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Transient analysis in 1st order electrical circuits
in violation of commutation laws

Abstract. The paper considers the usage of non-standard analysis mathematical apparatus to solve some non-trivial problems of electrical
engineering theory. The axiomatics of non-standard analysis makes it possible to simplify the transient analysis in the 1st order electrical circuits in
violation of the commutation laws. Examples of solving such problems are given.

Streszczenie. W artykule rozwazono zastosowanie aparatu matematycznego analizy niestandardowej do rozwigzywania niektérych nietrywialnych
zadan z teorii elektrotechniki. Aksjomatyka analizy niestandardowej pozwala na uproszczenie analizy stanéw nieustalonych w obwodach
elektrycznych | rzedu z naruszeniem praw komutacji. Podane sg przyktady rozwigzywania takich przypadkéw. (Analiza stanéw przej$ciowych w

obwodach elektrycznych 1 rzedu z naruszeniem praw komutacji).

Keywords: infinitesimal number, infinitely large number, hyperreal number, non-standard number, real number, inductive electric circuit.
Stowa kluczowe: liczba nieskoriczenie mata, liczba nieskoniczenie duza, liczba hiperrzeczywista, liczba niestandardowa, liczba rzeczywista,

indukcyjny obwod elektryczny.

Introduction

In [1, 2] the problems of calculating DC circuits with
ideal reactive elements using the mathematical apparatus
of non-standard analysis were considered. This
mathematical approach made it possible to apply unified
calculation methods using complex numbers to analyze
such circuits. However, methods of non-standard analysis
can also be useful for other electric circuits theory
problems, for the transient analysis in circuits in violation of
commutation laws.

Before proceeding to these problems, the axiomatics of
non-standard analysis can be recalled. The number a will
be called an infinitesimal number, then the number 8 = 1/a
— infinitely large number. All algebraic operations (addition,
subtraction, multiplication, division, squaring, etc.) and
theorems (commutativity, associativity, etc.) can be applied
to infinitesimal and large numbers. There are infinitesimal
and large numbers of different order viz. a >a* —
infinitesimal numbers of the first and k-th order; g < g% —
infinitely large numbers of the first and kth order. Together
with real numbersr € R infinitesimal and large numbers
form an ordered set of hyperreal numbers. *R. Real
numbers r € R calledstandard or Archimedes as opposed to
non-standard (non-Archimedes) numbers xr €xR. Two
non-standard numbers *a and *b called equivalent (or
infinitely close to each other) if and only if xa —x b = a. The
notation ~ will mean the equivalence of two non-standard
numbers.

In [1, 2] various relations which are necessary for
carrying out algebraic transformations within the limits of the
non-standard analysis were resulted. Most of these ratios
will be used in this paper. Before proceeding to the usage of
the above expressions to solve various applications, it
should be noted that there are no general rules for selecting
a parameter that should be equated to an infinitesimal (or
infinitely large) number. This choice is made by the
researcher depending on the context of a particular task. It
should be borne in mind that in the case of the need to
replace infinitesimal numbers of several heterogeneougs
parameters of one problem, determining ratios of the orders
of these numbers is a difficult problem and sometimes

requires additional research. More details about this
mathematical apparatus can be found in [3, 4, 5].

Transient Analysis Of Inductive Circuits In Violation Of
The Commutation Laws

Example 1.Consider this example of a circuit, which is
shown in Fig.1, a. Scheme’s parameters: U =600 V,
rn=r,=20Q ohm, L, =0.2H, L, = 0.3 H. Determine the
transient currents i, (t), i, (t).

a) b)
Fig. 1. Example of inductive circuits

Typically, in such circuit, the analysis of the transient
process is performed using a generalized commutation law,
which applies to flux couplings. However, the usual
commutation law can be used, if the methods of non-
standard analysis are applied.

Since the branch with the switching device was shorted
before switching, It is assumed that it had some resistance
3 = a. After switching, replace the rupture of this branch
with infinitely large resistance ;=g (Fig. 1, b), thus
removing the inductive cross section, which makes it
possible to apply the standard commutation laws [6,7].

Then the initial conditions are:

. . U U U
(1) 404) =04(0-) = —75 =~ ~ = 30A.
T2+T3 r2+a
. . . 3o . a
(2) 05004) = 1,(0) = i5(0) = = 1 (0) o = 0,
The forced current is defined as:
v B U BE__U _15AA

l' = l = — =
rp 2np r1+—r7‘6 r2+p r1+ﬁﬁ 1172
r2+B B

By the method of input resistance
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To+pL:
@) Ze®) =mitpl+ ET20 =
1172 +PT1La+11 B+DToLy +pBL1+p*LiLa+12 B+pBLy
r2+pLy+ B
forming a characteristic equation:
(5) P°Lily +p(rply + 11l + Ly + BLy) + 1y +
Bl +1,) =0.

This quadratic equation has two roots. The first of these
can be determined by performing equivalent
transformations of the equation (5):

(6) p*LyiLy +p(roLy + 1Ly + BLy + BLy) + 173 +
B(ry+1) = Blp(Ly+ L)+ (rp +15)] =0

Hence,

(7) p1=—-222 = _gos™.
Li+L,

The second root is found by Vieta's theorem (for the

quadratic equation ap? + bp +c =0 the valid formle)is
c

pip2 = i orp; = a_pl)-
From the characteristic equation (5) it follows that

c=nn +ﬁ(r1 + T'z), aa= L]_Lz, then:

(8) — T+ (r +13) ~ — B(ryi+1r)(Li+Ly) - _ B(Ly+Ly) _
z LlLZ(_%) LyLp(ry+13) LqiL,
-8.3338s".
Then
(9) iZ(t) = i2np + A1€p1t + Azepzt =15+ A1€_80t +
Aze—8.333/3’t
and
. (t) +L diz(t)
(10)  iy(t) = ip(t) + T2 = (i + AyePrt +
3

Azepzt) (1 + %) + L’TZ (plAleplt + pzAzepzt)
~ 15+ A;e780 — 1,54,e783336¢,
Current i;(t) determined as:

(11) is(t) = iy (t) — ip(t) = —2.54,e783336¢,

Determining the integration constants in expressions (9)
and (10) by substituting the variable t, the value of the initial
time t = 0, = a, (the initial time is indicated by a symbol a4,
because by its physical nature it differs from resistance

r3=p= i). This raises the uncertainty e ~%3*a .

From the ratio of infinitesimal numbers « and «, it is
impossible to establish purely mathematically, because they
belong to heterogeneous parameters. Analyzing them from
a physical point of view and recalling that a; — is initial time,
and a - this is the active conduction of the circuit breaker,
which were specifically introduced to fulfill the standard
commutation laws. Since these values are independent of
each other, it is always possible to choose them so as to
provide a condition a; ~ a?. This way it can be written as

-8.333a 4 1
,

2
- a1 — a
(12) e 8.333a —e 8.333a —e

Taking into account (9), (10), (11) and (12), a system of
equations for determining the integration constant can be
obtained as follows

(13) 15+ A4, — 1.54, = 30,15+ A4, + A, = 0.
Hence A; = —3, A, = —12. Therefore
(14)  iy(¢) = 15— 3e78% + 18e~83336tp

ip(t) = 15 — 3e780t — 12¢78333p14,
i3(t) = 30e78333htp,

Since e Pt = q, it is possible to write

(15) Vt>0At+
i;(t) = 15 — 3e780t + 18¢ 83334t
~ 15—3e780 + 18a =~ 15 — 3789,
0.){ ip(t) =15 — 3780t — 12¢-83336¢

|~ 15 —3e780t — 12q =~ 15 — 3e780¢,

{ i5(t) = 30e83336t ~ 30q ~ 0.

Recalling that infinitely large resistancer; = was
artificially introduced to ensure compliance with standard
commutation laws. Considering the values of the currents
flows in the branches at the moments t =0 it =0, in the
real circuit, with r; = =~ gF.

As already determined, before switching at ¢t <0 (in
particular at t = 0_) i; = i3 = 304, i, = 0A.

At the time t = 0, = a; expression (14) considering (12)
will take the form
i1(0,) = 15 — 37801 4 1878333 a1 ~ 15 -3 + 18a ~ 12A
i5(0,) =15 — 3e780% — 1278333 @ & 153 — 120 ~ 12A
i3(t) = 30e78333° % ~ 30a ~ 0A.

At time t=0~ a,® expression e 8333°0 becomes
uncertain, since time and resistance are heterogeneous
parameters, the exact value of currents at this time cannot
be determined. Only the intervals of their possible values
are known as [8]:

30 = i;(0) =12,
0<i,(0) <12,
30 > i3(0) = 0.

Finally let us consider the energy ratios in the circuit.
Before switching (t < 0) the energy was stored only in the
magnetic field of the first coil and was equal to

(17) W(_) = Llifz(o_) _ 0.2»2302 ~90].
In the first moment of time after switching (¢t = 0,)

energy is already present in the field of both coils
Lyif(04) | Lpi3(04)
(18) w(0,) =t =36]
Thus, the energy deficit is as follows:
(19) AW =90 — 36 = 54].

At the time of switching currents in all branches change
their value. The time of these changes is an infinitesimal
number, so in the first and second branches, where the
active resistance have finite values, there is no loss of
active energy on these resistors during this time. The
resistance of the third branchr; = 8, so it consumes so
much energy

(20) AW = [T i3(O)rsde = [, (30e753336t) gar =

9008—16.666Btﬁ
-16.666 -
B 0

— 54016666500 4 54,-16.6660 o 547].
Example 2. Consider now a circuit where is a magnetic
connection between the inductors (Fig. 2). Scheme
parameters:U =60V YV, =5Q, 1, =r; =10Q, L, = 0.1H,
L, =02H, M =0.05H. Let us determine the transient
current i, (t).

Fig.2. Circuit with is a magnetic coupling between the inductors

Assuming that the third branch after switching will have
resistance r; = . Then the initial conditions are:

PRZEGLAD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 97 NR 9/2021 27



U
oo = 64,

==

(21) (04 =iy (0-) =

i,(0,) =, (0_) =i, (0 )T +
The forced component is defined as:
22) = —p ~ — = 4A.

Y Y A
e T

To get a characteristic equation, we compose a system

of equations according to Kirchhoff's laws

= 3A.

2= 1172

(23) i1 = iz + i3, L1 dll - M%"‘ Tlil + T3i3 = U,
di, di,
Lzﬁ_ME‘I'rzlz —13l3 = 0.

Substituting i; = i; — i,.
(24) (Lip + 7 +13)iy —(Mp +13)i, = U,
_(Mp + 7"3)1'1 + (sz +r+ 1”3)1'2 =0.
Equating the determinant of the system (24) to zero
after minor transformations, the characteristic equation in
the next form is obtained

(Lle - MZ)pZ + [L1T2 + L2T1 + (Ll + L2 - 2M)T3]p -+
m"nr + (7"1 + Tz)r3 = 0,

Substituting initial data
(25) 0.018p2% + (2 + 0.28)p + 50 + 156 = 0.

This quadratic equation has two roots, first of them is
determined by performing the necessary transformations
(26) 0.018p% + (2 + 0.28)p + 50 + 156 ~ B(0.2p +

15) = 0, fromp, = —% =755,

The second root is found by Viet theorem:

¢ _ _50+158 158

P2 = 0 = 750018~ (=75)0018

(27) = —11.43ps™.

Then iy (t) = iy + AjePrt 4 A,eP2 and the first equation
for determining the integration constants as follows

(28) 11(0+) = ilnp +A1 +A2 =4 +A1 +A2 = 6.

Finding the first derivative of the current i, (t):

dll(t)

(29) = p, A ePit + p,A,ePzt,

The initial condition for the first derivative of the current
is determined by the system of equations (23) for the
moment ¢t = (0,).

i1(0,)=1,(0,)+i5(0,),

30 d di _

(30) an ‘t -, M an ‘t o, +1i;(0, )+ nris0,)=U,
d' d| _

Lo df ‘t =0, dt “ =0, +r2|2(0 ) r3|3(0+)=O.

Taking into account that i3(0,) = i;(0,) —i,(0,) =6 —
3 = 3A, and substituting the numerical values, the system
(30) in the next form is written as

(31) 01"“1|t—0+—005‘“2|t—0++30+3ﬁ—60

di,
02—|t_0+ 005—|t—0++30 38 = 0.

Hence S|t =0, = 428.57 — 25.7f = p,A; + p,4;, and
the system of equations for determining the integration
constants will take the final form as
(32) A+ A4, =2,

—754; —11.43BA, = 428.57 — 25.78.
After the transformations of the second equation of the

system obtained as —11.4384, = —25.78, hence
(33) 4, = 1215;3’; =225 and 4, = 2 — A, = —0.25.
Therefore

(34) i,(t) = 4 — 0.25e775¢ + 2.25e 11456t ~ 4 —

0.25e775tA,

Transient Analysis of Capacitive Circuits In Violation Of
The Commutation Laws

Example 3. Determine the transient voltages on the
capacitors in the circuit, which is shown in Fig. 3, a.
Scheme parameters: U =100 V, r; =10Q, C, = 100pF,
C; =150pF. To be able to use the second law of
commutation will assume that the capacity of branch with
capacitor C, includes a resistor r, = « (Fig. 3, b) [7].

rt

a) b)
Fig. 3. Example of a capacitive circuit

The initial conditions are
(35) uc,(04) = uc, (0_) = U = 100V,
uc,(04) =uc,(0_) = 0V.
The forced component we define as
(36)

ucznp uc3np =U = 100V.

By the method of input resistance

1 1 1 1
s e
_ pC2/pC3 __ pC2/pC3 __
(37) Zex(p)—T1+r+;+;_r1+a+;+;—
2T e, pC3 pC2 pC3
11 (@C,yC3p%+(C+C3)p)+aC,p+1
aCyC3p?+(Co+C3)p

form a characteristic equation:
(38) ar, C,C3p? + [r1(C, + C3) + aCylp + 1 = 0.

This quadratic equation has two roots, first of them is
determined by performing the appropriate transformations

(39) aT1C2C3p2 + [TI(CZ + C3) + aCz]p +1=
rl(CZ + C3)p +1= 0,
_ — -1
hence p; = TGt 400s
The second root is found by Viet theorem
4 - _ Cz+C3 _
(40) P2 pia aT1Czcsm ac,C;
16667 -1
=— s .
a
Then
(41) uc,(t) = U + AjePrt + AyeP2t = 100 + A;e 00 +
16667
Aye b,
ducz(t) ¢
(42) uc, (t) = uc,(t) + al, =U+ AePt +

AyeP?t + aC, (A p ePrt +A 2peP?t)

16667
~ 100 + A,e~*%% — 06674 « ..

To determine the integration constants, it is necessary
to substitute the initial values of the first moment of time
instead of the variable t in expressions (41) and (42).
t =0, = a; (the initial moment of time is denoted by a
symbol «,, because its physical nature differs from the

16667

resistance r, = a). This raises uncertainty e , Which

is solved similarly to expression (30), ie
(43) e—16667% _

Taking into account (41), (42) and (43), a system of
equations for determining the integration constants is
obtained as follows

(44)
uc, (0 +) = 100 + 4; — 0.6674, = 100.

2
a
e 16667 _ o-16667a o q

g, (04) =100 + 4y + A, = 0,
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Hence A, = —40, a A, = —60.

Therefore
_16667,
(45) uc,(t) = 100 — 40e~*0% —60e™ a 'V,
16667
(46) uc, (t) = 100 — 4064t + 40e ™« ' A.
_16667,
Since e« © = q, it is possible to write
(47) V(it>0At+#

16667

uc,(t) = 100 — 40e 4%t — 60~ « *

0 ~ 100 — 40e 490 — 60a ~ 100 — 40e~400¢,
+) 16667

uc,(t) = 100 — 40e~*00t 4 40"« ' &
100 — 40499t 4 40a ~ 100 — 40e~400¢,
Recalling that the infinitesimal resistance r, = a was
artificially introduced to enforce standard commutation laws.
Considering the values of the voltages on the capacitors
take at moments t = 0 and ¢t = 0, in the real circuit, with
r,=0=af.
As already determined, before switching at t <0
(especially at t = 0_) uc, =100 V, uc, =0 V.
Now t = 0, = a; expressions (32) and (38) considering
(30) will take the form

(48)

6667
a

1
ug, (0,) = 100 — 4064004 — 60¢™ o
40e 40021 _ 60 =~ 60V,

16667

ug, (04) = 100 — 40e~*00% + 40¢™ 0 ™ ~ 100 —
40e~10001 4 40q ~ 60V.

At the moment t=0=a,f expression e
becomes uncertain, since time and resistance are
heterogeneous parameters, the exact value of voltages at
this time cannot be determined. Only the intervals of their
possible values known as

0 < uc,(0) <60,
60 < uc,(0) < 100.
Finally, considering the energy ratios in the circuit and

t =100 —

—166672
0

determining the current in the capacitor, which was
switched

duc, (t) d(100—40e-40°f_609-16§67f>
49) LM =C—2—=10"" =

dt dt

_ 100 16667,
1.6e7400t 4 76 a A,

Before switching (t < 0), the energy of the electric field
was stored only in the first capacitor and was equal to

2 .10-6. 2
(50)  W(0_) = a0 _ 75

At the first moment of time after switching (¢t = 0,) the
energy is already stored in both capacitors and is equal to

2 —
(51) w(o,) = (C3+Cz)2uc3(0+) _ 250~102 6602 _ 0.45 J.

Thus the energy deficit is
(52) AW =0.75-0.45= 0.3 J.

In traditional electrical engineering books, the presence
of this deficit is explained by the loss of energy when the
capacitor is charging, but there are not provided any
mathematical evidence. It is proven within the limits of the
non-standard analysis.

(53) AW = [ i2(D)rydt =
° —400¢ 4 100 -
Jo (1.68 f+—e
° 16667
=f (z.seae—8°°f+320e‘(4°°+ T )t
0

10000 _33333,
pe e « )dt

16667\ 2

a t) adt =

4_

=( —3.21073ae 800" 320 ~(400+26857);
400 + 16667
a
_33333, ©
—03e «a ~
0
33333 333330
~ —0.3e « +03e « ~ 0.3¢7333330 1 03 J.

The law of conservation of energy is fulfilled.

Conclusions

1) The application of ideas and methods of non-standard
analysis in the field of electrical engineering makes it
possible to use the traditional classical method of transient
analysis in circuits in violation of the commutation laws.

2) Only using the methods of non-standard analysis can
strictly prove the implementation of the law of conservation
of energy in such circuits.

3) In order to expand the scope of non-standard methods
of analysis one should identify similar problems in different
areas of science and technology, which use differential
calculus and boundary crossings and solution by standard
approaches is limited or impossible.
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