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Abstract. The paper presents a mathematical model of a complex electromechanical system. The electromechanical system features a deep-groove 
asynchronous motor, which drives a vertical pump. I this case the motor and pump are connected through a long shaft with distributed parameters. 
The motor is powered from a power transformer. The general model of the system was developed on the basis of interdisciplinary variational 
approaches. The final state equations are represented in the Cauchy normal form. This methodology gives the possibility of using both explicit and 
implicit numerical methods. 
 
Streszczenie. W pracy przedstawiono model matematyczny złożonego układu elektromechanicznego, składającego się z głębokożłobkowego 
silnika asynchronicznego, który przez długi wał o parametrach rozłożonych napędza pompę pionową. Silnik zasilany jest z transformatora mocy. 
Ogólny model układu opracowano na podstawie interdyscyplinarnych podejść wariacyjnych. Końcowe równania stanu reprezentowane są w 
normalnej postaci Cauchy’ego, co daje możliwość wykorzystania zarówno jawnych, jak i ukrytych metod numerycznych. (Model matematyczny 
asynchronicznego napędu pompowego o mechanicznych parametrach rozłożonych). 
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Introduction 

The use of electric drives as of today is practically 
unlimited. The electric drive analysis should include a 
description of the phenomena related to: drive motor, 
system movement transmission, drive mechanism and the 
electric drive control system. Each of the system 
components is very important in the context of the task set 
up for the drive system. 

The paper proposes mathematical modeling of transient 
dynamic processes in a drive system, consisting of a deep-
groove asynchronous motor, a complex movement 
transmission with mechanical distributed parameters and a 
vertical pump. Such systems are widespread in many 
industrial applications, for example in the water pumping 
systems for cooling turbine sets in power plants. In case of 
these drives, it is important that the system movement 
transmission consists of very long shafts between the motor 
and the vertical pump. Multiple energy conversion process 
complicates the analysis electro-mechanic-hydraulic. The 
process is complicated itself, and there are no mathematical 
models of vertical pumps integrated in the 
electromechanical part of the drive system [4], [6], [8], [9], 
[10], [13], [15]. In order to solve a similar problem at a high 
theoretical level, it should be assumed that the movement 
transmission of the elastic-dissipative drive will be analyzed 
as a continuum with mechanical distributed parameters. 
Therefore, the main emphasis in the work is put on the 
analysis of transient processes in the pumping system 
including long elastic elements. 

To solve this problem, the interdisciplinary method of 
variation was used. The method is based on the 
modification of the Hamilton-Ostrogradski principle [1], [2], 
[3], [5], [10]. 

The aim of the work is mathematical modeling of 
transient processes in complex pumping systems with long 
elements of flexible movement transmission based on 
interdisciplinary approaches. 

 
Mathematical model of system 

When analyzing the structure of the system a conclusion 
is drawn that it is necessary to include three areas of 
science in the general model: electrical engineering, applied 
mechanics and hydrodynamics. The mentioned fact forces 

creation of a team of specialists to solve the task. Another 
approach is to create an interdisciplinary method, using one 
replacement circuit of the drive system, and analyze it using 
the extended Lagrange function. 

The solution of the task is complicated by the fact that 
the parameters of the transmission system are distracted, 
and this leads to determining densities of linear functions of 
the Lagrangian components in addition to the energetic 
components of the extended Lagrangian. The modified 
Hamilton- Ostogradski rule is defined by the following 
equations: 

(1)  
2

1

* ,

t

l l

t l l

S L L dl dt I L dl
 
   
 
 
   , 

where: S – actions according to Hamilton-Ostogradski, L* – 
modified Lagrange function, Ll – density of the modified 
Lagrange function, I – internal functional of energy. 
 

The extended function and its linear density are 
determined by equations: 

(2)  * * * * * , l l l l lL T P D L T P D          , 

where: T̃* – kinetic coenergy, P* – potential energy, * –
dissipative forces energy, D* – external and internal non-
potential forces of energy, Tl, Pl, l, Dl – linear densities of 
energy functions. 
 

The variation of the functional (1) should be determined 
and compared to zero to develop a mathematical object 
model [1]: 
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The Euler-Lagrange equations (Euler-Poisson) obtained 
on this basis are the basis for creating a mathematical 
model of the considered object - the pumping system. 

In this case, the AM drive motor is powered from the TM 
power transformer. The transformer is powered from an 
EES (electromagnetic energy source) with infinite power. To 
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unify the structure of the system, a long shaft of movement 
transmission from both sides was connected to the shafts of 
the motor and the vertical pump with additional elastic 
couplings SP1 and SP2, which significantly reduces impact 
torques on the motor and pump, as shown in Figure 1.  

 

 
Fig.1. Basic scheme of the pumping system 
 

 
Fig.2. Calculation scheme of the shaft continuum 

 
The first step to develop the model in the proposed 

method is to determine the generalized coordinates and the 
corresponding linear densities of the object (2). 

The charges of the primary and secondary windings for 
the power transformer are: 

(1 6) 1 1 1 2 2 2, , , , ,A B C A B Cq Q Q Q Q Q Q   

The charges for the stator and rotor of an asynchronous 
motor are:  

(7 12) , , , , ,SA SB SC RA RB RCq Q Q Q Q Q Q   

The rotation angle of the motor rotor for the movement 
transmission is: 

13 1q    

The rotation angle of the pump rotor is: 

14 Nq    

The fluid volume for a vertical pump with a pipeline is: 

15q V  

Linear density function of generalized coordinates, 
which is characterized by rotation angles of the shaft 
continuum, is determined by the following formula: 

q(x,t) = (x,t) 

Linear density function of generalized speeds is given by: 

( , )
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Generalized speeds will be as follows: 

(1 12) jq i   –currents in transformer and motor windings, 

13 14 1 N, ,q q      – motor and pump angular speed, 

15q Q  – pump flow. 

All electrical parameters of transformer and motor have 
been reduced to quantity of the transformer secondary 
winding and the motor stator [3], [12]. 

On this basis, elements of non-conservative Lagrangian 
were designated [1]: 
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where: TM – power transformer index, AM – asynchronous 
machine index, W – shaft continuum index, P – 
hydrosystem index; 
and:  – column vectors of the main transformer and motor 
associated fluxes; r – winding resistance matrix of the 
transformer, stator and end part of rotor; i – column vectors 
of currents, u – column vector of transformer power supply 
voltages; c, v – coefficients of rigidity and dispersion of 
couplings, Jp – inertia moment of the pump, R, L – virtual 
resistance and inductance of the pump [7], G – module of 
transverse elasticity, ξ – internal scattering factor in the 
shaft; x – coordinate along the shaft;  – density of the shaft 
material. 
 

Using the White-Woodson theory, the following 
assumptions were made [1], [5], [7]: 
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where: H – fluid density, g – gravitational acceleration, HG – 
geometric fluid height, S0 – pipeline hydraulic resistance. 
 

By substituting expressions (4) - (9) in (3), functional 
variations - Euler equations are obtained. Taking into 
account the theory of transformation of -type models (in 
coordinates of associated streams) into the A-type model 
(in current coordinates) [11], and used expressions (10), 
(11) we obtain the equations of the object's state: 
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where: Aij – matrices, elements which depend on the 
inverse transformer and motor inductance,  – rotor 
rotation speed matrix [1]. 
 

The boundary conditions were determined using 
d'Lambert's law in equation (19) [1], [14] 
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For equations (19) - (21) the finite difference 
discretization was made and it was obtained: 
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Equations of rotational speed functions of generalized 
discrete shaft units were added to equations (16), (17), 
(22) - (24) [1]. 

(25) , 1,2,...,i
i
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On the basis of the theorem with the voltage value on 
the bars of the rotor cage [1], the voltage was determined: 
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where: H – units of magnetic field intensity discretization in 
the groove, l – groove length, ku, ki –motor windings 
coefficients,  – specific conductivity of the groove winding. 
 
The asynchronous motor electromagnetic torque is 
determined from the formula:  

(27) 03 ( ) /E SB RA SA RBM p i i i i    , 

where:, Π – indicates a transformed system of diagonal 
coordinates [1], [2]. 
 

The hydraulic moment is determined by the equation 
[7]: 
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or based on the similarity theory using the least squares 
method (for geometric height HG=4m): 

(29) 2( ) 0,73 23,17P N N NM       

The system of differential equations: (12) - (17), (22) - 
(25) is integrated taking into account equations: (26) - (29). 

 
Computer simulation results 

The computer simulation was made for the 
electrohydraulic system shown in Figure 1. The TOc 
4000/35 power transformer primary winding was supplied 
from the infinite power source with a rated voltage of 35kV. 
The deep groove motor 12-52-8A rated data are as follows: 
РN = 320 kW; UN = 6 kV; ІN = 39 А; N = 740, s-1, p = 4, JR = 49 
kg m2. The next parameters are: rS = 1,27 , RRL = 0,21 , αS 
= 38,9 H-1, αRL= 70 H-1, h = 0,038 m, l = 0,23 m, a = 0,005 m. 
The motor magnetization curve is approximated by the 
equation: m = 12,4 arctg(0,066im). The long shaft parameters 
are as follows: G = 8,11010 Nm,  = 7850 Kg/m3, d = 0,05m, l 
= 4,5m, ξ =0,5 N  m2  s, x = 0,05m. The load torque of the 
pump was approximated according to equation (29). The 
vertical pump works with a gear ratio kT = 750/585. 

During the computer simulation, the following 
assumptions were made: 
1) all rotor parameters of the motor have been recalculated 

to the stator site; 
2) the power transformer primary winding has been 

recalculated to the secondary winding; 
3) mechanical system parameters were recalculated to the 

pump gear. 

 

Fig.3. Instantaneous supply voltage of the asynchronous motor 
stator - phase A 
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Fig.4. Instantaneous power transformer voltage drop - phase A  

 
Figures 3, 4 show the instantaneous realation of the 

asynchronous motor supply voltage and the voltage drop on 
the power transformer. It can be seen that the presence of a 
transformer in the motor power supply system significantly 
reduces the motor power supply voltage. On the one hand, 
this is not good for the motor, but on the other hand it 
improves the working conditions of the pumping system 
from the point of view of the vertical pump. 

 

Fig.5. Asynchronous motor stator instantaneous current - phase A  
 
Figures 6, 7 show the instantaneous motor rotational 

speed and the elasticity moment in the first flexible coupling  
SP1. Figure 6 shows quite significant fluctuations which is 
related to the parameters of both couplings and the 
thickness of the shaft. Analyzing figure 7, very good 
suppression of shock moments can be noticed in a long 
shaft. Also there are no resonance processes in the drive 
system. It is influenced by correctly selected couplings 
parameters. 

 

 
Fig.6. Instantaneous motor rotational speed 

 
Fig.7. Instantaneous elasticity moment in a flexible clutch 

 
Fig.8. The angular speed spatial distribution of the integrated long 
shaft at the time 0,5t   s. 

 
Figure 8 shows the angular speed in the spatial 

coordinate at the time t = 0,5s. The sequence presented at 
figure 8 shows the long shaft elasticity. It is clearly visible 
that the maximum flexibility of the movement transmission 
system occurs in two flexible couplings. 

 

 

Fig.9. The angular speed spatial distribution of the integrated long 
shaft in the time interval [0; 0,12] s 

 

Fig.10. Time-spatial distribution of the angular speed of the 
integrated long shaft in the time interval [1; 1,12] s 
 

 
Fig.11. Time-spatial distribution of the elasticity moment of the 
integrated long shaft in the time interval [0,2; 0,32] s 
 

Figures 9 - 11 present time-spatial distributions of 
functional movement transmission relations. Figures 9 and 
10 show the angular speed of the integrated long shaft in 
the time interval [0; 0,12] s, [1; 1,12] s. Figure 9 shows the 
significant fluctuations in the rotor speed that do not occur 
in a vertical pump. This demonstrates the practical effect of 
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resilient-flexible movement transmission in pumping 
systems. Figure 11 shows the elastic moment function in 
the long shaft in the time range [0.2; 0.32] s. 
 
Conclusions 
1. The use of interdisciplinary approaches to modeling of 

complex dynamic objects significantly simplifies the 
development of mathematical models. This is especially 
true in the case of analysis of systems that combine 
problems of several science fields. 

2. Taking into account complicated movement 
transmission with both focused and distributed 
parameters gives the possibility of analyzing physical 
processes in the whole drive system at a higher level. 
This applies to deep-groove motors and wave 
processes in mechanical systems in the context of a 
shaft continuum. 

3. Based on the computer simulation results it was found: 
 including the power transformer in the drive system 

leads to a reduction of the motor starting torque and 
significantly reduces impact moments and parasitic 
fluctuations of functional dependencies in the 
system; 

 Flexible couplings in the movement transmission 
system significantly improve the operation of the 
entire pumping system, practically without the pump 
parameters changing; 

 in the mathematical transient processes modeling in 
complex pumping systems with long elastic 
movement transmission elements, a complicated 
mathematics apparatus is used in the field of the 
differential equations theory with ordinary and partial 
derivatives. Such equations are solved only with the 
numerical methods. 
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