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Transient analysis in 1st order electrical circuits  
in violation of commutation laws 

 
 

Abstract. The paper considers the usage of non-standard analysis mathematical apparatus to solve some non-trivial problems of electrical 
engineering theory. The axiomatics of non-standard analysis makes it possible to simplify the transient analysis in the 1st order electrical circuits in 
violation of the commutation laws. Examples of solving such problems are given.  
 
Streszczenie. W artykule rozważono zastosowanie aparatu matematycznego analizy niestandardowej do rozwiązywania niektórych nietrywialnych 
zadań z teorii elektrotechniki. Aksjomatyka analizy niestandardowej pozwala na uproszczenie analizy stanów nieustalonych w obwodach 
elektrycznych I rzędu z naruszeniem praw komutacji. Podane są przykłady rozwiązywania takich przypadków. (Analiza stanów przejściowych w 
obwodach elektrycznych 1 rzędu z naruszeniem praw komutacji). 
 
Keywords: infinitesimal number, infinitely large number, hyperreal number, non-standard number, real number, inductive electric circuit. 
Słowa kluczowe: liczba nieskończenie mała, liczba nieskończenie duża, liczba hiperrzeczywista, liczba niestandardowa, liczba rzeczywista, 
indukcyjny obwód elektryczny. 
 
 

Introduction 
In [1, 2] the problems of calculating DC circuits with 

ideal reactive elements using the mathematical apparatus 
of non-standard analysis were considered. This 
mathematical approach made it possible to apply unified 
calculation methods using complex numbers to analyze 
such circuits. However, methods of non-standard analysis 
can also be useful for other electric circuits theory 
problems, for the transient analysis in circuits in violation of 
commutation laws.  

Before proceeding to these problems, the axiomatics of 
non-standard analysis can be recalled. The number ߙ will 
be called an infinitesimal number, then the number β = 1/α 
– infinitely large number. All algebraic operations (addition, 
subtraction, multiplication, division, squaring, etc.) and 
theorems (commutativity, associativity, etc.) can be applied 
to infinitesimal and large numbers. There are infinitesimal 
and large numbers of different order viz. ߙ ൐  – ௞ߙ
infinitesimal numbers of the first and k-th order; ߚ ൏  – ௞ߚ
infinitely large numbers of the first and kth order. Together 
with real numbersݎ ∈ ܴ infinitesimal and large numbers 
form an ordered set of hyperreal numbers. ∗ ܴ. Real 
numbers ݎ ∈ ܴ calledstandard or Archimedes as opposed to 
non-standard (non-Archimedes) numbers ∗ ݎ ∈∗ ܴ. Two 
non-standard numbers ∗ ܽ and ∗ ܾ called equivalent (or 
infinitely close to each other) if and only if ∗ ܽ െ∗ ܾ ൎ  The .ߙ
notation ൎ will mean the equivalence of two non-standard 
numbers. 

In [1, 2] various relations which are necessary for 
carrying out algebraic transformations within the limits of the 
non-standard analysis were resulted. Most of these ratios 
will be used in this paper. Before proceeding to the usage of 
the above expressions to solve various applications, it 
should be noted that there are no general rules for selecting 
a parameter that should be equated to an infinitesimal (or 
infinitely large) number. This choice is made by the 
researcher depending on the context of a particular task. It 
should be borne in mind that in the case of the need to 
replace infinitesimal numbers of several heterogeneous 
parameters of one problem, determining ratios of the orders 
of these numbers is a difficult problem and sometimes 

requires additional research. More details about this 
mathematical apparatus can be found in [3, 4, 5]. 
 
Transient Analysis Of Inductive Circuits In Violation Of 
The Commutation Laws  

Example 1.Consider this example of a circuit, which is 
shown in Fig.1, а. Scheme’s parameters: ܷ ൌ 600 V, 
ଵݎ ൌ ଶݎ ൌ 20	 ohm, ܮଵ ൌ 0.2	H, ܮଶ ൌ 0.3	H. Determine the 
transient currents ݅ଵሺݐሻ, ݅ଶሺݐሻ. 

 

 
a)                              b) 
Fig. 1. Example of inductive circuits 
 

Typically, in such circuit, the analysis of the transient 
process is performed using a generalized commutation law, 
which applies to flux couplings. However, the usual 
commutation law can be used, if the methods of non-
standard analysis are applied. 

Since the branch with the switching device was shorted 
before switching, It is assumed that it had some resistance 
ଷݎ ൌ  After switching, replace the rupture of this branch .ߙ
with infinitely large resistance ݎଷ ൌ  thus ,(Fig. 1, b) ߚ
removing the inductive cross section, which makes it 
possible to apply the standard commutation laws [6,7].  

Then the initial conditions are: 

(1) ݅ଵሺ0ାሻ ൌ ݅ଵሺ0ିሻ ൌ
௎

௥భା
ೝమೝయ
ೝమశೝయ

ൌ
௎

௥భା
ೝమഀ
ೝమశഀ

ൎ
௎

௥భ
ൌ 30А.  

(2) ݅ଶሺ0ାሻ ൌ ݅ଶሺ0ିሻ ൌ ݅ଵሺ0ିሻ
௥య

௥మା௥య
ൌ ݅ଵሺ0ିሻ

ఈ

௥మାఈ
ൎ 0, 

The forced current is defined as:  

(3) ݅ଵпр ൌ ݅ଶпр ൌ
௎

௥భା
ೝమഁ
ೝమశഁ

ఉ

௥మାఉ
ൎ

௎

௥భା
ೝమഁ
ഁ

ఉ

ఉ
ൌ

௎

௥భା௥మ
ൌ 15	A А. 

By the method of input resistance 
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(4) ܼвхሺ݌ሻ ൌ ଵݎ ൅ ଵܮ݌ ൅
ሺ௥మା௣௅మሻఉ

௥మା௣௅మାఉ
ൌ

௥భ௥మା௣௥భ௅మା௥భఉା௣௥మ௅భା௣ఉ௅భା௣మ௅భ௅మା௥మఉା௣ఉ௅మ
௥మା௣௅మାఉ

 

forming a characteristic equation: 
ଶܮଵܮଶ݌ (5) ൅ ଵܮଶݎሺ݌ ൅ ଶܮଵݎ ൅ ଵܮߚ ൅ ଶሻܮߚ ൅ ଶݎଵݎ ൅

ଵݎሺߚ ൅ ଶሻݎ ൌ 0. 
This quadratic equation has two roots. The first of these 

can be determined by performing equivalent 
transformations of the equation (5):  

ଶܮଵܮଶ݌ (6) ൅ ଵܮଶݎሺ݌ ൅ ଶܮଵݎ ൅ ଵܮߚ ൅ ଶሻܮߚ ൅ ଶݎଵݎ ൅
ଵݎሺߚ ൅ ଶሻݎ ൎ ଵܮሺ݌ሾߚ ൅ ଶሻܮ ൅ ሺݎଵ ൅ ଶሻሿݎ ൌ 0 

Hence,  
ଵ݌ (7) ൌ െ

௥భା௥మ
௅భା௅మ

ൌ െ80s-1.    

The second root is found by Vieta's theorem (for the 
quadratic equation ܽ݌ଶ ൅ ݌ܾ ൅ ܿ ൌ 0  the valid formula is  
ଶ݌ଵ݌ ൌ

௖

௔
, or ݌ଶ ൌ

௖

௔௣భ
).  

From the characteristic equation (5) it follows that 
ܿ ൌ ଶݎଵݎ ൅ ଵݎሺߚ ൅ ܽ ଶሻ, аݎ ൌ  :ଶ, thenܮଵܮ

ଶ݌ (8) ൌ
௥భ௥మାఉሺ௥భା௥మሻ

௅భ௅మቀି
ೝభశೝమ
ಽభశಽమ

ቁ
ൎ െ

ఉሺ௥భା௥మሻሺ௅భା௅మሻ

௅భ௅మሺ௥భା௥మሻ
ൌ െ

ఉሺ௅భା௅మሻ

௅భ௅మ
ൌ

െ8.333ߚ s-1. 

Then 

(9) ݅ଶሺݐሻ ൌ ݅ଶпр ൅ ଵ݁௣భ௧ܣ ൅ ଶ݁௣మ௧ܣ ൌ 15 ൅ ଵ݁ି଼଴௧ܣ ൅
 ,ଶ݁ି଼.ଷଷଷఉ௧ܣ

and  

(10) ݅ଵሺݐሻ ൌ ݅ଶሺݐሻ ൅
௜మሺ௧ሻ௥మା௅మ

೏೔మሺ೟ሻ

೏೟

௥య
ൌ ൫݅ଶпр ൅ ଵ݁௣భ௧ܣ ൅

ଶ݁௣మ௧൯ܣ ቀ1 ൅
௥మ
ఉ
ቁ ൅

௅మ
ఉ
ሺ݌ଵܣଵ݁௣భ௧ ൅ 	ଶ݁௣మ௧ሻܣଶ݌

ൎ 15 ൅ ଵ݁ି଼଴௧ܣ െ  .ଶ݁ି଼.ଷଷଷఉ௧ܣ1.5

Current ݅ଷሺݐሻ determined as: 

(11) ݅ଷሺݐሻ ൌ ݅ଵሺݐሻ െ ݅ଶሺݐሻ ൌ െ2.5ܣଶ݁ି଼.ଷଷଷఉ௧. 
Determining the integration constants in expressions (9) 

and (10) by substituting the variable t, the value of the initial 
time ݐ ൌ 0ା ൎ  ,ଵߙ ଵ (the initial time is indicated by a symbolߙ
because by its physical nature it differs from resistance 

ଷݎ ൌ ߚ ൌ
ଵ

ఈ
). This raises the uncertainty ݁ି଼.ଷଷଷ

ഀభ
ഀ . 

From the ratio of infinitesimal numbers ߙ and ߙଵ it is 
impossible to establish purely mathematically, because they 
belong to heterogeneous parameters. Analyzing them from 
a physical point of view and recalling that ߙଵ – is initial time, 
and ߙ – this is the active conduction of the circuit breaker, 
which were specifically introduced to fulfill the standard 
commutation laws. Since these values are independent of 
each other, it is always possible to choose them so as to 
provide a condition ߙଵ ൎ  ଶ. This way it can be written asߙ

(12) ݁ି଼.ଷଷଷ
ഀభ
ഀ ൌ ݁ି଼.ଷଷଷ

ഀమ

ഀ ൌ ݁ି଼.ଷଷଷఈ ൎ 1, 

Taking into account (9), (10), (11) and (12), a system of 
equations for determining the integration constant can be 
obtained as follows 

(13) 15 ൅ ଵܣ െ ଶܣ1.5 ൌ 30, 15 ൅ ଵܣ ൅ ଶܣ ൌ 0. 

Hence ܣଵ ൌ െ3, ܣଶ ൌ െ12. Therefore 

(14) ݅ଵሺݐሻ ൌ 15 െ 3݁ି଼଴௧ ൅ 18݁ି଼.ଷଷଷఉ௧A, 

 ݅ଶሺݐሻ ൌ 15 െ 3݁ି଼଴௧ െ 12݁ି଼.ଷଷଷఉ௧A, 

 ݅ଷሺݐሻ ൌ 30݁ି଼.ଷଷଷఉ௧A. 

Since ݁ିఉ௧ ൌ  it is possible to write ,ߙ

(15) ∀ሺt ൐ 0 ∧ t ്

0ାሻ

ە
ۖ
۔

ۖ
ۓ ݅ଵሺݐሻ ൌ 15 െ 3݁ି଼଴௧ ൅ 18݁ି଼.ଷଷଷఉ௧

ൎ 15 െ 3݁ି଼଴௧ ൅ ߙ18 ൎ 15 െ 3݁ି଼଴௧,
݅ଶሺݐሻ ൌ 15 െ 3݁ି଼଴௧ െ 12݁ି଼.ଷଷଷఉ௧

ൎ 15 െ 3݁ି଼଴௧ െ ߙ12 ൎ 15 െ 3݁ି଼଴௧,
݅ଷሺݐሻ ൌ 30݁ି଼.ଷଷଷఉ௧ ൎ ߙ30 ൎ 0.

 

Recalling that infinitely large resistanceݎଷ ൌ  was ߚ
artificially introduced to ensure compliance with standard 
commutation laws. Considering the values of the currents 
flows in the branches at the moments ݐ ൌ 0 і ݐ ൌ 0ା in the 
real circuit, with ݎଷ ൌ ∞ ൎ  .ఉߚ

As already determined, before switching at ݐ ൏ 0 (in 
particular at ݐ ൌ 0ି) ݅ଵ ൌ ݅ଷ ൌ 30A, ݅ଶ ൌ 0A. 

At the time ݐ ൌ 0ା ൎ  ଵ expression (14) considering (12)ߙ
will take the form 

(16) ݅ଵሺ0ାሻ ൌ 15 െ 3݁ି଼଴ఈభ ൅ 18݁ି଼.ଷଷଷ∞⋅ఈభ ൎ 15 െ 3 ൅ ߙ18 ൎ 12A 
݅ଶሺ0ାሻ ൌ 15 െ 3݁ି଼଴ఈభ െ 12݁ି଼.ଷଷଷ∞⋅ఈభ ൎ 15 െ 3 െ ߙ12 ൎ 12A 
݅ଷሺݐሻ ൌ 30݁ି଼.ଷଷଷ∞⋅ఈభ ൎ ߙ30 ൎ 0A. 

At time ݐ ൌ 0 ൎ  ଵఉ expression ݁ି଼.ଷଷଷ∞⋅଴ becomesߙ
uncertain, since time and resistance are heterogeneous 
parameters, the exact value of currents at this time cannot 
be determined. Only the intervals of their possible values 
are known as [8]: 

30 ൒ ݅ଵሺ0ሻ ൒ 12, 
0 ൑ ݅ଶሺ0ሻ ൑ 12, 
30 ൒ ݅ଷሺ0ሻ ൒ 0. 

Finally let us consider the energy ratios in the circuit. 
Before switching (ݐ ൏ 0) the energy was stored only in the 
magnetic field of the first coil and was equal to 

(17) ܹሺ0ିሻ ൌ
௅భ௜భ

మሺ଴షሻ

ଶ
ൌ

଴.ଶ⋅ଷ଴మ

ଶ
ൌ 90	J. 

In the first moment of time after switching (ݐ ൌ 0ା) 
energy is already present in the field of both coils 

(18) ܹሺ0ାሻ ൌ
௅భ௜భ

మሺ଴శሻ

ଶ
൅

௅మ௜మ
మሺ଴శሻ

ଶ
ൌ 36J 

Thus, the energy deficit is as follows: 
ܹ߂ (19) ൌ 90 െ 36 ൌ 54J. 

At the time of switching currents in all branches change 
their value. The time of these changes is an infinitesimal 
number, so in the first and second branches, where the 
active resistance have finite values, there is no loss of 
active energy on these resistors during this time. The 
resistance of the third branchݎଷ ൌ  so it consumes so ,ߚ
much energy 

ܹ߂ (20) ൌ ׬ ݅ଷ
ଶሺݐሻݎଷ݀ݐ

∞

଴ ൌ ׬ ൫30݁ି଼.ଷଷଷఉ௧൯
ଶ
ݐ݀ߚ

∞

଴ ൌ

ଽ଴଴௘షభల.లలలഁ೟ఉ

ିଵ଺.଺଺଺ఉ
ቤ

଴

∞

ൌ

െ54݁ିଵ଺.଺଺଺ఉ⋅ஶ ൅ 54݁ିଵ଺.଺଺଺ఉ⋅଴ ൎ 54	J. 
Example 2. Consider now a circuit where is a magnetic 
connection between the inductors (Fig. 2). Scheme 
parameters:ܷ ൌ 60	V V, ݎଵ ൌ 5	, ݎଶ ൌ ଷݎ ൌ 10	, ܮଵ ൌ 0.1H, 
ଶܮ ൌ 0.2	H, ܯ ൌ 0.05	H. Let us determine the transient 
current ݅ଵሺݐሻ. 

 
 
Fig.2. Circuit with is a magnetic coupling between the inductors 
 

Assuming that the third branch after switching will have 
resistance ݎଷ ൌ  :Then the initial conditions are  .ߚ
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(21) ݅ଵሺ0ାሻ ൌ ݅ଵሺ0ିሻ ൌ
௎

௥భା
ೝమೝయ
ೝమశೝయ

ൌ 6	A,  

݅ଶሺ0ାሻ ൌଶ ሺ0ିሻ ൌ ݅ଵሺ0ିሻ
௥య

௥మା௥య
ൌ 3A. 

The forced component is defined as:  

(22) ݅ଵпр ൌ
௎

௥భା
ೝమഁ
ೝమశഁ

ൎ
௎

௥భା
ೝమഁ
ഁ

ൌ
௎

௥భା௥మ
ൌ 4A. 

To get a characteristic equation, we compose a system 
of equations according to Kirchhoff's laws 

(23) ݅ଵ ൌ ݅ଶ ൅ ݅ଷ, ܮଵ
ௗ௜భ
ௗ௧
െ ܯ

ௗ௜మ
ௗ௧
൅ ଵ݅ଵݎ ൅ ଷ݅ଷݎ ൌ ܷ,	

ଶܮ
݀݅ଶ
ݐ݀

െ ܯ
݀݅ଵ
ݐ݀

൅ ଶ݅ଶݎ െ ଷ݅ଷݎ ൌ 0. 

Substituting ݅ଷ ൌ ݅ଵ െ ݅ଶ. 
(24) ሺܮଵ݌ ൅ ଵݎ ൅ ଷሻ݅ଵݎ െ ሺ݌ܯ ൅ ଷሻ݅ଶݎ ൌ ܷ,	

െሺ݌ܯ ൅ ଷሻ݅ଵݎ ൅ ሺܮଶ݌ ൅ ଶݎ ൅ ଷሻ݅ଶݎ ൌ 0. 
Equating the determinant of the system (24) to zero 

after minor transformations, the characteristic equation in 
the next form is obtained 

ሺܮଵܮଶ െ ଶ݌ଶሻܯ ൅ ሾܮଵݎଶ ൅ ଵݎଶܮ ൅ ሺܮଵ ൅ ଶܮ െ ݌ଷሿݎሻܯ2 ൅
ଶݎଵݎ ൅ ሺݎଵ ൅ ଷݎଶሻݎ ൌ 0, 

Substituting initial data 

ଶ݌0.018 (25) ൅ ሺ2 ൅ ݌ሻߚ0.2 ൅ 50 ൅ ߚ15 ൌ 0.  

This quadratic equation has two roots, first of them is 
determined by performing the necessary transformations 

ଶ݌0.018 (26) ൅ ሺ2 ൅ ݌ሻߚ0.2 ൅ 50 ൅ ߚ15 ൎ ݌ሺ0.2ߚ ൅
15ሻ ൌ 0, from݌ଵ ൌ െ

ଵହ

଴.ଶ
ൌ െ75s-1. 

The second root is found by Viet theorem:  

ଶ݌ (27) ൌ
௖

௣భ௔
ൌ

ହ଴ାଵହఉ
ሺି଻ହሻ଴.଴ଵ଼

ൎ െ
ଵହఉ

ሺି଻ହሻ଴.଴ଵ଼
ൌ െ11.43ߚs-1. 

Then ݅ଵሺݐሻ ൌ ݅ଵпр ൅ ଵ݁௣భ௧ܣ ൅  ଶ݁௣మ௧ and the first equationܣ
for determining the integration constants as follows 

(28) ݅ଵሺ0ାሻ ൌ ݅ଵпр ൅ ଵܣ ൅ ଶܣ ൌ 4 ൅ ଵܣ ൅ ଶܣ ൌ 6. 

Finding the first derivative of the current ݅ଵሺݐሻ:  

(29) 
ௗ௜భሺ௧ሻ

ௗ௧
ൌ ଵ݁௣భ௧ܣଵ݌ ൅  .ଶ݁௣మ௧ܣଶ݌

The initial condition for the first derivative of the current 
is determined by the system of equations (23) for the 
moment ݐ ൌ ሺ0ାሻ. 

(30) 

     

   

    .irir
dt

di
M

dt

di
L

,Uirir
dt

di
M

dt

di
L

,iii

tt

tt

000

00

000

33220
1

0
2

2

33110
2

0
1

1

321

















 

Taking into account that ݅ଷሺ0ାሻ ൌ ݅ଵሺ0ାሻ െ ݅ଶሺ0ାሻ ൌ 6 െ
3 ൌ 3А, and substituting the numerical values, the system 
(30) in the next form is written as 

(31) 0.1
ௗ௜భ
ௗ௧
ݐ| ൌ 0ା െ 0.05

ௗ௜మ
ௗ௧
ݐ| ൌ 0ା ൅ 30 ൅ ߚ3 ൌ 60,	

0.2
݀݅ଶ
ݐ݀

ݐ| ൌ 0ା െ 0.05
݀݅ଵ
ݐ݀

ݐ| ൌ 0ା ൅ 30 െ ߚ3 ൌ 0. 

Hence 
ௗ௜భ
ௗ௧
ݐ| ൌ 0ା ൌ 428.57 െ ߚ25.7 ൌ ଵܣଵ݌ ൅  ଶ andܣଶ݌

the system of equations for determining the integration 
constants will take the final form as 
ଵܣ (32) ൅ ଶܣ ൌ 2,	

െ75ܣଵ െ ଶܣߚ11.43 ൌ 428.57 െ  .ߚ25.7
After the transformations of the second equation of the 

system obtained as െ11.43ܣߚଶ ൌ െ25.7ߚ, hence 

ଶܣ (33) ൌ
ଶହ.଻ఉ

ଵଵ.ସଷఉ
ൌ 2.25, and ܣଵ ൌ 2 െ ଶܣ ൌ െ0.25. 

Therefore 

(34) ݅ଵሺݐሻ ൌ 4 െ 0.25݁ି଻ହ௧ ൅ 2.25݁ିଵଵ,ସହఉ௧ ൎ 4 െ
0.25݁ି଻ହ௧А. 

Transient Analysis of Capacitive Circuits In Violation Of 
The Commutation Laws 
Example 3. Determine the transient voltages on the 
capacitors in the circuit, which is shown in Fig. 3, a. 
Scheme parameters: ܷ ൌ 100 V, ݎଵ ൌ 10, ܥଶ ൌ 100μF, 
ଷܥ ൌ 150μF. To be able to use the second law of 
commutation will assume that the capacity of branch with 
capacitor ܥଶ includes a resistor ݎଶ ൌ   .[7] (Fig. 3, b) ߙ

     
a)                                        b) 

Fig. 3. Example of a capacitive circuit 

The initial conditions are 

஼యሺ0ାሻݑ (35) ൌ ஼యሺ0ିሻݑ ൌ ܷ ൌ 100V,	
஼మሺ0ାሻݑ ൌ ஼మሺ0ିሻݑ ൌ 0V. 

The forced component we define as 

஼మпрݑ (36) ൌ ஼యпрݑ ൌ ܷ ൌ 100V. 

By the method of input resistance 

(37) ܼвхሺ݌ሻ ൌ ଵݎ ൅
ቀ௥మା

భ
೛಴మ

ቁ భ
೛಴య

௥మା
భ

೛಴మ
ା

భ
೛಴య

ൌ ଵݎ ൅
ቀఈା

భ
೛಴మ

ቁ భ
೛಴య

ఈା
భ

೛಴మ
ା

భ
೛಴య

ൌ

௥భሺఈ஼మ஼య௣మାሺ஼మା஼యሻ௣ሻାఈ஼మ௣ାଵ

ఈ஼మ஼య௣మାሺ஼మା஼యሻ௣
 

form a characteristic equation: 
ଶ݌ଷܥଶܥଵݎߙ (38) ൅ ሾݎଵሺܥଶ ൅ ଷሻܥ ൅ ݌ଶሿܥߙ ൅ 1 ൌ 0. 

This quadratic equation has two roots, first of them is 
determined by performing the appropriate transformations  
ଶ݌ଷܥଶܥଵݎߙ (39) ൅ ሾݎଵሺܥଶ ൅ ଷሻܥ ൅ ݌ଶሿܥߙ ൅ 1 ൎ

ଶܥଵሺݎ ൅ ݌ଷሻܥ ൅ 1 ൌ 0, 

hence ݌ଵ ൌ െ
ଵ

௥భሺ஼మା஼యሻ
ൌ െ400s-1.  

The second root is found by Viet theorem  

ଶ݌ (40) ൌ
௖

௣భ௔
ൌ െ

ଵ

ఈ௥భ஼మ஼య
భ

ೝభሺ಴మశ಴యሻ

ൌ െ
஼మା஼య
ఈ஼మ஼య

ൌ	

ൌ െ
ଵ଺଺଺଻

ఈ
 s-1. 

Then  
ሻݐ஼మሺݑ (41) ൌ ܷ ൅ ଵ݁௣భ௧ܣ ൅ ଶ݁௣మ௧ܣ ൌ 100 ൅ ଵ݁ିସ଴଴௧ܣ ൅

ଶ݁ܣ
ି
భలలలళ
ഀ

௧,  

ሻݐ஼యሺݑ (42) ൌ ሻݐ஼మሺݑ ൅ ଶܥߙ
ௗ௨಴మሺ௧ሻ

ௗ௧
ൌ ܷ ൅ ଵ݁௣భ௧ܣ ൅

ଶ݁௣మ௧ܣ ൅ ଵ݁௣భ௧݌ଵܣଶሺܥߙ ൅ 	ଶ݁௣మ௧ሻ݌ଶܣ

ൎ 100 ൅ ଵ݁ିସ଴଴௧ܣ െ ଶ݁ܣ0.667
ି
భలలలళ
ഀ

௧.  
To determine the integration constants, it is necessary 

to substitute the initial values of the first moment of time 
instead of the variable t in expressions (41) and (42). 
ݐ ൌ 0ା ൎ  ଵ (the initial moment of time is denoted by aߙ
symbol ߙଵ, because its physical nature differs from the 

resistance ݎଶ ൌ This raises uncertainty ݁ିଵ଺଺଺଻ .(ߙ
ഀభ
ഀ , which 

is solved similarly to expression (30), ie   

(43) ݁ିଵ଺଺଺଻
ഀభ
ഀ ൌ ݁ିଵ଺଺଺଻

ഀమ

ഀ ൌ ݁ିଵ଺଺଺଻ఈ ൎ 1. 
Taking into account (41), (42) and (43), a system of 

equations for determining the integration constants is 
obtained as follows 

஼మሺ0ାሻݑ (44) ൌ 100 ൅ ଵܣ ൅ ଶܣ ൌ 0, 

஼యሺ0ݑ ൅ሻ ൌ 100 ൅ ଵܣ െ ଶܣ0.667 ൌ 100. 



PRZEGLĄD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 97 NR 9/2021                                                                                         29 

Hence ܣଵ ൌ െ40, а ܣଶ ൌ െ60. 

Therefore  

ሻݐ஼మሺݑ (45) ൌ 100 െ 40݁ିସ଴଴௧ െ 60݁ି
భలలలళ
ഀ

௧	V,  

ሻݐ஼యሺݑ (46) ൌ 100 െ 40݁ିସ଴଴௧ ൅ 40݁ି
భలలలళ
ഀ

௧	A.  

Since ݁ି
భలలలళ
ഀ

௧ ൌ  it is possible to write ,ߙ

(47) ∀ሺݐ ൐ 0 ∧ ݐ ്

0ାሻ

ە
ۖ
۔

ۖ
ۓ ሻݐ஼మሺݑ ൌ 100 െ 40݁ିସ଴଴௧ െ 60݁ି

భలలలళ
ഀ

௧

ൎ 100 െ 40݁ିସ଴଴௧ െ ߙ60 ൎ 100 െ 40݁ିସ଴଴௧,

ሻݐ஼యሺݑ ൌ 100 െ 40݁ିସ଴଴௧ ൅ 40݁ି
భలలలళ
ഀ

௧ ൎ

100 െ 40݁ିସ଴଴௧ ൅ ߙ40 ൎ 100 െ 40݁ିସ଴଴௧.

 

Recalling that the infinitesimal resistance ݎଶ ൌ  was ߙ
artificially introduced to enforce standard commutation laws. 
Considering the values of the voltages on the capacitors 
take at moments ݐ ൌ 0 and ݐ ൌ 0ା in the real circuit, with 
ଶݎ ൌ 0 ൎ  .ఉߙ

As already determined, before switching at ݐ ൏ 0 
(especially at ݐ ൌ ஼యݑ (0ି ൌ 100 V, ݑ஼మ ൌ 0 V. 

Now ݐ ൌ 0ା ൎ  ଵ expressions (32) and (38) consideringߙ
(30) will take the form 

஼మሺ0ାሻݑ (48) ൌ 100 െ 40݁ିସ଴଴ఈభ െ 60݁ି
భలలలళ
బ

ఈభ ൎ 100 െ
40݁ିସ଴଴ఈభ െ ߙ60 ൎ 60V, 

஼యሺ0ାሻݑ ൌ 100 െ 40݁ିସ଴଴ఈభ ൅ 40݁ି
భలలలళ
బ

ఈభ ൎ 100 െ
40݁ିସ଴଴ఈభ ൅ ߙ40 ൎ 60V. 

At the moment ݐ ൌ 0 ൎ ଵఉ expression ݁ିଵ଺଺଺଻ߙ
బ
బ 

becomes uncertain, since time and resistance are 
heterogeneous parameters, the exact value of voltages at 
this time cannot be determined. Only the intervals of their 
possible values known as 

0 ൑ ஼మሺ0ሻݑ ൑ 60, 
60 ൑ ஼యሺ0ሻݑ ൑ 100. 

Finally, considering the energy ratios in the circuit and 
determining the current in the capacitor, which was 
switched  

(49) ݅ଶሺݐሻ ൌ ଶܥ
ௗ௨಴మሺ௧ሻ

ௗ௧
ൌ 10ିସ

ௗ൬ଵ଴଴ିସ଴௘షరబబ೟ି଺଴௘ష
భలలలళ
ഀ ೟൰

ௗ௧
ൌ

1.6݁ିସ଴଴௧ ൅
ଵ଴଴

ఈ
݁ି

భలలలళ
ഀ

௧ А. 

Before switching (ݐ ൏ 0), the energy of the electric field 
was stored only in the first capacitor and was equal to  

(50) ܹሺ0ିሻ ൌ
஼య௨಴య

మ ሺ଴షሻ

ଶ
ൌ

ଵହ଴⋅ଵ଴షల⋅ଵ଴଴మ

ଶ
ൌ 0.75 J. 

At the first moment of time after switching (ݐ ൌ 0ା) the 
energy is already stored in both capacitors and is equal to 

(51) ܹሺ0ାሻ ൌ
ሺ஼యା஼మሻ௨಴య

మ ሺ଴శሻ

ଶ
ൌ

ଶହ଴⋅ଵ଴షల⋅଺଴మ

ଶ
ൌ 0.45 J. 

Thus the energy deficit is 
ܹ߂ (52) ൌ 0.75 െ 0.45 ൌ 0.3 J. 

In traditional electrical engineering books, the presence 
of this deficit is explained by the loss of energy when the 
capacitor is charging, but there are not provided any 
mathematical evidence. It is proven within the limits of the 
non-standard analysis. 
ܹ߂ (53) ൌ ׬ ݅ଶ

ଶሺݐሻݎଶ݀ݐ
∞

଴ ൌ

׬ ቀ1.6݁ିସ଴଴௧ ൅
ଵ଴଴

ఈ
݁ି

భలలలళ
ഀ

௧ቁ
ଶ
ݐ݀ߙ

∞

଴ ൌ	

ൌ න ൬2.56଼ି݁ߙ଴଴௧ ൅ 320݁ିቀସ଴଴ା
ଵ଺଺଺଻
ఈ ቁ௧

∞

଴

൅
10000
ߙ

݁ି
ଷଷଷଷଷ
ఈ ௧൰ ݐ݀ ൌ	

ൌ ቌെ3.210ିଷ଼ି݁ߙ଴଴௧
320

400 ൅
16667
ߙ

݁ିቀସ଴଴ା
ଵ଺଺଺଻
ఈ ቁ௧

െ 0.3݁ି
ଷଷଷଷଷ
ఈ ௧ቍ ቤ

଴

∞

ൎ 

ൎ െ0.3݁ି
యయయయయ
ഀ

∞ ൅ 0.3݁ି
యయయయయ
ഀ

଴ ൎ 0.3݁ିଷଷଷଷଷ⋅଴ ൎ 0.3 J. 
The law of conservation of energy is fulfilled. 
 

Conclusions 
1) The application of ideas and methods of non-standard 

analysis in the field of electrical engineering makes it 
possible to use the traditional classical method of transient 
analysis in circuits in violation of the commutation laws. 

2) Only using the methods of non-standard analysis can 
strictly prove the implementation of the law of conservation 
of energy in such circuits. 

3) In order to expand the scope of non-standard methods 
of analysis one should identify similar problems in different 
areas of science and technology, which use differential 
calculus and boundary crossings and solution by standard 
approaches is limited or impossible. 
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