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Energy of Cartesian Product Graph Networks

Abstract. The energy of a graph G is defined as the sum of the absolute values of the eigenvalues of the adjacency matrix of G. The Cartesian
product of two graphs namely Path P,,, and Double Wheel graph DW,, is constructed and its energy values on the formation of adjacency matrix,
Laplacian matrix and maximum degree matrix is obtained. The upper bounds for the energy variations of different energies like graph energy, Laplacian
energy and maximum degree energy of the initiated product graphs are identified and compared.

Streszczenie. Energia grafu G jest zdefiniowana jako suma wartosci bezwzglednych wartosci wtasnych macierzy sasiedztwa G. Konstruowany jest
iloczyn kartezjanski dwdéch grafow, a mianowicie Path Pm i Double Wheel graph DWn oraz jego wartosci energii podczas tworzenia sasiedztwa otrzy-
muje sie macierz, macierz Laplace’a i macierz maksymalnego stopnia. Gorne granice dla zmian energii roZnych energii, takich jak energia wykresu,
energia Laplace’a i maksymalny stopien energii zainicjowanych wykresow produktéw, sg identyfikowane i poréwnywane. (Energia kartezjanskich sieci

grafow produktow)()
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Introduction

The electrical network analysis, dynamics and design
are studied by algebraic and spectral properties of graph ad-
jacency, Laplacian, incidence and effective resistance matri-
ces. In history Kirchhoff's laws are most clearly formualted
and analysed via graphs. A graph is an abstract representa-
tion of a set of objects called nodes or vertices in which some
pairs of vertices are connected by branches or edges. The
graph theoretical concepts like product of graphs and graph
energies are novel areas of exploration. For basic notations
and terminologies of graphs, see [6].

For any two graphs GG and H, the Cartesian product
GOH [5] is defined as follows:

V(GOH) =V(G) x V(H),and
(ur,v1)(uz,v2) € E(GOH),
< uy =wug and vyvy € E(H)
orujus € E(G) and vq = vs.

Ronan et. al [9] discussed the gracefulness of a double-
wheel graph DW,,, of size m consists of 2C,,, + K1, which
contains two cycles of size m, where all the vertices of two
cycles are attached to a common hub. For a graph G hav-
ing n vertices {vy, va, ..., v, } and m edges, the adjacency
matrix of A = A(G) is a square matrix of order n whose
(i, §)t"-entry is defined as

0 — 1, if vertices v; and v; are adjacent
7710, otherwise.

The sum of the absolute values of the eigenvalues
A1, A, ..., A, of A(G) is defined as the energy [10] of the
graph. Hence E(G) = Y., |\l

In [8] the faster approximation of maximum electrical flow
is computed by solving linear equations in a Laplacian matrix.
The Laplacian matrix [4] of L = L(G) is a square matrix of
order n whose (i, j)!"-entry is defined as

—1, if vertices v; and v; are adjacent
0, if vertices v; and v; are non-adjacent
d;, ifi =], where d; is the degree of the i** vertex.

lij =

Then the Laplacian energy of the graph is

2m

T

L(G) = Z i —
i=1

where pi1, pi2, - . ., ptn, are the eigen values of L(G).

Given d; be the degree of the vertex v;,i = 1,2, ...n of
G. The maximum degree matrix of M (G) is a square matrix
of order n whose (i, j)!*-entry is

& — maz{d;,d;}, if vertices v; and v; are adjacent
7710, otherwise

The maximum degree energy [10] of the graph is

=1

where p1, o, . . .
of M(G).

Ivan Gutman [3] determined the energy bounds for a
simple graph G,

E(G) < %m +.(n-1) |?m— <2—m>21

while if G is k-regular,

EG) <k++Vk(n—1)(n—k).

Following this Hongzhuan [2] derived the Laplcian
bounds of a simple graph G with n vertices and m edges
as

, Uy, are the maximum degree eigen values

A2
LE(G) < \/3mn—|—nm2 - %

The bounds for r-regular graph H [7] with order oo where
r<a-—1lis
E(H)
r+/rla—1)(a—r1)

< e,Ve > 0.

Also Vladimir [11] obtained the energy bound for a non-
negative matrix A with maximum entry acif m <n
“(4) < (er\gﬁ)\/ﬁ

o—r

In this work the combination of Cartesian product of
graphs and its energy estimation are considered. The nature
of energy variations for various energies like graph energy,
Laplacian energy and Maximum degree energy has been
studied and compared. The matrix formation of graphs helps
in finding the eigenvalues. It is easy to calculate the energy
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values if the eigenvalues of the corresponding energy ma-
trices are known. The Cartesian product of path P, and
double wheel graph DW,, are constructed. The formulation
of matrix is done from the generalized structure of these pro-
ducted graphs. The eigen values are obtained from this ma-
trix, then the energy values are calibrated and bounds are
fixed. Sridhara[1] et.al., has obtained the improved McClel-
land and Koolen-Moulton bounds for the energy of graphs.
In this paper the upper bounds for energy of P,,LJDW,, are
discussed.

Energy upper bounds for Cartesian product of path and
double wheel graphs
Theorem: For any positive integer m > 2 and n >
3, the energy of Cartesian product of path P,, and Double
wheel graph DW,, is E(P,,.0DW,,) < 4mn + min(m,n).
proof. The path P, consists of m vertices and m — 1
edges and its vertices and edges are represented by

V(Ppn)={ui:1<i<m}and

E(Py,) = {ujuiy1 : 1 <i < m — 1} respectively.

The Double wheel graph DW,, consists of 2n + 1 vertices
and 4n edges and its vertices and edges are defined as

V(DW,,) = {vo}U{v; : 1 <i <n}U{vg :n+1 <k < 2n}

E(DW,)={e;:1<i<n}u{e,:1<i<n}uU{e,}
U{e/ :n+1<i<2n}
u{e :n+1<i<2n}u{e)

where edges e; connect the vertices vov; (1 < i < n),
e; are the edges between v;v;11(1 < i < n —1), €} is
the edge between v,, and vy, e/ are the edges between ver-
tices vov;(n + 1 < ¢ < 2n), e} are the edges between the
vertices v;v;41(n +1 < i < 2n — 1) and e} is the edge
between vy,, and v,, 1.

By applying the Cartesian product for these two graphs,
it establishes a new product graph with m(2n + 1) vertices
and 4mn + min(m,n) edges such that

V(P,ODw,) = {wv; : 1 <i<m,0<j<2n},

E(P,,0Dw,) = {(uwve,uv;) : 1 <i<m,

1<j<2n)

U {(uvj, uvj41) : 1 <i <m,
1<j<n-1}

U {(uijvn, uv1) : 1 <i<m}

U {(uivj, uvj41) 1 1 <i < m,

n+1<j<2n-1}

U {(uivan, uivn41) : 1 <i<m}

U {(uivj, uigq1v;) 11 <i<m—1,
0<j<2n}

The adjacency matrix of P,,,[1Dw,, is given by

, if 1 and j are adjacent

1
A(P,,0Dw,) = S . .
( wn) {O, if i and j are non - adjacent

and it is structured as a block matrix as follows

L uy, uy, 1,V UV, Vs Uy,
|~ —
| —

UV UV, Udes™ UD,. CATIN UARNN A UV,
I —
—1— — 1 —

Uusv,, UV, U NS UsVs u,

UsVyes U U

B L
u,v. d U VSN UG UV UV,
0

U,y Uy =10 v,

i S|1]|0O (ORNE, ]
I|8|1 0|0
A(P,0Dw,) = R
O|0|0|...|85]|1
i Ol0|0|...|11]|S8 |

The formulation of the block matrix S = [s;j]2n+1x2n+1 IS

(Lifi=0,1<j<2n;
71=0,1<17<2n;

' i=1,75=2andj =n;

' i=n+1,75=n+2andj = 2n;
1 j=11=2andi =mn;
j=n+1li=n+2andi = 2n;
2<i<n—-1,75=1i+1;
n+2<i:<2n—-1,5=1+1;
2<3<n—-1,i=j5+1;

\ n+2<7<2n—-1,i=75+1;
0, otherwise,

Therefore the adjacency matrix of S is constructed
equally

Vo Vi -+ Unp Upgl Un42 V2n,
%) o 1 ... 1 1 1 1
V1 1 0 ... 1 0 0 0
Up, 1 1 0 0 0 ... 0
Up+1 1 0 0 0 1 - 1
Up+2 1 0 0 1 0 - 0
vw \1 0 ... 0 1 0 ... 0

The blocks I is the identity matrix of order 2n + 1 and O is
the zero matrix of order 2n + 1.

Set det (A(P,,d0Dw,,) — AI) = 0. The characteristic
equation of this adjacency matrix with order m(2n + 1) is of
the form

(=X)L ()DL L det(A) = 0
which has exactly m(2n + 1) roots and let it be

A< A2 < S A2ng)-
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m(2n+1) f _ \/'rn(2n+1)—3[{4'rnn+min(m,n)}2—;82} and
The energy E= Z |)‘l| vy \/m(2n+1)—1[{4mn+min(m,n)}2—w2—y2]%
) i=1 i ) f _ m(2n+1)—3 xy
Applying CauchyéSchwarz inequality Ty = \/m[{élm,n—&-min(m,,n)}?—zz—yz]%
m(2n+1) m(2n+1)  m(2n+1) , The stationary points of the function are
Z Nl | < Z 1] Z | Al .
i=1 i=1 i=1 .
x=y= {4mn + min(m,n)}.
m(2n+1)—1 2 m(2n+1) —
Z il =[] = |/\m(2n+1)| The value of second order derivatives at these points are
i=2 m(2n+1)—
f fyy m(2n+1)—3] [4mn+mzn(m n)| <0
m(2n+1)—1
<[ > ni-2 _ ! <0
T fmy —_— — ; =~
i=2 [m(2n + 1) — 3] [4mn + min(m,n)]
m(2n+1)—1
Z |)\i|2 — |)\1|2 — |)\m(2n+1)|2 A= m(2n + 1) >0
=2 [m(2n + 1) — 3]* [4mn + min(m,n)]* ~
m(2n+1)—1 The maximum value of the function is
Z |)‘l| < |/\1| + |)‘m(2n+1)‘ ) )
i=2 f <4mn + min(m, n) dmn + min(m, n))
m2n—+1)—1 m2n+1)—1
++v/{m(2n +1) - 3} v -V
e 1 2{4mn + min(m, )}
mn + min(m,n
Z IXil? = AP = A, 2n+1)| = :
m2n+ 1) — 3H{4mn + min(m,n
Therefore + {m( ) —3H ( )}]
m(2n+1) —
(1) E(G) < M|+ [An@nt)l = 4mn + min(m, n)
+/{m(2n +1) =3} Thus from (1)
m(2n+1)—1 . .
Z |)\z‘|2 - |)\1|2 - |>\m(2n+1)|2 dmn - minm, n) drmn - min(n, )
Vm2n+1) -1 /m@2n+1) -1

i=2
< Amn + min(m,n).

Substituting [A1| = @, [Am(2n41)| = ¥ and multiplying

both sides of (1) with ——L1—— Hence E(P,,(0DW,,) < 4mn + min(m,n).
vm(2nt)—1 lllustrations: The following table illustrates the energy upper
1 1 bounds for the Cartesian product of P,,, and DW,,.
mn 1 1) — 1E(G) < mn 1) 1 Graphs | Vertices Edges Energy | Upper
P,ODW,, | m2n+1) | 4mn+(m-1)(2n+1) bound
PsO0DW; 21 50 37.1882 | 39
m(2n+1)—1 P,ODW;5 44 113 78.3101 84
> P22 -y ] PsODW5 | 35 88 62.4865 | 63
i=2 PsOODW, 54 141 99.9517 | 100
H the function i P;L0DWg 91 246 168.6693 | 174
ence fhe function 1s PsODW, | 120 329 220.3449| 231
Fla,y) = 1 P,O0DWs | 153 424 283.6168| 296
’ m2n+1)—1 P oODWro| 210 589 388.7023 | 410
@) Jr+y+/ImEnt1) -3} Pys(0DWos5 | 1275 3724 2314.8 | 2525
\/ - 9 5 5 Table 1. Energy and energy upper bounds for P, JDW,,.
- {dmn - min(m, n)}” = 2® — 7] Theorem: For any positive integer m > 2 and n > 3,

the Laplacian energy of Cartesian product of path P,, and

Differentiating (2) partially with respect to = upto the sec-
double wheel graph DW,, is

ond order derivative
fwx _ \/m[{élmn«ann(m n)}2—y ]

m(2n+1)—1[{4dmn+min(m,n)}?—x2—y? ]g

E(P,O0DW,) <m(2n+1)(m+n+4).
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proof. The Laplacian matrix of P,,,[1Dw,, is given by

[2n+1, ifi=0,7=0
andi=mn,j=n
2n+2,ifi=7,1<¢<2n—1,
1<j<2n-1

. —1, if 7 and j are adjacent
0, if<and j are non - adjacent

L(P,,ODw,) = {

and it is structured as a block matrix as follows

R | D ol o]
D D ol o
D
L(P,,0Dw,) =
D
0 |0|0|...|D|R |

Here the block matrix R = [1;j]2n41x2n+1 is formulated
by

{271—#27 ifi = 7,0 <i<2n,
0<j<2n
,—Lifi=1,1<j<2n;

1 j:].,].SZSQTL,

! i=1,7=2and j = n;

' i=n+1,7j=n+2andj = 2n;
j=17=2andi=mn;
j=n+1li=n+2andi=2n;
2<i<n-—-1,j=i+1;
n+2<i<2n-1,j=i+1;
2<j<n—-1i=j+1,;
n+2<j<2n—-1,i=75+1;
L 0, otherwise,

Therfore the structure of block R in the Laplacian matrix
equals

/110 Ul DRI /l}n DY U2n
Vo 2n + 2 -1 -1 -1
U1 —1 2n+2 ... —1 .. 0
Up, -1 -1 2n+2 ... 0
Von, -1 0 .. 0 2n + 2
The block matrix Ry = [r(1)i;]2n+1x2n+1 resembles R
where
2n+1,if1=0,7=0
T(1)ij = { All the remaining adjacency positions

are similar as in block matrix 2

The structure of block matrix R is

Vo U1 e Un, o Van
V0 2n+1 -1 -1 -1
V1 -1 2n+2 ... -1 0
Up, -1 -1 n+2 ... 0
Vo -1 0 0 2n + 2

Similarly for the block matrix Ry = [r(2)ij]2n+1x2n+1 is

2n+1,ifi =2n,j =2n
The remaining adjacency positions
are same as mentioned in block matrix R

T(2)ij =

Therefore the adjacency block matrix of Ry equals

’Z_}O vl ... Un DR v2n
o 2n + 2 —1 —1 -1
B S Pl gy s 0
Up -1 -1 2n + 2 0
Von -1 0 . 0 2n + 1

The blocks D = [d;;]2n+1x2n+1 i the diagonal matrix
where

g — —1,ifi =
77710, otherwise,
and the blocks O are the null matrix of order 2n + 1.
The method of proving the upper bound for this Lapla-
cian energy of P,,[1DW,, is similar to the ordinary energy
discussed.
lllustrations: The following table illustrates the Laplcian en-

ergy upper bounds for the Cartesian product of P,, and
DW,.

Graphs | Vertices Edges Laplacian | Upper
P, O0DW, | m(2n+1) |4mn+(m-1)(2n+1) | Energy |bound
P,OODW, 18 41 178 180
PsLIDW3 21 50 166 210
P,ODWS 44 113 526 572
Ps(ODW3 35 88 278 420
PsLODWy 54 141 538 756
P;,00DWg 91 246 1272 1547
PsOODWy 120 329 1918 2280
PyODWyg 153 424 2752 3213

P oODWyo| 210 589 4618 5040
PysTODWos | 1275 3724 66298 | 68850

Table 2. Laplacian energy and its upper bounds for P,,(1DW,,.
Theorem: For any positive integer m > 2 and n > 3,
the Maximum degree energy is
Ey(P,O0DW,) <m(2n+ 1)(m +n+ 3) + 26.

proof. The Maximum degree matrix of P,,[1Dw, is
given by
fmax{4, 5,K, L},
if © and 7 are adjacent
where k =2n + land ¢ = 2n + 2
(07 if 2 and j are non - adjacent

M(PyODw,) = {
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and formulated as a block matrix as follows

' k|plo|. |olo]
D|L|D
M(P,,0Dw,) = b
olo|lo|...|L|D
L o|o|o|...|D |

Here the block matrix K = [ki;]on+1x2n+1
where

(r,ifi=0,1<j<2n

. andj =0,1 <75 < 2n,

W4, ifi=1,7=2andj = n;

' t=n+1,j=n+2andj = 2n;

' j=1,1=2andi = n;
j=n+1li=n+2andi = 2n;
2<i<n-—1,j=i+1;
! n+2<i<2n-1,7=1+1;
2<ji<n-1li=j+1,;
. n+2<j<2n-1,i=j+1;
| 0, otherwise,

The block matrix K in the Maximum degree matrix
equals

Vo V1 V2 - Up Up4l Un42 Van
Vo 0 kK kK K K K K
vy k 0 4 4 0 0 0
Vg k 4 0 0 0 0 0
U, Kk 4 0 0 0 0 0
Un+1 K 0 0 0 0 4 4
Un+2 k 0 0 0 4 0 0
V| K 0 0 ... 0 0 0 4
Von k 0 0 ... O 4 0 0

Also the block matrix L = [l;;]on+1x2n+1
where

{E, ifi=0,1<j<2n

\ and j = 0,1 < j < 2n,

W5, ifi=1,7=2and j = n;

' i=n+1,j=n+2andj = 2n;

' j=1l4i=2and?=n;
j=n+1li=n+2andi = 2n;
2<i<n-—1,7=1i+1;
! n+2<i<2n—1,7=14+1;
'o2<i<n—1i=j+1;
. n+2<j<2n—-1,i=j+1;
0, otherwise,

Hence the block matrix L in the Maximum degree matrix
is constructed as

Vo Vi V2 Un Un41 Uny2 -+ V2p
Vg 0o ¢ Y Y4 Y4 y4 Y4
U1 £ 0 5 5 0 0 0
Vg ¢/ 5 0 0 0 0 0
Vn ¢ 0O 0 0 0
Un41 £ 0 0 0 0 5 5
Un+42 ¢ 0 0 0 5 0 0
v £ 0 0 ... 0 0O 0 .. 5
Von ¢ 0 0 ... 0 5 0 0

The blocks D = [d;j]2n+1x2n+1 is the diagonal matrix

where
Lo [Biti=]
77710, otherwise,

and the blocks O are the null matrix of order 2n + 1.

The proof of Maximum degree energy for P,,[JDW,, is
also similar to Theorem.1 and its bounds between varoius
paths and double wheels is calibrated in the illustration.
lllustrations: The following table illustrates the Maximum de-
gree energy upper bounds for the Cartesian product of P,
and DW,,.

Graphs | Vertices Edges Maximum | Upper
P, ODW, | m2n+1) | 4mn+(m-1)(2n+1) | Degree |bound
Energy
P,OODW, 18 41 183.0728 | 188
PsO0DWs 21 50 209.5852 | 215
P,O0DWs 44 113 539.1855 | 554
P;ODW5 35 88 364.7040 | 411
PsOODW 54 141 640.6140 | 728
P;0DWs 91 246 1237 1482
PsODWy 120 329 1721.7 | 2186
Py1DWy 153 424 2300 3086
PioUODW4o| 210 589 3400.8 | 4856
PosUIDWos5 | 1275 3724 28048 | 65575
Table 3. Maximum degree energy and its upper bounds of
Pr,ODW,.
Energy comparison
s =—#—TFnersy == Laplacianenergy =~ === Maximum degree energy
’1‘.
Eeo0n0 — Cal
- o
&5 30000 ,"’ /
-
R

Fig. 2. Graphical representation of variation in energies

Conclusion

This research proposes a methodical approach to cap-
ture the essence of the graph theoretical concepts like prod-
uct of graphs, graph energy and to evaluate the various ener-
gies and estimate their bounds. It is hard to fix the bounds of
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these graphs due to mass and complexity of data. Many re-
searchers obtained the improved bounds of different graphs.
In this work three different types of energies are studied and
compared for cartesian product of path and double wheel
graphs. Among the three graph energies examined, the
Laplacian energy leads the other two energies as shown in
Figure 2. Furthermore bounds can be achieved for other en-
ergies of different products between various graphs.
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