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A method for calculating trajectories independent of the explicit
determination of an object's equation of motion

Abstract. A method for calculating the trajectory of a physical object that does not rely on explicitly setting the equation of motion is proposed. We
analyze the problems and formulate requirements for the developed model. The choice of the motion algorithm is justified. The paper describes the
technical part of the developed model and the logical structure of the program. The application contains the results of testing the system

Streszczenie. Zaproponowano metode obliczania trajektorii obiektu fizycznego, ktéra nie polega na jawnym wyznaczaniu réwnania ruchu.
Przeanalizowano problemy i sformutowano wymagania dla opracowanego modelu. Uzasadniony jest wyb6r algorytmu ruchu. W pracy opisano cze$¢é
techniczng opracowanego modelu oraz strukture logiczng programu. Aplikacja zawiera wyniki testowania systemu. (Metoda obliczania trajektorii
niezaleznie od jednoznacznego wyznaczania réwnania ruchu obiektu).

Keywords: animation, motion model, Lagrangian mechanics, function variation, inertia tensor.
Stowa kluczowe: animacja, model ruchu, mechanika Lagrange’a, zmienno$¢ funkcji, tensor bezwtadnosci.

Introduction The purpose of this work is to create a generalized

Animation is important in creating simulators, video
games, as well as in modeling physical phenomena and
experiments [1-4]. Virtual objects created by the designer
are placed in the virtual scene, which should move, collide
and rotate in the closest way to reality. Currently, there are
many motion models used in simulators and training
programs. The main problem with using existing models is
that they rely on empirically created engineering equations
of motion. The extreme complexity of creating equations
does not allow optimal use of the capabilities of such
systems. In this situation, it is desirable to create a universal
model [5-7].

Let's consider the existing methods of motion modeling.
The movement of an object is defined by actual physical
equations that are explicity defined. However, the
differential equations themselves are difficult to calculate in
real time. This method is usually used to implement the
behavior of objects in experiments where speed is not
important, but only the result itself is important [8-10].

The movement of an object is modeled by substituting
empirically selected constants into the equation of
movement of the object to create a more realistic behavior
of the object (i.e. using simple formulas, to calculate the
position of the object, we obtain the required behavior by
selecting constants).

The simplest and most frequently used method that
does not require physical calculations is to set the trajectory
of the body. Track-the trajectory is set by the designer and
remains unchanged [10-12].

The main way to build a model of an object's motion is
to use its technical characteristics to calculate the equation
of motion. In this equation, empirically selected constants
are substituted for more plausible behavior of the object. In
this case, "fuzzy logic" methods are often used. This
approach rigidly binds the developed model to the
properties of the object and its environment. In this
situation, it is desirable to create a universal model of
movement. Such a generalized model can be a motion
algorithm based on Lagrangian mechanics [12].

Let's combine the above methods in Table 1.

model of motion that is independent of the explicit setting of
the object's motion equation [10,12]. The following tasks
must be completed:

e Analysis of existing models.

Formulation of requirements for the developed model.
Development of the theoretical base of the model.
Realization of algorithm.

Testing and debugging the system.

Table 1. Comparison of systems using Lagrangian mechanics with
conventional models of motion

Other
models

Sensor type Lagrangian

mechanics

Rigidly binds the motion model to the
properties of the modeling object based - +
on other algorithms

Is a universal model (suitable for any
objects)

Takes into account object properties and
properties its surroundings

Explicitly uses the equation of motion of
the object (built on the explicit definition of - +
the equation of motion)

Theoretical basis of the model
A solid body can be defined in mechanics as a system
of material points whose distances are constant (Fig. 1).

Fig.1. The movable object
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Systems that actually exist in nature can, of course,
satisfy this condition only approximately. We will consider a
solid body as a discrete set of material points [5].

Each mechanical system is characterized by a specific

function L(d,...,q,,0,,....0,t) or L(Q,q,t) in a short
entry.
The principle of least action

The most general formulation of the law of motion of

mechanical systems is given by the so-called principle of
least action (or Hamilton's principle). Let the system occupy

certain positions at moments of time t=t and t=t,,

characterized by two sets of values(, and (,. Then

between these positions the system moves in such a way
that the integral

t2
(1) S= jL(q,q,t)dt — min

ti
had the smallest possible value (true for each of the
relatively small sections of the trajectory). The function L is
called the Lagrange function of this system, and the integral
is called the action.

Method of function variation
Let gq=q(t) be just the function for which S has a

minimum. This means that S increases when replacing

q(t) with any function of the form

) q(t)+5q(t).

where 6q (t) is a function small in the entire time interval

from t, to t, . (it is called a variation of the function q(t)).
Since for t=t and t=t,, all the compared functions

(2) must take the same values §, and (,, then it must be:

3) 5q(t)=0oq(t,)=0.

The change in S when replacing q withq+dq is
given by the difference

t2 t2
@ [L(@+59,q+54,Hdt—[L(g,q,t)dt
t1 t1
thus, the principle of least action can be written as
t2
6)  65=5[L(@qtdt=0,
t1

or by performing integration:

t2
(6) j(%éq +a—'75q]dt =0
aq

t aq

d( oL oL
L vl e

dt 6q, aql

where L =T — U is the lagrangian of the system.

These are the desired differential equations; they are
called Lagrange equations in mechanics. If the Lagrange
function of a given mechanical system is known, then the
Lagrange equations establish a relationship between

accelerations, velocities, and coordinates, i.e. they
represent the equations of motion of the system.

oL
(8) —=D

aq;

Requirements for the new model

Dependence on the degree of linearity of movement.
Conditions for the applicability of non-relativistic classical
mechanics:
9) g<<c, h<<lL

The necessary parameters must be set when creating
the object

Center of gravity

Wi Wr
Fig. 2. Mobile model

Realization of algorithm
The principle of least action

t,
S = j Ldt —min

tI
The ends of the trajectory are fixed 5gr =0.

There is no explicit equation of motion, so based on the
principle of least action, it is necessary to find the next
position of the body using the method of variation. To do
this, we will make a selection from the array of Lagrangian
values by the smallest value. Then, compare the value of
the Lagrangian and the point where it was calculated. Next,
we find the final coordinates of the object's position using
the Euler method.

t2 4
58=I§Ldt=j a—F5<:'1+a—"5q dt =
i aq aq

&

1'2
(10) = (%_M_F]qut 0

e dt o9
voq= a_ ii
oq dtaqg

MT=3 20D U=-Ymgq

Using the variation method, a cube of possible positions
is constructed around the object. At each position, the
Lagrangian is recalculated and entered in the array of
correspondences along with the coordinates of the object.
Then the action value is calculated and its minimum is
found. Going back by the key (the Lagrangian value) in the
array, we find the position of the object. The algorithm
works cyclically (by frames). Every frame is subdivided into
pieces (Fig. 3).

The main requirement for this model is its abstraction
from the specific properties of the object: that is, when
creating objects, the designer sets a list of necessary
parameters (such as the inertia tensor, center of gravity,
initial coordinates and speeds), and the model calculates
the system of objects by changing their trajectories [13].

The model also depends on the degree of linearity of
motion, i.e. in the case of nonlinear motion; the collision
detection algorithm cannot accurately process collisions, so
the parameter of approximation to linearity is introduced
[14]. Depending on this parameter, a time interval is
selected where the movement can be considered linear and
where collisions are processed.

The same parameter is the unit of measurement into
which the cube of possible object positions is divided. This
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allows the collision detection module to make sure that no
collisions are missed

Start
.\
Calculating new -
object cordinates

Collision
detection

Was there a
collision?

Transmitting data for
re-processing by the
physics module

Returning the

final geometry of
objects

End

Fig. 3. Proposed algorithm

Computation of reaction to collision is performed after
determining pair of objects VO,VOq collided at the earliest
time. To make this computation independent of particular
application requirements we use technique of message
handling callbacks well known in object-oriented
programming. Callback functions encapsulate application
area specific routines for computation of reaction to
collision. In implementation of our algorithm, several
sample callback functions are supplied. Messages sent to
virtual objects contain parameters of collision and are
handled by callback functions. Messages of different type
(class) are discriminated using ‘extension type fitness’
mechanism analogous to that of Oberon language rather
than C++ run-time type information mechanism.

So, when collision is detected a message with collision
parameters is sent to collision participants. Each virtual
object is assigned a priority to handle messages. The
message is sent first to the object with higher priority. If
priorities are equal then choose of object to send message
first to be random. The message to the second object is
sent (or not sent) by the first object. This is done because
the contents of the message can be changed after
computing reaction to collision for the first object. An object
received the massage discriminates the message type and
calls corresponding callback function with two parameters,
the object itself and the message. Callback function
computes reaction to collision and changes dynamic
parameters of the caller object and, if it is the first object to
handle the message, contents of message may be
changed. Along with changing dynamic parameters of the
object the callback itself can be replaced during handling
the message, providing by this a different way to handle
future collisions as well as different behavior of the object in
respect to other events (messages).

This technique of message handling callbacks being
very versatile also spends minimal computational
resources. Overhead comprising time to discriminate
message type and call function by pointer is hardly
noticeable as compared with computations on wide and
narrow phases of collision detection.

The weakest place of the proposed algorithm is
possibility of (almost) infinite loop in case when number of
detected collisions for fixed time interval is too big. Since
quantity of objects in virtual environment is finite, so at least

one object can be involved in an infinite number of
collisions. Discrete representation of real numbers in
modern computers gives rise to the fact that the infinite
number of collisions for such object will occurs at the same

time 7, in the considered time interval. Otherwise current

time interval would decrease on each step of the algorithm
and inevitably would reach 0 due to discrete representation
of real numbers but in this case, infinite number of collisions

would happen atz, =T .

Therefore, we see that infinite loops in our algorithm
could take place in the situation when one object begins
endlessly to collide with other objects in virtual environment.
The situation so explicitly formulated can now be detected
easily enough and therefore dead loop can be broken. This
break improves the proposed algorithm robustness but as a
rule, it means that computation accuracy is not enough or
there are errors in modeling virtual environment (wrong
choice of collision parameters, wrong change of dynamic
parameters of objects etc.) since in actual environment no
object can collide infinitely with others in finite time interval.
In our algorithm, number of collisions for each object is
counted and when it is greater some threshold the
corresponding object does not take place in future
computations on this step.

Setting initial conditions

The algorithm requires the following characteristics to
calculate the position of an object:

1. Inertia tensor.

2. Mass.

3. The center of gravity.

4. The initial coordinates.

5. The speed of both translational and rotational.

The environment for creating a virtual environment
provides a standard task. In this case, the speeds and
coordinates are initialized with zeroes, and the center of
mass will be in the reference center of the local coordinate
system of the object.

Application of the method for medical tasks

If the Lagrange function of a mechanical system is
known, then the Lagrange equations establish a
relationship  between accelerations, velocities, and
coordinates, i.e. they represent the equations of motion of
the system (equation 8).

Gait can be analyzed in terms of energy exchange,
using the Lagrange method, and inverse kinematics. This
will allow you to get models of both normal and prosthetic
gaits. Designing and testing a prosthesis using
computational tools is very important, and prototyping
allows you to confirm the functionality of the prosthesis and
the behavior of its components and materials. This allows
you to set the maximum range of movements and
deformations of the device before its final assembly. You
can also evaluate the behavior of an element in a functional
environment. Understanding the response of the
biomechanical connection between the prosthesis and the
patient provides developers with tools to understand and
adapt the effects of the prosthesis in relation to gait. The
design and adaptation of the prosthesis requires knowledge
of the mechanical behavior of both its parts and the
integrated final design, since it responds to the mechanical
loads that it will bear under the conditions of use. The
advantages of using computing tools in medicine and
engineering are well known. In medicine, acquiring clinical
skills before contacting patients is appropriate because it
provides a controlled and safe environment, as well as
establishing specific situations or scenarios as needed. The
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method consists in obtaining a mathematical model of the
prosthesis and creating a simulation. Decoded information
with the preservation of the physical and geometric
characteristics.

The mechanical model is imported, preserving such
characteristics of the prosthesis as mass, inertia, and
coordinate system. The representation of the prosthesis is
implemented in the form of a block diagram that allows you
to relate it to the gait model.

The structural diagram of the prosthesis contains a
world coordinate system, providing support for joints and
moving parts, and "body" elements representing solid
bodies that have physical variables such as moments of
inertia, mass, and acceleration. The "body" has a center of
gravity and points of mechanical connection with other
parts. There are rigid bodies, such as the bushing and
some connecting elements.

Conclusion

Search for the smallest key value in the <set> container
(standard STL type). The key is the value of the Lagrangian
at each point of the area adjacent to the object's position
coordinate. Its calculation and introduction to <set> occurs
with the consideration of forces acting on the object
(potential forces are included in U, vortex forces are
considered by the algorithm as additional pulses). Finding
the final coordinates of the object's position using Euler's
method.

A method for calculating the trajectory of a physical
object is developed that does not rely on an explicit setting
of the equation of motion, and a software module is
implemented on its basis. The created software module can
be used in modern simulators. Since the method does not
require an explicit equation of motion, it can be used to
calculate complex systems.

We have designed and implemented the algorithm for
modeling interaction of physical objects in virtual
environments in real time. This algorithm detects collision
occurrence, determines its spatial and temporal localization
with specified accuracy and computes reactions of objects
for collision. Advantages of the algorithm
1. The proposed algorithm implements dynamic approach

to collision detection and processing in real-time as
opposed to discrete approach proposed in most
published papers and real world implementations in
this application area.

2. Universal representation of objects of virtual
environment in the proposed algorithm allows one to
handle interactions among objects by universal way.
Such approach is not widely spread - systems of
dynamic modeling as a rule introduce different
groupings for object interactions, constraint object
interactions and apply other additional requirements
making modeling no uniform, complicating model
description.

3. Using technique of message handling callbacks to
compute reactions to collisions in the proposed
algorithm is new in respect to this application area. It
results in maximum versatility and low computational
overhead.

The proposed algorithm satisfies two conditions
formulated by us in the problem definition, namely:

- O(N logzN) and O(N) computational complexity of the
algorithm in its wide and narrow phases makes it
applicable for real-time modeling

- using OOP technique to compute reactions to collisions
makes it possible to extend set of reactions depending
on modeling requirements for specific tasks.
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