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Mathematical modelling of transmission shafts based on
electrical and mechanical similarities

Abstract. In the paper the kinematic structure of transmission shaft between driving motor and working mechanism is analysed. The analysis is
based on electrical and mechanical similarities. The equivalent circuits, typical for electrical systems, are defined for the transmission shaft

concerned.

Streszczenie. W pracy zaprezentowano analize struktury kinematycznej dfugiego watu napedowego fgczgcego silnik napedowy z mechanizmem
roboczym. Analize oparto na analogiach elektrycznych i mechanicznych. Zdefiniowano schematy zastepcze dtugiego watu napedowego, typowe dla
uktadéw elektrycznych. (Modelowanie matematyczne diugich watéw napedowych oparte na analogiach elektrycznych i mechanicznych,).
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Introduction

Electric motors are connected with working mechanisms
via transmission shafts that are elements of mechanical
power transmissions. Depending on length and cross-
section, transmission shafts can demonstrate different
susceptibilities to the impact of moment of torsion, as
measured by a value of angle of twist. In the case of short
mechanical connections, values of angles of twist are
insignificant and they may be omitted by assumption of rigid
mechanical connections. In the case of longer mechanical
connections the values of angles of twist cannot be ignored
and such connections should be considered as the elastic
ones [1,2,3,4,5,6,7,8,9,10,11]. In the paper the kinematic
structure of transmission shaft between driving motor and
working mechanism is analysed. The analysis is based on
electrical and mechanical similarities. The equivalent
circuits, typical for electrical systems, are defined for the
transmission shaft concerned.

The issues based on electrical and mechanical similarities
were already considered in the previous papers of the
author [1,2,12,13]. Identifying these similarities is very
helpful for electricians in finding a relevant interpretation of
mechanical systems, which is particularly important in the
case of professionals dealing with electromechanical
energy converters or drive systems. The comprehensive
studies regarding mechanical connections used in drive
systems can also be found in other publications, e.g.
[6,7,8,9,10].

Lumped parameters model of transmission shaft

The mass of real transmission shaft (or any element) is
distributed continuously. Representing such transmission
shaft by a model based on lumped parameters causes
discrepancies in results of analysis in relation to accurate
models [6]. These discrepancies decrease with the number
of points of concentration in the model. Dividing a
transmission shaft with distributed mass into several shorter
elements, described by lumped parameters such as mass,
elasticity and damping of the i-th element, it is possible to
obtain the results of computer simulation not essentially
different from the results obtained if the shaft is divided into
infinite number of elements, that corresponds with the wave
model [11]. The process of the abovementioned division is
referred to as discretization of kinematic structure.

In the paper [1] the kinematic structure of transmission
shaft (Fig. 1) transferred into m discrete elements as well as
the corresponding equivalent circuit (Fig. 2) were depicted,
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are moments of inertia, coefficients of torsional stiffness,
coefficients of torsional susceptibility (S. = 1/Cs) and
coefficients of interior friction of the respective elements of
divided transmission shaft; D;, D, are coefficients of friction
defined for bearings.
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Fig. 1. Kinematic structure of transmission shaft transferred into m
discrete elements
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Fig. 2. Equivalent circuit corresponding with the structure depicted
in Fig. 1

The m equations of moments and torques as well as m — 1
equations of angular velocities, corresponding with the
Kirchhoff's circuit laws typically applied in order to analyse
electrical circuits, may be written for the mechanical
connection concerned [1]:
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On the basis of the equivalent circuit (Fig. 2) it can be
concluded that the transmission shaft may be analysed in a
similar way as the electric transmission line.

Distributed parameter model of transmission shaft

In order to formulate the distributed parameter model of
transmission shaft, the following equivalent circuit of a shaft
section, represented by two-port system, can be used (Fig. 3).
The adopted length of the shaft section is Ax. It is assumed
that the section Ax is short enough to use, in respect of this
section, the dependencies adequate for mathematical
description of lumped parameter model.
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Fig. 3. Equivalent circuit of the transmission shaft section

Balancing moments of torsion around the closed loop and
angular velocities at the point leads to the following
dependencies:

(5) M(x,t):J’AX%JFM(XJrAX,t)

(6) o(X,t) = SLAX

W-FO)(X'FAX,U

(7) M(X+Axt) = D’Séw

+ M (X+AX,t)
where: J’, D’, S;” are specific (per unit of length) moment of
inertia, coefficient of friction and coefficient of torsional
susceptlblllty, respectively, S.” = p/GJ’ p is mass density in
kg/m G is shear module in N/m?. Transforming equations
(5), (6) and (7) as well as assuming Ax — 0 the following
equations can be obtained:
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The further equations result from the equations (8) as well
as (9), (10) and (11):
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A lossless transmission shaft may also be considered, if D’ = 0:
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If the shaft parameters do not change along the axis, the
equations (13) may be decoupled in respect of moment of
torsion and angular velocity:
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where: v is phase velocity in m/s. In the equations (8) and
(12) partial derivatives with respect to the variable x may be
approximated by finite differences [17]. To this end, the
transmission shaft was divided into m elements, defining
division nodes as x, = kAx, k=1,2,...,m:
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The approximations of the derivative of angular velocity and
the second derivative of moment of torsion are analogical:

(18) aa(X,t) ~ (X1, — (X1, 1)
oX |x= X 2AX
(19) ZM(x,t)  M(Xgi1, D) =2M %, D)+ M 1, 1)
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where: M(x,t) = M(t), o(X.t) = wx(t). Taking into account the
dependencies (17), (18) and (19) in terms of equations (8)
and (12), it is possible to derive the following equations for k
=12,...,m-1:

dMy _ o ® -y (O
dt 2SLAX
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with the initial conditions M(0) i m¢(0). The angular velocities
at the beginning and the end of the transmission shaft may
be calculated on the basis of the equations of motion for the
rotors of both electric motor and working machine:

doy (t
(22) Je “gt() Me(t)— Djooy — My (t)
d t
(23) In m(r;{() -1 (t) = Do —Mp (1)

where: M¢(t) and M,(t) are motor output torque and working
machine load torque.
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Results of computer simulations and discussion

Computer simulations on the behaviour of
electromechanical assembly, containing a brushless DC
(BLDC) motor connected with a rotating mass via the steel
transmission shaft of parameters: length 1 m, diameter 0.02
m, mass density 7900 kg/m3, shear module 7750 MN/mZ,
were carried out. In the simulation investigations the model
of BLDC motor of parameters: 4 kW, 400 V, 3000 rpm, 11.5
A, J. = 0.025 kgm?, R, = 0.5 Q, L, =74 mH, L;=1.6 mH,
back EMF = 212 V, presented in the paper [14], was
adopted. The end of transmission shaft was loaded by a
rotating mass J, = 0.11 kgm2 orJ, =J.=0.025 kgm2 as well
as a mechanical torque of the rated value. In the
simulations of transmission shaft both the model described
by the equations (1) to (4) and the model described by the
equations (20) to (23) were used for comparison. Time
functions of electromagnetic torque, rotational speed and
phase current of BLDC motor as well as moment of torsion
applied to the transmission shaft are shown in Figs. 4 to 13,
where Figs. 4 to 8 correspond to J,, = 0.11 kgmz, while Figs.
9 to 13 correspond to J,, = 0.025 kgmz.

E 50

Z :

o 40 A 1H)

2 2N

8 30 / A

(]

= /

R Y S SN S NSNS TP —
c /

& I

g 10

e |
5 0 t T t 1
= 00 03 06 0,9 1,2 1,5 1,8

Time [s]

Fig. 4. Electromagnetic torque of BLDC motor
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Fig. 5. Rotational speed of BLDC motor
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Fig. 6. Phase current of BLDC motor

In the case of transmission shaft described by the
lumped parameters model the time functions of moment of
torsion (Figs. 7 and 12) are similar to those of transmission
shaft described by the distributed parameter model (Figs. 8
and 13). The structures of both models are similar, however
due to the approximation of partial derivative by a central
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difference quotient in the equations (20) to (23), in contrast
to the one-sided approximation used in the equations (1) to
(4), it should be expected that simulation results are more
accurate in the case of distributed parameter model.
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Fig. 7. Moment of torsion applied to the transmission shaft
described by the equations (1) to (4)
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Fig. 8. Moment of torsion applied to the transmission shaft
described by the equations (20) to (23)
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Fig. 9. Electromagnetic torque of BLDC motor
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Fig. 10. Rotational speed of BLDC motor

A torque ripple (Figs. 4 and 9) and current ripple (Figs. 6
and 11) can be observed. These ripples are typical for a
BLDC motor working without current feedback, i.e. a motor
controlled only by armature voltage [14]. The torque ripple
can be hazardous if its frequency and shaft resonant
frequency are comparable, as the amplitudes of moment of
torsion can exceed by a factor of several times the rated
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torque of motor or load torque for which the shafts are
designed (see Figs. 7, 8 and 12, 13).
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Fig. 11. Phase current of BLDC motor
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Fig. 12. Moment of torsion applied to the transmission shaft
described by the equations (1) to (4)
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Fig. 13. Moment of torsion applied to the transmission shaft
described by the equations (17) and (18)

Conclusions

In the paper the kinematic structure of transmission shaft
between driving motor and working mechanism is analyzed.
The equations of torques and equations of angular velocities,
analogous to the Kirchhoff's lows based equations typically
applied in mathematical analysis of branched electrical
circuits, are defined. Modelling of transmission shaft based
on formal analogy between transmission shaft and electric
transmission line is also proposed.
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