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An optimization-based method for tuning PI controllers for
systems subject to control and output constraints

Abstract. This article presents an optimization-based method to tuning Proportional-Integral (PI) controllers for systems subject to actuator saturation
and constraints on the controlled variable. The theory of invariant sets is used to treat constraints and a polytopic model is adopted to account for
actuator saturation. For the numerical validation of the method, four examples are presented. The results show that the method can establish a tuning
that does not violate any constraint.

Streszczenie. W artykule przedstawiono opartą na optymalizacji metodę strojenia regulatorów proporcjonalno-całkujących (PI) dla układów podle-
gających nasyceniu elementów wykonawczych i ograniczeniom na regulowaną zmienną. Teoria zbiorów niezmienniczych jest wykorzystywana do
leczenia ograniczeń, a model politopowy jest przyjmowany w celu uwzględnienia nasycenia elementu wykonawczego. W celu numerycznej walidacji
metody przedstawiono cztery przykłady. Wyniki pokazują, że metoda może ustanowić strojenie, które nie narusza żadnego ograniczenia. (Oparta na
optymalizacji metoda strojenia regulatorów PI dla systemów podlegających ograniczeniom sterowania i wydajności).
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Słowa kluczowe: Sterowanie PI, nasycenie, ograniczenia sterowania

Introduction
The proportional-integral-derivative controller (PID) is an

algorithm widely used in the industry to control variables such
as speed, pressure, and level. Some studies estimated that
95 % of the control loops use PID controllers, most of them
in the proportional-integral (PI) form [1].

One of the difficulties in using PID controllers is to find
an appropriate tuning. Usually, the Ziegler-Nichols rules are
used [23], which are based on a simple model whose pa-
rameters, in many cases, can be obtained through simple
experiments on the plant [2].

Because Ziegler-Nichols rules result quite often in unde-
sirable oscillatory response and poor robustness, other rules,
also based on typical dynamic models have been developed
such as Cohen and Coon, integral absolute error, and inte-
gral time-weighted absolute error, etc. There are also tuning
methods based on bio-inspired optimization. In the article
[16], a new PI controller tuning method is proposed based
on modifying the particle swarm optimization. Its results are
reasonable compared to the classical methods presented in
the article. In the article [4], a PI controller based on the ant
colony optimization is tuned to a shunt active power filter; the
controller found has demonstrated good performance for har-
monic elimination and reactive power compensation.

However none of these rules explicitly deal with impor-
tant aspects present in any industrial processes: constraints
on controlled variables and actuator saturation [20].

Actuator saturation, if not properly dealt with, can re-
sult in poor controller performance or even closed-loop in-
stability. To deal with this problem, anti-windup compensa-
tion was initially used, which modifies the controller that will
act when saturation occurs, aiming to recover, as quickly as
possible, the performance designed for the system without
saturation. More sophisticated anti-windup techniques later
emerged, which can guarantee stability and performance un-
der saturation [19]. Note that the first anti-windup methods,
anti-windup compensator, are simple to implement, but do
not guarantee stability, whereas modern anti-windup has a
complex implementation, but it does guarantee stability.

Some PID tuning methods explicitly deal with con-
straints. In [20] an analytical design of PI controllers is pro-
posed for optimal regulatory control of open-loop unstable
processes under operational constraints. It deals with the
three common operational constraints related to the process
variable, manipulated variable and its rate of change. To de-
rive analytical design relations, the constrained optimal con-

trol problem in time domain was transformed into an uncon-
strained optimization problem in a new parameter space.

Another way to solve control problems under constraints
is to use polyhedral Lyapunov functions and positively invari-
ant sets. This combination guarantees stability and local per-
formance in closed-loop, respecting constraints even in the
presence of amplitude-limited disturbances and noise.

These sets have been intensively used to solve problems
of regulation of linear systems under constraints [21, 11, 6, 5].
In [22], invariant sets are used to address the problem
of physical and safety constraints of multi-mass electrical
drives, in combination with the classical LQR controller. The
practical implementation of a piecewise affine PI controller
using invariant sets was reported in [15] for first order sys-
tems. The maximal controlled invariant set, defined on the
space formed by the tracking error and its integral is split into
polyhedral regions, each one with associated PI gains. A tun-
ing method using invariant sets was proposed in [17], which
addresses constant reference tracking for SISO systems sub-
ject to state and control constraints via a PI control law with
a feedforward term. The invariant polyhedral sets and con-
troller gains that guarantee compliance with constraints are
computed via the bilinear programming approach proposed
in [7].

In this work we propose a tuning method for PI con-
trollers for discrete-time systems of any order subject to con-
straints on the controlled variable and actuator saturation.
Conditions are presented for a polyhedron defined on an ex-
tended state space to be positively invariant with respect to
the closed-loop system with the PI controller. As in [7], these
conditions are translated into an optimization problem with
bilinear constraints, whose solution provides the controller
gains which minimize a cost function that accounts for the
speed of the tracking response and disturbance rejection.
The performance of the controller is assessed, and an anal-
ysis of the main features of the method is performed through
numerical experiments.

The paper is organized as follows: in section Invari-
ant sets and control under constraints, we present the main
concepts and results on polyhedral invariant sets, which will
be used to enforce output constraints under actuator satu-
ration. In particular, we present sufficient conditions under
which a given polyhedral set is positively invariant with re-
spect to a closed-loop system under output feedback, actua-
tor saturation, and constraints on the controlled output. Such
results are used in section Design of PI controller with out-
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put constraints and input saturation to propose a PI controller
scheme and an optimization problem whose solution delivers
controller gains that enforce the constraints and a polyhedral
invariant set which is an approximation of the set of admis-
sible initial states. Numerical experiments are presented in
section Numerical Examples and conclusions are drawn in
section Conclusion.

Invariant sets and control under constraints
Consider the following linear, time-invariant,Single-Input

and Multiple-Output (SIMO) discrete-time system:

(1)
x[k + 1] = Ax[k] +Bu[k] + Ed[k],

y[k] = Cx[k],

where k ∈ N is the time index, x[k] ∈ R
n is the state, u[k] ∈

R is the control input, d[k] ∈ R is the disturbance, and y[k] ∈
R

p is the measured output.
The disturbance d[k] is unknown but bounded to a com-

pact polyhedron containing the origin:

(2) d[k] ∈ Φ = {d : |Wd[k]| ≤ 1},
where W ∈ R, inequalities are element-wise, and 1 is a
vector of suitable dimensions whose elements are all equal
to 1.

The system is subject to actuator saturation:

(3) u[k] ∈ Ωu = {−umax ≤ u[k] ≤ umax}.
Considering static output feedback:

(4) u[k] = sat(Ky[k]) = sat(KCx[k]),

where sat(.) is the saturation function, defined by:

(5) sat(f) =

⎧⎨
⎩

f, if −umax ≤ f ≤ umax,
umax, if f > umax,
−umax, if f < −umax.

the closed-loop system takes the form:

(6) x[k + 1] = Ax[k] +Bsat(KCx[k]) + Ed[k].

System (1) is subject to constraints on the output:

(7) y[k] ∈ Ωy = {|Qy[k]| ≤ 1},
which, from the output equation in (1), become constraints
on the state:

(8) x[k] ∈ Ωx = {|QCx[k]| ≤ 1}.
For simplicity, we will deal with sets that are symmetrical

with respect to the origin. The results presented can, how-
ever, be easily extended to non-symmetrical polyhedra.

State and output constraints can be satisfied if the initial
state is contained in a positively invariant set, defined below.
Definition 1 A set Ω ⊂ R

n is said to be positively invariant
with respect to system (6) if ∀x[k] ∈ Ω, x[k + 1] ∈ Ω,
∀k ≥ 0, ∀d[k] ∈ Φ.

Linear constraints on state variables result in polyhedral
sets in the state space, such as:

Ω = {x : |Lx[k]| ≤ 1},
where L ∈ R

l×n.
As it will become clear later, the problem of tuning a PI-

controller for linear systems subject to output constraints and
actuator saturation can be recast as that of computing the
controller gains and an associated polyhedral set Ω ⊂ Ωx

which is positively invariant with respect to the closed-loop
system (6).

Due to the saturation function, system (6) is nonlinear,
making it difficult to directly treat invariance. For this reason,
many tractable approximated models have been proposed to
this end. Here we will use the polytopic model described in
[18], which is based on the following result:
Lemma 1 [18] Consider f ∈ R and h ∈ R. If −umax ≤
h ≤ umax (|h| ≤ umax), then it follows that:

sat(f) ∈ Co{f, h} = {λ1f+λ2h, 0 ≤ λ1, λ2 ≤ 1, λ1+λ2 = 1},
where Co stands for the convex hull.

Consider now the following polyhedron:

S(Hsat, umax) = {x ∈ R
n; |Hsatx[k]| ≤ umax},

Then, from Lemma 1, since f = Ky[k] = KCx[k],
then if x[k] ∈ S(Hsat, umax) it follows that:

u[k] = sat(KCx[k]) ∈ Co{KCx[k], Hsatx[k]},
where Hsat ∈ R

1×n is an auxiliary matrix to compose the
saturation model.

As a consequence, system (6) can be approximated by
the following polytopic model:

(9) x[k + 1] = λ1A1x[k] + λ2A2x[k] + Ed[k],

with λ1 + λ2 = 1, 0 ≤ λ1, λ2 ≤ 1, and

(10) A1 = A+BKC, A2 = A+BHsat.

From this formulation, we can establish conditions for
positive invariance of a polyhedron Ω = {x : Lx ≤ 1}
with respect to the polytopic model (9).
Proposition 1 The polyhedron Ω = {x : Lx ≤ 1} is
positively invariant with respect to the system (9) if there exist
matrices Z, Hk, Hh, and Hsat such that:

(11)

HkL = L(A+BKC),
ZW = LE,

‖[Hk Z]‖∞ ≤ 1,

HhL = L(A+BHsat),
‖[Hh Z]‖∞ ≤ 1.

where ‖P‖∞ stands for the induced infinity norm of ma-
trix P ∈ R

n×m, with elements pij , given by ‖P‖∞ =
maxi

∑m
j=1 |pij |.

Proof: Consider the model (9). Then, from condition (11):

|Lx[k + 1]| = |λ1LA1x[k] + λ2LA2x[k] + LEd[k]|
= |λ1HkLx[k] + λ2HhLx[k] + ZWd[k]|

Considering |Lx[k]| ≤ 1 and |Wd[k]| ≤ 1:

|Lx[k + 1]| ≤ |λ1Hk|1 + |λ2Hh|1 + (λ1 + λ2)|Z|1
= λ1|Hk1 + Z1|+ λ2|Hh1 + Z1|.

Since P1 ≤ 1 is equivalent to ‖P‖∞ ≤ 1, we finally have
that: |Lx[k + 1]| ≤ λ1‖[Hk Z]‖∞ + λ2‖[Hk Z]‖∞ ≤ 1.
This proves that x[k + 1] ∈ Ω if x[k] ∈ Ω, then, the positive
invariance of Ω w.r.t. (9). �

According to Lemma 1, the polytopic model is valid only
if x[k] ∈ S(Hsat, umax). This condition can be imposed if
the positive invariant set Ω is included in S(Hsat, umax). The
following proposition establishes conditions under which Ω is
positively invariant with respect to the nonlinear system (6).
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Proposition 2 The polyhedron Ω = {x : Lx ≤ 1} is
positively invariant with respect to the system (6) if there exist
matrices Z, Hk, Hh, and Hsat satisfying (11) and a matrix
J such that:

(12)

{
JL = Hsat,

‖J‖∞ ≤ umax.

proof 1 According to the so-called extended Farkas’ lemma
(see e.g. [8]), condition (12) implies Ω ⊂ S(Hsat, umax),
which guarantees that x[k] ∈ S(Hsat, umax) with respect to
the polytopic model (9) if Ω is positively invariant. But this
is guaranteed by conditions (11). Finally, in [18] it is proven
that, in this case, if Ω is positively invariant with respect to
(9), then, it is also positively invariant with respect to (6).

Clearly, output constraints (7) can be satisfied if the pos-
itively invariant set Ω is included in the set Ωx (8). This con-
dition can also be enforced by using the Extended Farkas’
Lemma, as follows:
Proposition 3 Ω ⊂ Ωx if, and only if, there exists a matrix
Hx ∈ R

n×l, such that:

(13)

{
HxL = QC,
‖Hx‖∞ ≤ 1.

Design of PI controller with output constraints and input
saturation

In the previous section we presented conditions under
which a polyhedral set is positively invariant with respect to a
linear system under saturated static output feedback. In this
section we propose an augmented state-space formulation
that allows to compute the gains and an associated positively
invariant polyhedral set (which stands for a guaranteed set
of admissible initial states) of a PI controller which enforces
output constraints under actuator saturation.

PI Controller in an Augmented State Space

Consider a discrete-time PI controller as shown in Fig. 1,
represented by:

(14) f [k] = Kpe[k] +Kiv[k], v[k + 1] = v[k] + Tse[k],

where Ts is the sampling period, and e[k] = w[k]−y[k].

v[z]ω[z]
1-δ
z -δ

Fig. 1. Closed-loop system with PI controller and actuator saturation.

We assume that the reference signal has a first-order
dynamics as follows:

(15) ω[k + 1] = δω[k] + (1− δ)r[k],

with 0 ≤ δ ≤ 1.
As it will become clear in the sequel, this strategy is used

to soften the reference signal, as it can undergo abrupt ampli-
tude changes that, in order not to violate constraints, result in
a conservative tuning of the PI controller. With the filter atten-
uating the variation of the reference, it is possible to obtain a
less conservative tuning which enforces the constraints. One
can see from (15) that ω[k] tends to r[k] = r (constant) in
steady-state.

System (1) considering y[k] as a scalar, without the dis-
turbance d[k], and the PI controller (14) with the reference

(15) can be represented in an augmented state space in the
form:

(16)⎡
⎣x[k + 1]
v[k + 1]
ω[k + 1]

⎤
⎦

︸ ︷︷ ︸
x̄[k+1]

=

⎡
⎣ A 0 0
−CTs 1 Ts

0 0 δ

⎤
⎦

︸ ︷︷ ︸
Ā

⎡
⎣x[k]v[k]
ω[k]

⎤
⎦+

⎡
⎣B0
0

⎤
⎦

︸ ︷︷ ︸
B̄

u[k]+

⎡
⎣ 0

0
(1− δ)

⎤
⎦

︸ ︷︷ ︸
Ē

r[k],

(17)

[
e[k]
v[k]

]
︸ ︷︷ ︸
ȳ[k]

=

[−C 0 1
0 1 0

]
︸ ︷︷ ︸

C̄

⎡
⎣x[k]v[k]
ω[k]

⎤
⎦ ,

(18)
x̄[k + 1] = Āx̄[k] + B̄u[k] + Ēr[k],

ȳ[k] = C̄x̄[k].

The control law is given by:

(19) u[k] = sat(f [k]) = sat

⎛
⎜⎝[

Kp Ki

]
︸ ︷︷ ︸

K̄

[
e[k]
v[k]

]⎞⎟⎠ .

In view of (9), the polytopic model becomes:

x̄[k+1] = λ1(Ā+B̄K̄C̄)x̄[k]+λ2(Ā+B̄Hsat)x̄[k]+Ēr[k].

It one can notice that under this formulation, compared
to the model (1), the reference signal r[k] assumes artificially
the role of a disturbance.

The system is also subject to constraints on the con-
trolled output y(k) = Cx(k) which translate into constraints
on the state x[k]. In order to cope with the augmented model,
we add constraints on v[k] and ω[k], so that the augmented
state vector x̄[k] must belong to a compact polyhedron:

(20) Ωs = {|Q̄x̄| ≤ 1}.
The definition of constraints on v[k] and ω[k] will be dis-

cussed in the Numerical Examples section.
From the previous formulation, we can use the condi-

tions derived in section Invariant sets and control under con-
straints, to find a solution to the following design problem:
Problem 1 Given a system represented by (1) with d[k] =
0, compute the PI tuning (Kp and Ki) and an associated pos-
itively invariant polyhedron Ω with respect to the augmented
system (18) such that if x̄[0] ∈ Ω the trajectory of x̄[k] re-
mains in Ω and satisfies the output constraints (20).

One can see that the augmented system (18) has the
same structure as system (1). Then, based on the develop-
ment of section Invariant sets and control under constraints,
we are in position to establish conditions under which a solu-
tion to Problem 1 can be obtained.
Proposition 4 Problem 1 has a solution if there exist ma-
trices L̄, K̄, H̄k, H̄h, Z̄, ¯Hsat, J̄ , and H̄s, of appropriate
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dimensions, such that:

(21)

H̄kL̄ = L̄(Ā+ B̄K̄C̄),
Z̄W̄ = L̄Ē,∥∥[H̄k Z̄ ]

∥∥
∞ ≤ 1,

H̄hL̄ = L̄(Ā+ B̄ ¯Hsat),∥∥[H̄h Z̄]
∥∥
∞ ≤ 1.

(22)

{
J̄ L̄ = ¯Hsat,∥∥J̄∥∥∞ ≤ umax.

(23)

{
H̄sL̄ = Q̄,∥∥H̄s

∥∥
∞ ≤ 1.

Remarks:
1. If there exists a matrix L̄ satisfying conditions (21), (22),

then, the polyhedral set Ω̄ = {x̄ : L̄x̄ ≤ 1} is positively
invariant with respect to (18)-(19), hence, the trajectory
of x̄[k] is assured to remain in Ω̄ if x[0] ∈ Ω̄.

2. Conditions (23) guarantee that Ω̄ ⊂ Ωs, hence, that
the output constraints (20) are satisfied. Since Ωs is a
bounded polyhedron, then Ω̄ is also bounded. More-
over, it is closed by definition, which implies that it is
compact. In this case, as shown in [18], the closed-
loop system is locally stable and Ω̄ is an estimate of
the region of attraction. If, in addition, Ω̄ is contractive
(x̄[k + 1] ∈ λΩ̄ if x̄[k] ∈ Ω, with 0 ≤ λ < 1), then the
closed-loop system is locally asymptotically stable.

BILINEAR OPTIMIZATION DESIGN STRATEGY

The algebraic conditions in Proposition 4 mostly carry prod-
ucts among pairs of matrix variables, including the control
gains K̄ to be synthesized, as well as other bilinear terms
arising from the products between matrices and scalars or
vectors.

Conditions (21), (22), and (23) can be appropriately con-
sidered as design constraints, and adapted nonlinear opti-
mization techniques can be used to compute suitable control
gains.

The proposed design strategy considers minimizing the
reference filter parameter δ and maximizing Ki. Parame-
ter δ directly relates to the speed of the system’s response.
As the filter (15) smooths the original reference, the smaller
the value of δ, the faster the filtered reference tends to the
desired reference, generally resulting in faster tracking re-
sponse. As a result, one can expect a shorter settling time
for constant reference signals. Maximizing the gain of the in-
tegral action Ki tends to decrease the integral of the error in
disturbance rejection problems [2]. This way, we can choose
the objective function so as to have a fast response for both
the regulation and the reference tracking problem.

The following programming problem with bilinear con-
straints is proposed to find a solution to the PI control design
under constraints:

(24)

min
(H̄k,H̄h,H̄s, ¯Hsat,J̄,Z̄,L̄,K̄)

(w1δ + w2
1
Ki

)

subject to (21), (22), (23)
fl(.) ≤ ϕl, l = 1, . . . , l̄,

The cost function weights the value of the filter parameter δ
and the integral gain Ki. In general, a smaller value of δ re-
sults in a faster step response, whereas a larger value of Ki

results in a faster disturbance rejection. Then, by choosing

the weighting factors w1 and w2 the designer will be giving
more importance to reference tracking (w1 > w2) or distur-
bance rejection (w1 < w2).

The additional constraints represented by
fl(.) ≤ ϕl correspond to lower and upper bounds
imposed on the variables of the optimization problem
(H̄k, H̄h, H̄s, ¯Hsat, J̄ , Z̄, L̄, K̄). l̄ is a non-negative integer
which depends on the number of variables. These bounds
are intended to reduce the search space of the optimization
algorithm, making it easier to reach a solution.

The constraints in (24) involve products between matrix
variables, and then we have bilinear constraints. The prob-
lem is not bilinear though, because the cost function is not
bilinear. Bilinear constraints are not convex, then, the opti-
mization problem can be hard to solve because many local
minima can exist. The KNITRO solver, used in this work,
proved to be efficient and robust for dealing with bilinear con-
straints. Even though it does not guarantee to find globally
optimal solutions, local minima are found upon convergence.
For a more in-depth discussion on the solution of the opti-
mization problem, we refer the reader to [7].

One advantage of this approach compared to other ap-
proaches which use invariant sets, e.g. [15] is that the com-
plexity of the polyhedron, represented by the number of rows
of matrix L, can be fixed a priori. Thus, the number of rows
of L is the only tunable parameter. A necessary condition for
boundedness of the polyhedron is that it be greater than or
equal to the number of states.

The use of bilinear programming to compute invariant
sets and associated controllers for systems subject to con-
straints was first proposed in [7], where static state and out-
put feedback controllers are designed to solve a regulation
problem under state and control constraints, but with sat-
uration avoidance. Polytopic model of saturation has been
used in [14] to analyse positive invariance of polyhedral sets
for discrete-time systems in the context of the so-called δ-
operator.

Numerical Examples
KNITRO solver from the NEOS Server [10], a free

internet-based service for solving numerical optimization
problems, was used to generate the results we report now.
The default solver configurations were used, together with the
multi-algorithm option. Also, the following upper and lower
bounds (−103,103) for all the elements of the matrices of the
bilinear programming problem.

Four tests were carried out to explore the variety of po-
tential applications of the proposed tuning method. A com-
parison was made between the proposed method and other
PI controller tuning methods in the first test. In the second
test, we explore the effect on the time response of the choice
of the weighting factors w1, w2 in the optimization criterion.
In the third test, we explore the application of the proposed
method to systems with small and long dead-time. A com-
parison is made between the proposed method and other PI
controller tuning methods applied to an open-loop unstable
plant in the fourth test. For all tests, the weighting factors
were adjusted to obtain a fast response leading to saturation
of the control signal in order to explore the potential of the
proposed method.

Note that there is still no systematic way to determine
a bound to v[k]. A lower bound equal to the bound on the
output can be imposed to ω[k].
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Example 1: Comparison with other techniques

In this example we compare the proposed method to the PI
controller tuning method for constrained systems proposed in
[15]. There, a piecewise affine proportional-integral (PWA-PI)
controller algorithm is designed based on invariant sets and
multiparametric programming for constrained systems. The
method has been implemented in a programmable logic con-
troller to control an industrial level plant and analyze its be-
haviour. To show the performance of the designed controller,
performance indexes (such as mean square error, Good-
hart, overshoot, and settling time) were used, which show
that the proposed method resulted in a better response than
Ziegler–Nichols (Z–N) rules. Despite the promising results,
PWA-PI application is limited to first-order systems. In con-
trast, our proposed method is applicable to systems of any
order. Moreover, the design and implementation of the PWA-
PI controller are more complex than those of a standard PI
such as in the proposed method.

Consider the following linear continuous-time system,
borrowed from [15]. This model was obtained by system
identification around y = 50. Therefore, the variables of the
model are the deviations around this operating point. Follow
the transfer function:

(25) G(s) =
0.285

s+ 0.2903

A discrete-time model was obtained using the zero-
order-holder discretization method with sample period Ts =
0.5 s. A realization in the state space of the discrete-time
model is as follows:

(26)
x[k + 1] = 0.8649x[k] + 0.1326u[k],

y[k] = x[k].

The system is subject to the following constraints:

(27)
−50 ≤ y[k] ≤ 50
−50 ≤ u[k] ≤ 50

and the additional constraints to cope with the augmented
system (20):

(28)
−300 ≤ v[k] ≤ 300
−50 ≤ ω[k] ≤ 50
−50 ≤ e[k] ≤ 50

The additional constraints on e[k] were included for the
sake of comparison with the technique in [15]. By applying
the bilinear design strategy (24), the results below were ob-
tained. To verify the efficiency of the technique, we compared
the closed-loop response with that obtained by the PWA-PI
approach.

The number of rows of L̄ was fixed to 20.We aim here
at a fast tracking response, that can be obtained with a small
value of δ. Hence, we choose w1 = 15, w2 = 1, giving
more weight to δ in the optimization criterion. The controller
parameters found were Kp = 6.5131, Ki = 1.2206, and δ =
0.7795.

It is possible to see through Fig. 2 that the constraints
have not been violated.

Fig. 3 shows the control input and the plant output for a
step change in the reference. One can notice that the control
action saturates. The setpoint was changed from 0 to 40
in the linear model, equivalent to 50 to 90 if one considers
a start from the operating point, in 5 seconds time, being
the setpoint close to the output constraint. Table 1 shows

v[k]
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k]

-50

-40

-30

-20

-10

0

10

20

30

40

50

Fig. 2. Example 1: projection of the invariant polyhedron onto v × e
and the reference tracking trajectory.
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Fig. 3. Example 1: system response.

a comparison of performance indexes considering 5 criteria:
overshoot, settling time ts5%, saturation interval, Integral of
the Absolute Error (IAE), and Integral of the Absolute Error
multiplied by Time (ITAE).

The proposed PI controller resulted in a response with-
out overshoot, differently from the PWA-PI controller that re-
sulted in a 5.5 % overshoot. Considering the 5 % settling time
criterion (ts5%), the output obtained with the proposed con-
troller settled in 6.5 s, whereas that obtained with the PWA-
PI controller settled in 10 s. Saturation occurred when there
was a change in the setpoint. In this situation, the output
of the proposed PI controller saturated for 4 s, whereas that
of the PWA-PI controller saturated for 8 s. Concerning the
IAE an improvement of 68 % was achieved by the proposed
controller, compared to the PWA-PI. A significant reduction
of ITAE can also be observed. Thus, for the criteria eval-

Controller Proposed PI PWA-PI

Overshoot (%) 0 5.5
ts5% (s) 6.5 10

Saturation interval (s) 4 8
IAE 3.54 5.20
ITAE 11.19 25.18

Table 1. Comparison of the performance evaluation of the plant
controlled by proposed PI and PWA-PI.
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uated, the proposed PI controller delivered a better perfor-
mance than the PWA-PI controller, without violating any con-
straint.

Example 2: Weighting of the objective function

In this test we assess the effect in the time response of the
choice of the weighting factors w1, w2 in the optimization cri-
terion. We consider system (26), output and input constraints
(27), and the additional constraints for the augmented sys-
tem:

(29)
−300 ≤ v[k] ≤ 300
−50 ≤ ω[k] ≤ 50

We compare two different tunings:
1. T1: w1=10, w2=1, aiming at a small value of δ.
2. T2: w1=1, w2=10, aiming at a large value of Ki.

In both tests, the number of rows of L̄ was fixed to 20. The
following results were obtained, respectively:

1. T1: Kp = 8.976, Ki = 3.5961, δ = 0.8622.
2. T2: Kp = 9.4887, Ki = 6.7978, δ = 0.8999.

Leaving from y = 0 a unit step reference is applied, and
at k = 80 a disturbance of amplitude 1 is applied to the input.

Sample
0 50 100 150

y[
k]

0

0.2

0.4

0.6

0.8

1

1.2

T1

T2

ref

Fig. 4. Example 2: system response with disturbance.

From Figure (4) one can see that, as expected, tuning
T1 resulted in a faster reference tracking response (larger δ),
whereas tuning T2 resulted in a better disturbance rejection
(larger Ki). In this way, by properly choosing the weighting
factors w1, w2 the designer can decide which controller per-
formance is more significant; regulation or reference tracking.

Example 3: First Order Plus Dead Time (FOPDT)
system

The main objective of this example is to show that the pro-
posed method has the potential to find a PI tuning for dead-
time systems without the need for additional modifications.
To this end, two examples will be presented, one with a small
dead-time and other with a large dead-time. The character-
istics and difficulties encountered for each test are different,
as it will be seen in the sequel.

Small dead-time

Consider the FOPDT system, borrowed from [13], with trans-
fer function:

(30) G(s) =
e−s

8s+ 1

The sampling period was chosen as Ts = 0.4 s. For the
discretization, the zero-order holder method was used. The
discrete-time transfer function is given by:

(31) G(z) =
0.02469z + 0.02408

z3(z − 0.9512)
,

and a state space realization in the observable canonical
form was computed to the fourth order system. The system
is subject to the following constraints:

(32)
−2 ≤ y[k] ≤ 2

−1.2 ≤ u[k] ≤ 1.2

and the additional constraints:

(33)
−2 ≤ xi[k] ≤ 2, for i = 1, · · · , 4;

−10 ≤ v[k] ≤ 10
−10 ≤ ω[k] ≤ 10

By applying the bilinear design strategy (24), the follow-
ing results were obtained. The number of rows of L̄ was fixed
to 18, and the weighting factors were chosen to be w1 = 3,
w2=13. The obtained controller gains were Kp = 1.1760, Ki

= 0.1463, and δ = 4.266×10−9, meaning that the reference
signal has barely been filtered. Given that a small value of δ
is already obtained, a value of w2 larger than w1 was chosen
in order to avoid a very small value of Ki.

Time (s)
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y(
t)

0
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1
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ref

Fig. 5. Example 3: time response of small dead-time system.

The step response is shown in Fig. 5. One can see a
small rise time and null overshoot.

The input signal is depicted in Fig. 6. One can see that
the saturation allowance strategy works properly. No con-
straint on the states or output was violated.

Large dead-time

Consider a FOPDT system, borrowed from [13], with transfer
function:

(34) G(s) =
5e−4s

2s+ 1
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Fig. 6. Example 3: control signal for small dead-time system.

The sampling period was chosen as Ts = 0.4 s. For the
discretization, the zero-order holder method was used. The
discrete-time transfer function is:

(35) G(z) =
0.9063

z10(z − 0.8187)

A 11-th order state space realization in the observable
canonical form was obtained. The system is subject to the
following constraints:

(36)
−10 ≤ y[k] ≤ 10

−1.05 ≤ u[k] ≤ 1.05

and the additional constraints were set to:

(37)
−10 ≤ xi[k] ≤ 10, for i = 1, · · · , 11;

−100 ≤ v[k] ≤ 100
−10 ≤ ω[k] ≤ 10

The input bounds were chosen in order to explore the
potential of the proposed method. By applying the bilinear
design strategy (24), the following results were obtained, with
weighting factors w1 = 3, w2 = 4. The positively invariant
polyhedron has 2970 vertices, obtained with a matrix L̄ with
34 rows. The obtained controller gains were Kp = 0.06878,
Ki = 0.02698, and δ = 3.0013× 10−8.
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Fig. 7. Example 3: time response of a large dead-time system.

In Fig. 7, the system response is shown. One can no-
tice that the settling time is quite large, but consistent with
the large dead-time. There is a trade-off between the track-
ing performance and a non-oscillatory transient response. If
the controller’s gains are increased to obtain a smaller rise
time, the response goes very oscillatory. Considering the 5
% settling time criterion (ts5%), the output controlled by PI
proposed stabilized after 12 s.
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Fig. 8. Example 3: control signal of a large dead-time system.

The input signal is depicted in Fig. 8. Normally, satura-
tion occurs when there is a change in the reference signal,
but in this case, due to the high dead-time, saturation oc-
curred later. The control signal saturated for 8 s which is quite
a long time, but the proposed method delivered a controller
which enforces the constraints.

Example 4: Open-Loop Unstable System

The main objective of this example is to show that the pro-
posed method has the potential to find a PI tuning for open-
loop unstable systems, and to compare the proposed method
with another PI tuning method based on invariant sets and bi-
linear programming.

The tuning method chosen was that proposed in [17].
This method addresses constant reference tracking for SISO
systems subject to state and control constraints via a PI con-
trol law with a feedforward term. It also guarantees local
closed-loop stability and constraints fulfilment, using contrac-
tivity properties of polyhedral sets.

The approach is based on the positive invariance prop-
erty applied to an extended state-space representation that
includes a reference model, leading to more complex condi-
tions than those based on the Δ-invariance property.

Consider the following linear time-invariant, open-loop
unstable systems, borrowed from [17], represented by:

(38)
ẋ(t) = 0.2x(t) + u(t),

y(t) = x(t),

The sampling period was chosen as Ts = 0.5 s and
zero-order holder method was used for discretization. A
state-space realization is given by:

(39)
x[k + 1] = 1.1052x[k] + 0.5259u[k]

y[k] = x[k]

PRZEGLĄD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 98 NR 12/2022 151



The system is subject to the following constraints:

(40)
−3.33 ≤ y[k] ≤ 3.33

−1 ≤ u[k] ≤ 1

and the additional constraints are set as:

(41)
−60 ≤ v[k] ≤ 60
−2 ≤ ω[k] ≤ 2

By applying the bilinear design strategy (24), the follow-
ing results were obtained. We compared the closed-loop re-
sponse obtained with the proposed PI to that obtained with
the Δ-invariance approach of [17].

The number of rows of L̄ was fixed to 6. Increasing
the value of δ implies a slower speed of the system’s re-
sponse. Thus, three different lower bounds were imposed
for the range of δ values as shown in Table 2. Therefore, this
test makes it possible to show the different behaviors with
significant changes in the variable δ.

Table 2 shows the controller parameters.
Range of δ Kp Ki w1 w2 δ

0 < δ < 1 2.3289 0.4499 1 1 8.0705× 10−7

0.8 ≤ δ < 1 2.1149 0.2297 1 0 0.80
0.9 ≤ δ < 1 2.3073 0.4073 1 0 0.90

Table 2. Controller parameters.
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Fig. 9. Example 4: system response.

Table 3 shows the performance indexes that were com-
pared considering 6 criteria: overshoot, settling time ts, sat-
uration interval, δ, IAE, and ITAE.

Controller Δ-invariance
Proposed PI

1 2 3

Overshoot (%) 0 25.7 6.9 0
ts (s) 100 18 40 20

Saturation interval (s) 0 0.4 0 0
δ - 0.0 0.80 0.90

IAE 0.206 0.025 0.031 0.037
ITAE 4.147 0.044 0.102 0.076

Table 3. Comparison of the performance evaluation of the plant
controlled by proposed PI and PI obtained using the Δ-invariance.

In Fig. 9, four different responses are depicted. One
of them was obtained by the Δ-invariance method, and the
other three were obtained by the proposed method. The dif-
ference between the responses of the proposed method is
the change in the variable δ. It is possible to observe that

the lowest δ value was associated to the larger overshoot.
Saturation occurred when we had the largest error. In this
situation, one of the PI controllers proposed saturated dur-
ing 0.4 s, whereas others, including that obtained using Δ-
invariance did not saturate. When we observe the settling
time, the system controlled by the proposed PI had a faster
response than that obtained using Δ-invariance. The con-
troller performance indices only stresses the results shown
in Fig. 9. Even for the worst case of IAE, the proposed con-
troller showed an improvement of at least six times, and for
the worst case of ITAE, a very significant improvement can
also be seen. Thus, for the criteria evaluated, it was possi-
ble to observe that even for an open-loop unstable system,
the proposed method resulted in a better response. Also, the
designer can adjust the optimization parameters in order to
shape the response as desired.
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Fig. 10. Example 4: control signals.

Fig. 10 shows the control signal. The control input satu-
rated for a short time.

Fig. 11. Example 4: comparison of polyhedron sizes. Δ-invariance
approach (solid black line) and proposed approach with δ = 0.80
(dashed black line).

The positively invariant set stands for the set of admis-
sible initial states, i.e. the initial states for which constraint
satisfaction is guaranteed. It is important to have it as large
as possible. In Fig. 11 the sets obtained by the proposed
method with δ = 0.8 and by the Δ-invariance approach are
depicted. Even though this later is larger, one can see that it
admits larger values of v[k], the integral of the error, which,
in general, is not a variable of interest regarding their initial
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values. On the other hand, the polyhedron obtained with the
proposed approach admits a larger interval for the initial out-
put values (2.38 vs 2.20).

Conclusion
An optimization-based method for tuning standard PI

controllers for linear systems of any order subject to con-
straints on the controlled variable and actuator saturation was
presented in this work. The strategy used to deal with the
constraints was based on invariant polyhedral sets, and poly-
topic modelling was used to deal with saturation allowance.
The conditions for solution were transformed into an opti-
mization problem with bilinear constraints, whose solution de-
livers an invariant set complying with the constraints and the
associated PI controller gains. A state space formulation of
the closed-loop system was developed, which includes a filter
for the reference signal that provides more degrees of free-
dom to the optimization problem.

To illustrate the method, a comparison with other PI con-
troller tuning methods was performed through numerical ex-
periments with open-loop stable and unstable models. The
potential of the method applied to systems with small and
large dead-time was also explored. We also illustrated how
the parameters of the objective function can be chosen in or-
der to obtain the desired behaviour of the output response.
For systems with dead-time, the method worked properly
without the need of additional modifications or constraints.

The proposed method resulted in controllers with better
performance when compared to other methods in the litera-
ture. In Example 1, our controller resulted in a 32 % smaller
IAE and a 50 % smaller saturation interval when compared
with that of reference [15]. Furthermore, it did not show over-
shoot, against 5.5 % of that in [15]. In example 4, our con-
troller resulted in a 60 % smaller settling time, a 98 % smaller
ITAE, and a 85 % smaller IAE than those in reference [17].

In future work, extension of the method to linear and non-
linear PID controllers shall be investigated.
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PRZEGLĄD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 98 NR 12/2022 153



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


