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Mathematical analysis of dual-frequency load current
of two-inverter power supply for induction heating systems

Abstract. The aim of this research work is to obtain analytical expressions that allow analyzing the dual-frequency current of the induction coil, as
well as, the currents of the inverters for the “two inverter power supplies” converter topology. To take into account frequency-dependent parameters
of an induction heater load, their implementation is shown through series-parallel connections of frequency-independent resistances and
inductances. A simulation study is performed to verify the obtained analytical expressions of the currents.

Streszczenie. Celem artykutu byfo otrzymanie analitycznego opisu umoZliwiajgcego analize pradu podwdjnej czestotliwos$ci stosowanego w
nagrzewaniu indukcyjnym. Analizowano prgd w cewce oraz wspofpracujgcego z nig przeksztattnika. Przeprowadzono tez symulacje potwierdzajgcg
model analityczny. (Analiza matematyczna dwuczestotliwo$ciowego systemu nagrzewania indukcyjnego)
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Introduction

Induction heating (IH) provides contactless, energy
efficient, accurate and fast heating of electrically conductive
materials. Due to its advantages, IH is increasingly used in
different fields such as industry, medicine and the
household sector [1]. One of the technological tasks for
which IH is used in the industrial manufacturing sector is
surface hardening. Some parts of non-uniform cylindrical
shapes, such as splined hubs, sprockets, and gears,
require a special heat treatment process to obtain a uniform
hardened pattern by using circular inductors. For shapes of
such parts, it is impossible to achieve the required pattern
with only one frequency. The best results are obtained with
dual and triple frequency approach. Thus, in recent years,
many converters’ topologies that can provide dual-
frequency output current have been proposed. Often, while
designing a converter, it is necessary to make a lot of
practical experiments to optimize commutation modes of
converter transistors, to determine the transformation ratio
of a converter matching transformer, etc. Modelling is an
important step after the analysis of real systems.
Mathematical analysis with computer modelling and
simulation help to avoid a big number of experiments and
provide a better understanding of the process in a
converter. Therefore, for the efficient design of converters, it
is necessary to have models that correctly describe such
converters and their loads.

The key parameters of IH are the current frequency and
the duration of heating. They allow controlling temperature
distribution which must be adjusted to a contour of
hardness, to be finally obtained. Gear hardening processes
have been conducted for many years [2-6]. However,
although the IH process is well described in the scientific
literature and is used in many industry technologies, its
application for the hardening of gear wheels is still rather
rare. In the case of gear wheels, hardening should occur on
a surface, including the side surface, and the top and root of
a workpiece tooth. It is very difficult to generate equally
distributed eddy currents on the surface of the workpiece
with a single-frequency inverter. The solution is to use a
dual-frequency converter. The load current i;, flowing
through the induction coil, consists of two components:
medium frequency (MF) current iyr and high frequency (HF)
current iyz. HFs are required to heat the surfaces nearer to
the induction coil (the top and flanges of the teeth), and
MFs heat the quasi-cylindrical area near the surface of the
part (the root area of the teeth) (Fig. 1). Properly matched

frequencies and amplitudes (iyz and iyz) allow reaching
even heat surface distribution.

Fig.1. Example of single- and dual-frequency inverters application
area

The need for dual-frequency current in the induction coil
has led to the emergence of different converters’ topologies
and to researches its control methods.

In [7-9] is proposed a quasi-resonant inverter with two
resonant capacitors. However, this circuit cannot produce
HF and MF currents simultaneously, that is, the hardening
of parts takes place through two successive heating
processes. For example, surface hardening process takes
place in two successive steps. Also, the operating
frequency range of this inverter is not wide. The authors of
[10] have proposed inverter topology with one resonant
capacitor and a two-way short circuit switch across the
capacitor. In this topology, the output frequency is
controlled by regulation the duration of an on/off-interval of
the two-way switch, simultaneous application HF and MF
currents is impossible. To ensure dual-frequency current
simultaneously, in [11] by the same authors have been
proposed inverter topology with two capacitors and a
polarity providing circuit. Such topology has a large number
of switching devices and the frequencies of the currents MF
and HF are connected. The inverter topology with pulse-
width modulation for dual-frequency current simultaneously
has been presented in [12] and [13]. The dual-frequency
current is obtained by a single inverter. HF wave is
modulated by the MF wave to produce dual-frequency
output. Output control is achieved by variation of the
amplitude of MF wave and frequency of HF wave. The main
disadvantage of such inverter topology is related to hard
commutation modes of the inverter’s transistors. Multilevel
inverter configuration for dual-frequency output is proposed
in [14]. The authors of [14] have proposed and analyzed
multilevel inverter with both equal and unequal sources for
this application. However, such configuration needs
independent power supplies. In [15], is presented the
topology of a converter based on two single-frequency
series-resonant inverters, each of which works
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independently to its own frequency range. The amplitudes
of both frequencies are independently controllable, which
allows separate regulation of the respective shares of the
output power of both frequencies, according to the
requirements of the workpiece. Power regulation can be
achieved by using different control techniques [16-19].

This paper presents the mathematical analysis of the
dual-frequency load current of a transistor converter for
induction heating systems. The converter is based on a two
single-frequency voltage-source series-resonant inverter
configuration. There is shown implementation frequency-
dependent parameters of an induction heater load through
series-parallel connections of frequency-independent
resistances and inductances in the paper. The presented an
obtained as a result of the analytical solution the analytical
expressions of the currents allow modeling the currents
under different load parameters and values of the series-
resonant circuits of the inverters. The schematic model of
the converter has been developed using the blocks in the
MATLAB/Simulink graphical interface. Comparing the
calculated result of the current with the simulation results
shows a deviation no more than 10.04% for the load
current.

Basic of induction heating

Fig. 2 shows a very basic system, consisting of the
induction heating coil with a workpiece and AC voltage
source, to explain electromagnetic induction and skin effect.
The most basic elements composing an IH system are the
piece to be heated, also known as the workpiece, and the
induction coil or inductor that produces the magnetic field
needed to generate the heat. The power supply generates
AC voltage, with necessary frequency and amplitude, that it
supplies to the induction coil. The induction coil and the
workpiece may have any shape and the workpiece is
usually placed inside a circular coil to achieve a better
coupling [20]. The typical operating frequencies of these
systems range from line frequency as far as a few MHz [1].

AC Supply

L dy

— L Oy
Induction coil

Fig.2. Basic system: induction heating coil — AC voltage source

IH phenomenon relies on two mechanisms of energy
dissipation: Energy losses due to Joule effect and Energy
losses due to hysteresis. [1, 21-23]. The basic nature of
induction heating is that the eddy currents are produced on
the outside of the workpiece in what is often referred as
“skin effect” heating. The density of the induced current
diminishes when flowing closer to the center [23-24].

In the case of flat thick bodies with constant
electromagnetic properties, the penetration depth or skin
depth § is defined as the thickness of the surface layer at
which only 63% of current flows and approximately 86% of
heat is generated due to current resistance [21, 22, 24]. The
penetration depth, depending on the frequency and the two
properties of the material (resistivity and relative
permeability), is defined as:

(1) s= |—2— . m]
T, f

where: p is the electrical resistivity of the material [Q-m], u,
is the magnetic permeability of free space (410" [H/m]),
u, is the relative permeability of the workpiece material, f'is
the supply frequency [Hz].

Modeling equivalent parameters of induction heating
coil with workpiece

There are many analytical methods for determining the
equivalent circuit parameters of the induction coil-
workpiece system [25-26]. Given the need for a precise, but
a simple model of an induction heater load (induction coil—
workpiece), Baker's method was often used [25]. Baker's
method of calculation of the equivalent circuit parameters
was based on the equations for the infinitely long coil and
workpiece.

The induction coil and workpiece can be modelled as a
series equivalent circuit (SEC), which consists of a serial
connection of inductances and resistances [22, 26]. In the
case of using short induction coils (which is typical for
surface hardening non-uniform cylindrical parts by the dual-
frequency current), the induction coil and workpiece can be
modelled as with a transformer equivalent circuit (TEC)
model [26].

If the leads of the induction coil have a complicated
shape, the resistance and reactance can be defined as the
sum of the resistances and reactances of the equivalent
rectangular sections of this lead.

In case of the SEC model, all components (resistors and
reactances) are in series, so the induction coil and the
workpiece can be easily represented by an equivalent
series circuit: an equivalent resistance Ry, and equivalent
inductance L, are connected in series. The TEC is a little
harder than the SEC, but it can be also replaced by a series
connection of Rgp and L.

In both cases, the total series impedance is
(2) Z:REQ +jXEQ:REQ +j27l_'fLEQ.

The values of Rz, and Ly, are frequency dependent.
Therefore, in modelling the frequency dependence of these
parameters can be used the width band frequency model

(the equivalent circuit with constant parameters) (Fig. 3).
[27-29].

Equivalent circuit

y R.r_-'gi Ef;'(_JF b
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R L; R;

A width band frequency model
(an equivalent circuit with constant parameters)

Fig.3. Width band frequency model of equivalent load circuit

In this case, the equivalent resistance and inductance of
the scheme in Fig. 3 are defined as

(3) REQ(f):R2+RI_RZZX
RR +(27f) L) (R, +R,)

(Rst - (27[f)2 L2L3 )2 + (27[/[)2 (Lst + L2R3 + Lsz )2

@) Ly (f)=L +R x
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Fig.4. “Two inverter power supplies” converter topology
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Fig.5. Simplified equivalent circuit of system “AC voltage sources — induction heating coil with workpiece”
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Parasitic connection circuit parameters between the
matching transformer and the induction coil can be
integrated into R; and L;.

Topology of “two inverter power supplies”

Fig. 4 depicts the structure of the power supply where
MF and HF are generated separately, by using two voltage-
source series-resonant inverters, two frequency resonant
circuits of which connect the output of the inverters to the
induction coil.

Fig. 5 shows a simplified equivalent circuit of the system
“AC voltage sources - induction heating coil with
workpiece” in which the matching transformers of the MF
and HF inverters are presented through the T-model of a
transformer, and the output voltages of the inverters are
represented as voltage sources. The presented T-models of
the matching transformers on Fig. 5 contain the
magnetizing (L,,) and leakage (L;;, L;;) inductances, as well
as the ideal transformers with some turns ratios n;:n,. Lj
and L, are the primary and secondary sides leakage
inductances of the transformers, respectively, and »; and n,
are the turns numbers of the primary and secondary
windings of the transformers, respectively.

Due to the fact that the values of the magnetizing
inductances of T-models are much bigger than the values of
the leakage inductances, their influence can be neglected.
In this case, the equivalent circuit in Fig. 5 can be
represented as it is shown in Fig. 6. In Fig. 6 Cy and Cyr
are the capacitors of the resonant circuits of the MF and HF
inverters, respectively. The inductance Ly represents the
sum of the inductance of the resonant circuits of the MF
inverter (not including Lgp), the inductance L, and the
reflected to the secondary side of the MF matching
transformer the inductance L;. The inductance Ly
represents the sum of the inductance L;, and reflected to
the secondary side of the HF matching transformer the
inductance L;. The voltage sources v’y: and v’y are the
equivalent voltage sources of vy and oy, which are

reflected to the secondary side of the matching
transformers.

Cwmr Cor e

r
RV U wr

Fig.6. Represented simplified equivalent circuit of system “AC
voltage sources — induction heating coil with workpiece”
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The capacitor Cyr provides a waveform of the HF
inverter output current almost sinusoidal and also serves as
a filter to block the low-frequency component of the load
current, which is due to the LF inverter. Thus, the influence
of source v+ on the current in the circuit of the source v’y
can be negated. In this case, an equivalent circuit of the
system “v’wr source — induction heating coil with workpiece”
is of the form as it is shown in Fig. 7,a. In the case of the

Fig.7. Equivalent circuits
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influence of source vy on the current in the circuit of the

2
source o'y, the value of Ly could be insufficient to negate R 2400 L I _;
the influence of source vy In this case, an equivalent o (fur)"+| 2 s (L + Ly (i) 27 fiwCur )

circuit of the system “v’ source — induction heating coil o P
with workpiece” is of the form as it is shown in Fig. 7,b. and the total series impedance connected to »'yr is given by

For presented circuits on Fig. 7, the total series (g Z. = R: + X2
impedance connected to v’y is given by \(/vl:ere e e e
(5) ZMF =
2
1
27 frw Lnge TS
(7) RHF = REQ (fHF) H]; - 2
2
[Z”fHF (LMF + LEQ (fHF )) - 27ZfCJ + REQ (fHF )
HF ~MF
L (f ) 2 2
| (M_@ﬁfm) LEQ (fHF)(LMF+LEQ (fHF)) _REQ (fHF)
(8) X, = (W—C_2ﬂ- fHFLMFJx o 1 : +
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Fig.8. Transistor converter of the topology of “two inverter power supplies” in MATLAB/Simulink environment.

The currents of vy and v'yr are given by and the equivalent load current is given by
.y 1
9) e = Ol =iy | 27 fLyy —————
Ly . Uy 27 fCyr
1 (1 1) L, = Z_ + >
’ . 2
, Upr — lyp [Zﬂ-fHFLHF - J - \/REQ * (2ﬂ-fLEQ)
. Uy 27 frx Cr
(10) LV - 1 9
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27 -
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Simulation and calculation results

In order to investigate the validity of the equations
obtained by the mathematical analysis in this paper, the
transistor converter of the topology of “two inverter power
supplies” has been simulated in MATLAB/Simulink
environment (Fig. 8). The converter contains two single-
frequency inverters, operating frequencies which are set by
two independent generators. Two matching transformers
are used to match the equivalent load impedance with the
output voltage of each inverter. The load is modelled by the
width band frequency model.

In order to determine Ry, and Lgy, a short induction coil
(Fig. 9) was developed and experimental measurement of
Rgp and Ly, values were carried out with precision LCR
meter BR2876-5 (basic accuracy in 0.05% for R, L, and C
measurement). Based on the measured values of R, and
Lgg, the values of the elements of the width band frequency
model was determined (Fig. 8 — “frequency depended
equivalent load”).

Parameter of induction coil Value
coll material copper
number of coil turns (N.) 3
coil length (1., [m]) 2.3e-2
coil inner radius (v, [m]} 2.5e-2
electrical resistivity of coil matenal {»{20°C), [Q-m]} 1.68e-8
relative permeability of the coil material (1(20°C}) 0.999934

Fig.9. Developed short induction coil.

100H)

The plotted results in Fig. 10 demonstrate the obtained
waveforms of the load current and MF and HF currents on
the secondary sides of the matching transformers obtained
as the simulation and calculation results. For calculation the
sources v'yr and o'yr were represented by sinusoidal
sources, amplitudes of which are equal to the first
harmonics of v'yr and v'yg, respectively.

The accuracy of the obtained analytical expressions of
the currents iy, iyr and i; was verified by comparing of the
calculated values of the currents using (9)-(11) with the
value obtained as a result of simulation:

A= ICAL _Isnv[

(12) x100% ,
SIM

where: I¢,; is the calculated current value determined from
(9)-(11) and Iy is the current value obtained as a result of
the simulation

The maximal deviation A between the calculated and
simulated values of the currents is: 0.21% for iy, 4.47% for
inr, and 10.04% for i;. The deviation of 10.04% for i; can be
explained by the fact that capacitor Cyz cannot completely
filter out the influence of the source v’y on the source v'y.
Therefore, if it is necessary to obtain higher accuracy in
determining i;, the equivalent circuit of the system “v'yr
source — induction heating coil with workpiece” (Fig. 7,a)
must be corrected and corresponding changes have to be
made to the analytical expressions. Furthermore, albeit to a
lesser extent, the deviation is influenced by the fact that the
output voltages of the MF and HF inverters are represented
through the first harmonics.
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Fig.10. Waveforms of load current and MF and HF currents on secondary sides of matching transformers obtained as simulation and

calculation results.

Conclusion

This paper has discussed the mathematical analysis of
the dual-frequency load current of the two-inverter power
supply for induction heating systems. The obtained
analytical expressions of the load current and MF and HF
currents of the series-resonant circuits of the two-inverter
power supply allow modeling the currents under different
load parameters and values of the series-resonant circuits
of the inverters. Comparing of the calculated result of the
current with the simulation results shows a deviation no
more than 10.04% for the load current.
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