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Analytical model of single-phase AC circuit with inductance and
bridge rectifier

Abstract. The paper deals with a single — phase AC circuit consist of series inductance, resistance and bridge rectifier loaded by resistance and
capacitance. The continuous operation mode of the rectifier is analyzed. The analytical characteristics of such circuit are presented. The output
magnitudes of the rectifier, i.e. the mean value of the voltage and current have been determined. The magnitude of the first harmonic and the sum of
the higher harmonics of the input current are given. The limit condition of continuous work has been described. Presented formulas are written in
simplified form.

Streszczenie. W pracy analizowany jest jednofazowy obwdd AC zawierajgcy szeregowg indukcyjno$é, rezystancje oraz prostownik mostkowy z
obcigzeniem RC. Praca ciggfa prostownika jest analizowana. Charakterystyki analityczne takiego obwodu zostaty zaprezentowane. WielkoSci
wyjsciowe prostownika tj. wartoS¢ $rednia napiecia i prgdu zostaty okre$lone. Warto$¢ skuteczna pierwszej harmonicznej i sumy wyzszych
harmonicznych pradu wejsciowego zostaty podane. Warunek graniczny pracy ciggtej zostat wyznaczony. Prezentowane zalezno$ci zapisano w
postaci uproszczonej. Model analityczny jednofazowego obwodu AC z indukcyjno$cig i prostownikiem mostkowym
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Introduction

Rectifiers are ones of the most used loads of the power
system. They are used to supply electric and electronic DC
devices from AC network. In many applications full-wave
bridge rectifier with output capacitor is used as basic type of
rectifying of mains voltage. In general case output load of
rectifier can be consider as resistance, as shown in the
figure 1. In practical solution, between capacitor C and load
Ri, usually DC/DC converter and linear voltage regulator
are used. In the circuit under consideration, the bridge
rectifier is supplied from a sinusoidal AC voltage source via
series connected inductance Ls and resistance Rs, which
also included equivalent impedance of the mains supply.
For this circuit continuous and discontinuous working
modes are possible [1],[2]. In continuous conduction mode
a current /s has countable number of points of the zero
crossing. This condition is not fulfilled for discontinuous
operation mode. In continuous mode higher harmonics
propagation to suppling mains is significantly lower than in
discontinuous operation mode.
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Fig. 1. AC circuit with bridge rectifier with capacitor C and
resistance load R, supplied through inductive impedance

In [3],[4] single phase circuit with bridge rectifier loaded
by RC parallel connection and ideal supply voltage source
was analysed without taking into account series inductance
and resistance. Series inductance was taking into account
in [5],[6], but only for discontinuous operation mode and
only computer simulation analysis were carried out. The
discontinuous conduction mode is especially undesirable in
view of higher harmonics generation to the mains, as
opposed to continuous operation. Therefore, determining
the limit terms of continuous operation and characteristics
of such load will be useful. The continuous operation is
occasionally analysed, probably because of inductance.

Nowadays, wide range of inductance is available and
analysis of the circuit may be required.

Modeling AC circuit with nonlinear load

Analytical model of AC circuit with nonlinear load was
presented in [7]. This circuit contains series inductance,
resistance and nonlinear element as shown in figure 2.
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Fig. 2. AC circuit with nonlinear element

Voltage on nonlinear load U, is written as a signum
function of current I, and magnitude U,:

U, 1,>0
M Upay =UU ) =U, sign(I,,)=4 0 I, =0
U I, <0

a s(t)

The circuit from figure 2 has been described equation:

i, i
) L T+Rs-'ls-(:)+Uz =Esin(wt+y)

s £ load (1)

where: ¥ — denote phase shiftment angle between supply
voltage and first harmonic component of nonlinear load
voltage ups.

Analysis of circuit was conducted with using dimensionless
variables. Hence, reference variables E, <L, and time

scaling © = ot were introduced. After transformations,
equation (2) takes form:

dis(r) . . . .
(3) s 1y gy U, ~s1gn(ls(,)) =sin(z +y)
where:
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Instantaneous waveforms voltages and current with period
2z are shown in figure 3. These waveforms are typical for
continuous operation mode. The parameters of (3) are: u, =
0,45and r, =0,1.
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Fig. 3. Instantaneous waveforms voltages and current of circuit
shown in figure 2

Amplitude of fundamental component of dimensionless
current iy, has following form [7]:

2
. 1 2
(5) iy = LHAZ [Jlﬂj‘,z _”1h12(1+W(”s2 +1)) —u]hlrsj:l +(u]h] W)Z

s

where:
z* > 4
(6) W= ?—1 —-0,0147r," +0.00145r," +...
4u
(7) Uy =—

and u;,;, denote fundamental component of voltage ;.4
The RMS value of the sum of higher harmonics of current
iz, May be written as:

2
(®) by =2 =1

R

Full wave rectified current i; has average value in following
form:

@ =72TL+1K2 U o g, ({17 —ulmrsj - “;h‘(’g —1—Wﬂ

The phase shiftment angle between i,; and first harmonic
of the load voltage u;;; is expressed by:

| u
@, =—arcsin| ———
Lgi

Above dependencies be in force, when countability
condition set of the =zero crossing points of the
dimensionless current iy, is fulfilled. It happens, when:

(10)

T

Uy < 3
4-‘1+W(1+rs )i

Modeling AC circuit with bridge rectifier

The analytical formulas of nonlinear load given in
previous chapter describe the typical parameters of a
single-phase AC circuit with nonlinear element. These
parameters were determined as function of dimensionless
series resistance r, and amplitude of the first harmonic
voltage on the load u;,;. The analysis shows that the given
equations can be useful also in the analysis of the circuit
from figure 1. But for such case, the nonlinear element is a
bridge rectifier with a capacitive filter C and load resistance
R;. The circuit from figure 1 was analyzed in authors’ work
[8]. Differential equations of such circuit were described
using dimensionless variables (small letters):

(11)

dis T .
(12) ﬁ =sin(z +y) i1, —u.sign(i,,,)

(13) dl/lc(r) — L(FL .
dr c-rn

ls(‘r) - uc(z’) )

where dimensionless variables are defined as follows:

U
Uy = 0 ”s:£ ”in C:“’ZLSC

[S(l) ;o [ — U

is( 7) = E
For,

For a preliminary analysis of the circuit in figure 1, equation
(12) and (13) may be solved in Simulink. The voltage -
current characteristic of u;,,,~f(iy) such load is shown in
figure 4.
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Fig. 4.
T.=10

Voltage-current  characteristic when

Ujoad :f (l?) ’

The shape this characteristic depends on time constant
T,=cr,. If T.=10 it can be assumed that the output voltage
has a constant value with negligible small fluctuations u,,.
Assuming that the ripple voltage u,, have a small value
relative to the average voltage value u,,, the characteristic
of figure 4 may be approximated using the voltage-current
characteristic u;,.,=f(i;) of the nonlinear load analyzed in [7].
This approximation can be used to determine the analytical
characteristics of the single-phase AC circuit shown in
figure 1, for operation in continuous operation mode.

Due to, that the voltage power source is sinusoidal and
load is nonlinear, the dimensionless current i, can be
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considered as the first harmonic iy, and the sum of the
higher harmonics current i;,,. These quantities have been
determined on the basis of formulas (5) and (8) using
additional transformations and simplification operation. The
final formula for the amplitude of the first harmonic of the
current iy, is:

(15)  igy=—"

(\/l+r ”1111 1+2W ) ulhlrsj

where W, is a simplified form of the expression (6) obtained
as a result of elimination of components dependent on r,
and written in the following form:

(16) w,= ? -1
voltage u,;,; is determined by the dependence
4u

(17) Uy =

The RMS value of the sum of the higher harmonics of the
current iy, can be determined by substituting to (8)
expression (6):

=t \J0.0147 0001457,

Lgn =
hh \/E

On the basis of (15) and (18) it is possible to calculate the
RMS value of current i, using the relationship:

(18)

2

1
. _ hl
(19) Loms = S2 +lshh

The average value of the output current of rectifier i,, is also
important parameter. The value of the current can be
determined using formula (9) by written in simplified form:

(20) 2{ (\/l+r (140, (1477 ))2 —ul,ﬂrsﬂ

The mean value of the output voltage u,, may be determined
using:

1+r

(21)
Substituting (17) and (21) to (20), gives voltage u,, in
function dimensionless resistance r, and load resistance r; :

(22) 4 = z

@ 4 2,
\/(1+rf)[4’”+16wzj+16 [4 oW +1j
I 7

The condition of continuous operation is met when:

Uy < i 5
4-(+w,a+12))

From (22) it is possible to determine the additional formula
for the resistance r; as function of »; and u,,:

(24) 7’ (l+rf)

T (1407)- (1+W0(1+;g,2))2—ig}

(23)

r
L 8 7[2
16u

Analysis of the analytical circuit model

The magnitude of the first harmonic of the current i;,; as
a function of the first harmonic of voltage of the nonlinear
load u;;,; and series resistance r, is presented in figure 5. For
larger resistance r, the magnitude i;;,; decreases.
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Fig. 5. Magnitude of the fundamental harmonic of the current i;,; as
function u;;; and different series resistance r;

Mean value of the output voltage u,, as function of load
resistance r, and series resistance rs is shown in figure 6.
Theoretical results may be compared with results of
computer simulation.
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Fig. 6. The voltage u,, as function of », and r,

The solid line represents the voltage u,, calculated on
the basis of the theoretical formula (22) whereas the dotted
line presents u,, obtained in the computer simulation with
using Simulink program. The maximum value of
dimensionless resistance r, has been calculated on the
basis of equation (24), assuming the limit value of average
voltage u,, calculated on the basis of (23) and (17). The
curves u,, = f (1, ry) show that the theoretical characteristics
in the considered continuous operation mode cover with the
curves of the simulation model created in Simulink on the
basis of equations (12) and (13).

According to standard IEEE519 [9] the total harmonic
distortion THD of current i, is expressed as following:

.2 .2 .2
iy iy i e

(25) THDi, =
[.2 .2 .2
ll +12 +13 T+
where: i, — is RMS values subsequent harmonic current.

128 PRZEGLAD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 94 NR 3/2018



The expression in the numerator refers to the sum of the
RMS values of the higher harmonics of the current,
whereas in the nominative its RMS value. Using
dependencies (18) and (19), the formula (25) may be
written as:

i
THDi ="
Lssk

(26)
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Fig. 7. The THDi, factor of current i, in function u,,; and different
resistance r,

On the basis formula (26), THD:i, factor of the current i; as
function u;;,; and different values of resistance r, is shown in
figure 7. These curves show that the factor of higher
harmonics content THDi, in current i, increases with u;;,;
values. Its value depends on series resistance r, especially
for ush1 > 0,3. It can be seen that for upper u;,; values the
THDi, value for rs = 0,3 is about 30% greater than for rs =
0,05.

Theoretical relations written in dimensionless form are
functions of the amplitude of the dimensionless first
harmonic voltage u;;; on rectifier, series resistance r, and
load resistance r;. Such representation allows to limit the
number of parameters of the considered circuit, and
consequently to simplify its analysis. Given formulas in
dimensionless variables can be easily transformed to
physical units, using (14) relations. It can be seen, that the
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effect of series resistance r, on the circuit parameters is
important, although in many papers is omitted.

Conclusion

The static characteristics of a single-phase AC circuit
with series inductance, resistance and full-wave bridge
rectifier have been presented. The basic quantities of
currents and voltages in circuit related to continuous
operation mode are given. The range for such mode has
been defined. The analytical formulas are related to case
when the fluctuations of the output voltage are relatively
small. The accuracy of theoretical results compared to
simulation ones is met with error greater than +0,01, when
the series resistance is rs < 0,3.

Authors: Professor Mirostaw Wecislik, Kielce University of
Technology, Department of Electric Engineering, Automatic Control
and Computer Science, al. Tysigclecia Panstwa Polskiego 7,
25-314 Kielce, E-mail: wcislik@tu.kielce.pl;

MSc Pawet Strzgbata, Kielce University of Technology, Department
of Electric Engineering, Automatic Control and Computer Science,
al. Tysigclecia Panstwa Polskiego 7, 25-314 Kielce, E-mail:
pstrzabala@tu.kielce.pl

REFERENCES

[11 N. Mohan, T. M. Undeland, W. P. Robbins: “Power Electronics
Converters, Applications and Design”, John Wiley & Sons Ltd,
2003

[2] Freeland S. D. : Input - Current Shaping for Single Phase AC
— DC Power Cconverters, Doctoral Dissertation, California
Institute of Technology Pasadena, California, 1988

[3] U. Tietze, C. Schenk: "Ukiady potprzewodnikowe”, Warszawa:
Wydawnictwo Naukowo-Techniczne, 2009

[4] Kazmierkowski M.P., Matysik J. T.. Wprowadzenie do
elektroniki i energoelektroniki. Oficyna Wydawnicza Politechniki
Warszawskiej, Warszawa, 2005

[5] Dokic B. L., Blanusa B.: Power Electronics Converters and
Regulators, Springer, Switzerland 2015

[6] Singh B., Chandra A.: Power Quality — Problems and
Mitigations Techniques, John Wiley & Sons Ltd, 2015

[71 M. Wecislik: Powers balances in AC electric circuit with
nonlinear load, Harmonic and Quality of Power, 14th
International Conference, 2010 Bergamo, 6 s., dostepny na
http://ieeexplore.ieee.org/stamp/stamp.jsp?arnumber=5625336

[8] M. Wecislik, P. Strzgbata: “The simulation analysis of the bridge
rectifier continuous operation in AC circuit”, Computer
Applications in Electrical Engineering, s. 53 — 65, Poznan 2016.

[91 IEEE Recommended Practices and Requirements for
Harmonic Control in Electrical Power Systems, IEEE Std 519-
1992, 15/2004

129



