈ [0, π]} on the right hand side of (6)
be a strictly Orlicz stochastic process belonging to the
Orlicz space LU (Ω) of random variables, where U(x) is a
C-function such that the function V (x) = x2 is subordinate
to U(x) and condition g holds for U(x). Assume that the
stochastic process ξ is separable and mean square contin-
uous, Eξ(x) = 0. Let there exist a continuous increasing
function ϕ = {ϕ(x), x > 0} such that ϕ(x) > 0, for x > 0,
and Ψ(x) = x

ϕ(x) , x > 0 increases for x ≥ v0, where v0 is
a certain constant. We also assume that

(11) sup
|x−y|≤h

(E(ξ(x)− ξ(y))2)
1
2 ≤ C

(
ϕ

(
1

h
+ v0

))−1

.

Moreover, let

(12)
∫ ε

0

U (−1)

((
π

2

(
ϕ(−1)

(
C

v

)
−v0

)
+1

)2
)
dv < ∞

for all ε > 0 and C > 0. If the series

(13)
∞∑
k=1

∞∑
l=1

|Eξkξl|ϕ(λk + v0)ϕ(λl + v0) < ∞

converges, for all ε > 0,

P{ sup
x,t∈AT

|
∞∑

k=N

ξke
−λktXk(x)| > ε}

≤
(
U
( ε

B̂N (θ)

))−1

,

(14)

where AT = {0 ≤ x ≤ π, σ ≤ t ≤ T}, T > 0; σ > 0

B̂N (θ) =

=
1

θ(1− θ)

ω0N ·θ∫
0

χU

(((π
2
ϕ(−1)

(RN

v

)− v0

)
+ 1

)

·
((T

2
ϕ(−1)

(RN

v

)− v0

)
+ 1

))
dv,

(15)

(16) χU (n) =

{
n, n < U(z0)

CUU
(−1)(n), n ≥ U(z0),

CU = K(1+U(z0))max(1, A), z0, K, A, - constants from
Definition 3, and 0 < θ < 1,
RN = 2CΔ

√
WN ·max(2Cx, L),

WN =
∞∑

k=N

∞∑
l=N

|Eξkξl|ϕ(λk + v0)ϕ(λl + v0) < ∞, CΔ–

is a constant from Definition 5, Cx is a constant such that
|Xk(x)| ≤ Cx, ω0N = RN

ϕ( 1
max(T,π)+v0

)
, for L the following

conditions hold |Xk(x)−Xk(y)| ≤ L|x− y|λk.
Theorem 9 Let the initial condition ξ = {ξ(x), x ∈ [0, π]}
on the right hand side of (6) be a strictly Orlicz stochastic pro-
cess belonging to the Orlicz space Lp(Ω) (p ≥ 2) of random
variables. Assume that the stochastic process ξ is separable
and mean square continuous, Eξ(x) = 0. Let

(17) sup
|x−y|≤h

(E(ξ(x)− ξ(y))2)
1
2 ≤ C|h|β

if β > 2
p and the series

(18)
∞∑
k=1

∞∑
l=1

∣∣∣Eξkξl

∣∣∣λβ
kλ

β
l < ∞

converge, then

P{ sup
x,t∈AT

|
∞∑

k=N

ξke
−λktXk(x)| > ε} ≤ CTpβ

(WN )
p
2

εp
,

(19)

where
(20)

CTpβ =
(pβ + 2)

2+pβ
β

(pβ − 2)p
T pβCp

Δ · 2p− 2
β (max(2Cx, L))

p,

CΔ from Defintion 5 , T is a certain constant: T > π .

and WN =
∞∑

l=N

∞∑
k=N

|Eξkξl|λβ
kλ

β
l < ∞.

Proof As we know, the Orlicz space Lp(Ω) is generated by
the function U(x) = |x|p . In our case ϕ(λ) = |λ|β , β > 2

p ,
and the statement of Theorem 8 holds true for ϕ(·) . Check
each condition of the Theorem 8 . Let consider the condition
(12), if v0 = 0

ε∫
0

(
π

2

(C
v

) 1
β

+ 1

) 2
p

dv
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≤
ε∫

0

(
π

2

(C
v

) 1
β

) 2
p

dv +

ε∫
0

1
2
p dv

=
(π
2

) 2
p

C
2
pβ

βp

βp− 2
ε1−

2
βp + ε · 1 < ∞.

for β > 2
p . Condition (13) implies the convergence of (18).

And finally in (14): if χn(u) = n
1
p , then function BN (θ)

can be estimated as:

B̂N (θ) =
1

θ(1− θ)
·

·
ω0N ·θ∫
0

((
π

2

(RN

v

) 1
β

+ 1

)(
T

2

(RN

v

) 1
β

+ 1

)) 1
p

dv ≤

1

θ(1− θ)

ω0N ·θ∫
0

((
T

2

(RN

v

) 1
β

+ 1

)) 2
p

dv

for T > π; we can derive that

ω0N = RNT β <
RNT β

2β
,

then

B̂N (θ) ≤ 1

θ(1− θ)

ω0N ·θ∫
0

(
T
R

1
β

N

v
1
β

) 2
p

dv =

1

θ(1− θ)
T

2
pR

2
pβ

N

ω0N ·θ∫
0

1

v
2
pβ

dv =

1

θ
2
pβ (1− θ)

T βRN
1

1− 2
pβ

,

consequently

min B̂N (θ) =
(pβ + 2)

2+pβ
pβ

2
2
pβ (pβ − 2)

T βRN .

If we have (18) then (14) holds true.
�

Let ηk be independent random centred variables
Eηk = 0, Eη2k < ∞ and
ξ = {ξ(t), t ∈ T} (E(ξ(t))2 < ∞)

ξ(s) =
∞∑
k=1

ηkfk(s),

then the series in the expansion converges in the mean
square.
As a model for the process ξ(x) we consider

(21) ξ̂(s) =

M−1∑
k=1

ηkfk(s),

Consider a Banach space A(T ) with norm ‖ · ‖A, let
ξ(t) ∈ A(T ) and ξ̂(t) ∈ A(T ); N = 1, 2, . . . .
Defintion 10 [13] A stochastic process ξ̂(t) approximates
the process ξ(t) with reliability 1 − α, 0 < α < 1 and accu-
racy ε if

P{‖ξ(t)− ξN (t)‖ > ε} ≤ α

for ξ(t) ∈ A(T ), ξ̂(t) ∈ A(T ), N = 1, 2, ....

Let ξ(x) be a stochastic process from (6) and his model
be ξ̂(x), then as a model for the process ξk we consider

ξ̂k =

π∫
0

ρ(x)Xk(x)ξ̂(x) dx.

Let us denote:

VN (t, x)
.
=

N−1∑
k=1

ξke
−λktXk(x);

and

(22) V̂N (t, x)
.
=

N−1∑
k=1

ξ̂ke
−λktXk(x).

AT
.
= {0 ≤ x ≤ π, δ ≤ t ≤ T},

where δ > 0 is a constant.
Theorem 11 Let the initial condition ξ = {ξ(x), x ∈ [0, π]}
on the right hand side of (6) be a strictly Orlicz stochastic pro-
cess belonging to the Orlicz space Lp(Ω) (p ≥ 2) of random
variables. Assume that the stochastic process ξ is separable
and mean square continuous, Eξ(x) = 0. If the conclusion
of Theorem 9 holds for ξ(x) and we have

(23)

π∫
0

|(E|ξ(x)− ξ̂(x)|p) 1
p dx < Λ.

for the ξ̂(x), where ξ̂(x) is the model for a process ξ(x), then
V̂N (t, x) is the model for the process V (t, x) with reliability
1 − α and accuracy ε in uniform metric of AT , if for the N
the following conditions hold :

(24)
√

WN <
( α

2CTpβ

)1/p
ε · l,

(25) KN−1 <
α

1
p (1− l)ε

2
1
p ρ(x)C2

xΛ

where WN and CTpβ are defined in Theorem 9,
0 < l < 1, ρ = max ρ(x), |Xk(x)| < Cx,

KN−1 = sup
δ≤t≤T

|
N−1∑
k=1

e−λkt|, δ > 0 some constant.

Proof We need to estimate the expression:

P{ sup
t∈AT

|V (t, x)− V̂N (t, x)| > ε}

P{ sup
t∈AT

|V (t, x)− V̂N (t, x)| > ε} =

P{‖V (t, x)− V̂N (t, x)‖C > ε} =

P{‖V (t, x)− VN (t, x) + VN (t, x)− V̂N (t, x)‖ > ε} ≤
P{‖V (t, x)− VN (t, x)‖+ ‖VN (t, x)− V̂N (t, x)‖ > ε} ≤
P{‖V (t, x)− VN (t, x)‖ > ε · l}+
P{‖VN (t, x)− V̂N (t, x)‖ > (1− l)ε} = A1 +A2

(26)

PRZEGLĄD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 99 NR 5/2023 79



where 0 < l < 1. Let us denote:

(27) A2
.
= P{‖VN (t, x)− V̂N (t, x)‖ > (1− l)ε}

and consider

(
E|ξk − ξ̂k|p

) 1
p

=(
E|
∫ π

0

ρ(x)Xk(x)ξ(x)dx−

∫ π

0

ρ(x)Xk(x)ξ̂(x)dx|p
) 1

p

=

(
E|
∫ π

0

ρ(x)Xk(x)|ξ(x)− ξ̂(x)|dx|p
) 1

p

≤∫ π

0

|ρ(x)| · |Xk(x)|
(
E|ξ(x)− ξ̂(x)|p) 1

p dx ≤

ρ · CX

∫ π

0

|(E|ξ(x)− ξ̂(x)|p) 1
p dx.

(28)

where ρ = max ρ(x), |Xk(x)| < CX . Therefore

E
∣∣N−1∑
k=1

|ξk − ξ̂k|e−λkt
∣∣p ≤(

N−1∑
k=1

(
E|ξk − ξ̂k|p

) 1
p

e−λkt

)p

≤(
ρ · CX · Λ

N−1∑
k=1

e−λkt

)p

=

(ρCX)p · Λp
(
KN−1

)p
,

(29)

where
π∫
0

|(E|ξ(x)− ξ̂(x)|p) 1
p dx < Λ

Taking into account that

‖VN (t, x)− V̂N (t, x)‖ =

‖
N−1∑
k=1

ξke
−λktXk(x)−

N−1∑
k=1

ξ̂ke
−λktXk(x)‖ =

‖
N−1∑
k=1

(
ξk − ξ̂k

)
e−λktXk(x)‖ ≤

N−1∑
k=1

|ξk − ξ̂k| · e−λkt · CX ,

(30)

where |Xk(x)| ≤ CX ,
we have for A2 :

A2 =P{‖VN (t, x)− V̂N (t, x)‖ > (1− l)ε} ≤

P{CX

N−1∑
k=1

|ξk − ξ̂k| · e−λkt > (1− l)ε} =

P

{
N−1∑
k=1

|ξk − ξ̂k| · e−λkt >
(1− l)ε

CX

}
≤

E
∣∣N−1∑
k=1

|ξk − ξ̂k| · e−λkt
∣∣p(

(1−l)ε
CX

)p ≤

(
ρC2

XΛKN−1

(1− l)ε

)p

<
α

2

(31)

From Theorem 9 we have the approximations of A1

A1
.
=P{‖V (t, x)− VN (t, x)‖ > ε · l} ≤

CTpβ
(
√
WN )p

(lε)p
<

α

2

(32)

Using the approximations (31), (32), we get the expression

P{ sup
t∈AT

|V (t, x)− V̂N (t, x)| > ε} ≤

CTpβ

√
WN

p

(lε)p
+

(
ρC2

XΛΦN−1(t)

(1− l)ε

)p

< α.
(33)

We can make the following conclusion: the stochastic pro-
cess V̂N (t, x) is the model for a process V (t, x) with relia-
bility 1− α and accuracy ε in uniform metric of AT .

�
Remark 12 [9] The following equality holds true

(34) WN ≤ π2C2
x sup
0≤x≤π
0≤y≤π

(W (x, y))

∞∑
k=N

∞∑
l=N

1

λkλl
,

where λk are eigenvalues of Sturm Liouville problems.

Example
Consider a boundary value problem for a parabolic equa-

tion with two independent variables in domain
AT

.
= {0 ≤ x ≤ π, δ ≤ t ≤ T}, ( δ > 0, T > 0 ):

(35)
∂2V (t, x)

∂x2
− ∂V (t, x)

∂t
= 0

(36) V (t, 0) = 0 V (t, π) = 0;

(37) V (0, x) = ξ(x);

where ξ(x) is a continuous with probability one stochas-
tic process belonging to the Orlicz space LU (Ω), such that
Eξ(x) = 0. In this case we have:

L(x) = X ′′(x) + λX(x) = 0,

X(0) = 0 X(π) = 0.

From [14] it is well known that

(38) Xk(x) = sin kx, λk = k2,
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and

(39) V (t, x) =

∞∑
k=1

ξke
−k2t sin kx;

ξk =

π∫
0

ξ(x) sin kx dx,

where ξ(x) ∈ Lp(Ω).
Let’s bulid a model of stochastic process (39). From [12]
(85.p.) we know if stochastic process ξ(x) admits the ex-
pansion

(40) ξ(s) =
∞∑
l=1

ηl
sin ls

lκ

then ξ(x) where κ > 1
2 , ηk - are independent, have the same

distribution Eηk = 0, Eη2k = σ2, ηk ∈ Lp(Ω), where p ≥ 2
Remark 13 If the stochastic process admits the expansion
(40), then ξ(x) is a strictly Orlicz stochastic process belong-
ing to the Orlicz space Lp(Ω) of random variables.
Proof In [2], it is proved, that stochastic process (40) is a
strictly Orlicz stochastic process, because the series in the
expansions of the process converge in the mean square.

�
From [12] we have, if stochastic process ξ(x) admits the

expansion (40) then model of (40) can be represented by the
following scheme:

(41) ξ̂(s) =
M−1∑
l=1

ηl
sin ls

lκ
,

where s ∈ [0;π].

From (22), (21) and (40) we have
(42)

V̂N (t, x) =
N−1∑
k=1

e−k2t sin kx
M−1∑
l=1

ηl

π∫
0

sin ls

lκ
sin(ks) ds,

where V̂N (t, x) is a model for a process V (t, x) in uniform
metric AT .
Corollary 14 If for M we have

(43) M >

(
C̃σπ

Λ
√
2κ− 1

) 2
2κ−1

+ 1,

where C̃ =
p
√

E|ηk|p√
E|ηk|2

, p ≥ 2, σ2 = E(ηk)
2, then for the

model ξ̂(s) from (41) of the process ξ(s) from (40) hold true
(23).
Proof Let us consider(

E|ξ(s)− ξ̂(s)|p) 1
p =

(
E
∣∣∣ ∞∑
k=M

ηk
sin ks

kκ

∣∣∣p) 1
p ≤

C̃
(
E
∣∣∣ ∞∑
k=M

ηk
sin ks

kκ

∣∣∣2) 1
2 ≤ C̃

( ∞∑
k=M

Eη2k
sin2 ks

k2κ

) 1
2

=

C̃σ
( ∞∑

k=M

sin2 ks

k2κ

) 1
2 ≤ C̃σ

( ∞∑
k=M

1

k2κ

) 1
2

≤ C̃σ
( ∞∑

k=M

k∫
k−1

1

x2κ
dx
) 1

2

=
C̃σ√

2κ− 1(M − 1)κ−0,5

π∫
0

(
E|ξ(s)− ξ̂(s)|p) 1

p ds ≤ C̃σπ√
2κ− 1(M − 1)κ−0,5

,

the enquality (23) holds if:

C̃σπ√
2κ− 1(M − 1)κ−0,5

< Λ

i.e.

M >

(
C̃σπ

Λ
√
2κ− 1

) 2
2κ−1

+ 1.

�
Corollary 15 Let the stochastic process ξ(x) ∈ Lp(Ω) from
(37) admits the expansion (40) and model of ξ(x) admits the
expansion (41). If the following inequalities hold true:

(44) Λ <
(α
2

) 1
p · (1− l) · ε · δ

2

N ≥
(

2
2
pπ2C

2
p

tpβ

(2κ− 5)α
2
p ε2l2

) 1
2κ−3

+ 1

where κ > 1
2 , 0 < l < 1, C

2
p

tpβ is constant from (20) then

V̂N (t, x) is the model for a process V (t, x) with reliability
1− α and accuracy ε in uniform metric of
AT

.
= {0 ≤ x ≤ π, δ ≤ t ≤ T}, (where δ > 0, T > 0

const).
Proof The statement of corollary follows from the Theorem
11. First we check the (23).

From(12) we have

WN ≤ π2 sup
0≤x≤π
0≤y≤π

(W (x, y))
∞∑

k=N

∞∑
l=N

1

k2l2
.

From the proof of theorem 3.3 [11] it is easy to see that
W (x, y) admits the expansion (in the case of ( 35)-(37))

W (x, y) =
∂4B(x, y)

∂x2∂y2
− ∂2B(x, y)

∂x∂y

from (40), we have

sup
0≤x≤π
0≤y≤π

W (x, y) ≤

∣∣∣∣ ∞∑
k=1

(k4 sin kx sin ky − k2 cos kx cos ky

k2κ

)∣∣∣∣ ≤
∞∑

k=N

k4

k2κ
≤

∞∫
N−1

1

x2κ−4
dx =

=
1

(2κ− 5)(N − 1)2κ−5
.

And, consequently from (34) we have got:

Wn ≤ π2

(2κ− 5)(N − 1)2κ−3
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Taking the (38) into account we can claim that (24) holds true
if

N ≥
(

2
2
pπ2C

2
p

tpβ

(2κ− 5)α
2
p ε2l2

) 1
2κ−3

+ 1

Finally we want to prove, in our case, that the (25) holds
true. Considering the (38) we can estimate the series:

∣∣N−1∑
k=1

e−λkt
∣∣ = ∣∣N−1∑

k=1

e−k2t
∣∣ ≤ ∣∣N−1∑

k=1

1

k2t

∣∣ ≤ 1

t

(
2− 1

N − 1

)
,

for KN−1 from Theorem 11 we have:

KN−1 = sup
δ≤t≤T

|
N−1∑
k=1

e−λkt| ≤

(45) sup
δ≤t≤T

1

t

(
2− 1

N − 1

)
=

1

δ

(
2− 1

N − 1

)
≤ 1

δ
· 2.

Using (45) and (44) we have that (25) holds true if CX = 1,
ρ(x) = 1. Thus, from the Theorem 11 we get the assertion
of this corollary.

�

Fig. 1. The model that approximates a solution to the heat equation
with Orlicz initial conditions

Let p = 6, α = 0, 01 ε = 0, 01, l = 0, 5.
Then: Λ = 0, 00001, if ηk is uniformly distributed on the
interval [−1; 1] and κ = 4 then M=27. In our case we have:
(46)

V̂N (t, x) =
N−1∑
k=1

e−k2t sin kx
M−1∑
l=1

ηl

π∫
0

sin ls

lκ
sin(ks) ds,

then V̂N (t, x) is the model for the process (39) with reliability
1− α and accuracy ε in uniform metric of
AT = {0 ≤ x ≤ π, 0, 01 ≤ t ≤ 2} where β = 0, 5 ,
N = 114.
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