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The mathematical model of the drive system with
asynchronous motor and vertical pump

Abstract. The mathematical model of electric drive, which consists of deep groove asynchronous motor that rotates the axial pump, is substantiated,
using the interdisciplinary modeling method, based on the modified Hamilton-Ostrogradsky’s principle by expanding the known Lagrange function.
Resulting differential equations are represented in normal Cauchy form and are integrated numerically.

Streszczenie. W pracy na podstawie interdyscyplinarnej metody modelowania, ktéra opiera sie na zmodyfikowanej zasadzie Hamiltona-
Ostrogradskiego z uwzglednieniem rozszerzenia funkcji Lagrange’a opracowano model matematyczny ukfadu napedowego, ktéry skfada sie z
gfebokoztobkowego silnika asynchronicznego sprzegnietego z pompg pionowg. Réwnania rézniczkowe stanu elektromechanicznego przedstawione
sg w postaci normalnej Cauchy’ego, ktére catkowane sg za pomocg metod numerycznych. (Model matematyczny ukfadu napedowego z

silnikiem asynchronicznym i pompa pionowg).
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Stowa kluczowe: zasada Hamiltona-Ostrogradskiego, réwnania Eulera-Lagrange’a, elektromechaniczne przetwarzanie energii, naped

hydrauliczny.

Introduction

Mathematical modelling of transient electrodynamics
processes occurring in complex drive systems is an
assignment that has not been completed yet. It is well
known that in the aforementioned systems, sophisticated
physical processes occur in the course of which
electromagnetic energy is transformed into mechanical
energy, which is next turned into hydraulic energy. In
complex electromechanical-hydraulic high power system,
either incorrect or inaccurate description of means of
energy transformation may result with drive system failure.

This article describes mathematical modelling of
transient dynamic processes of system comprising deep
groove asynchronous motor which is coupled with vertical
pump [10] by means of a fixed shaft. Such system is
characterized by multiple transformation of energy, which
makes analysis of electromechanical-hydraulic processes a
complex issue. The very process itself is complicated by
nature. Additionally, no one has yet designed mathematical
model of vertical pumps integrated in electromechanical
part of drive system [2], [3], [7], [9]. In consequence, in
order to complete the above described assignment a
comprehensive interdisciplinary knowledge in three
scientific fields is required: electrical engineering, applied
mechanics and hydrodynamics. For aforementioned
complex systems it is recommended to apply
interdisciplinary modelling methods, which significantly
expands research capabilities [1], [5]. This method uses
modified integral Hamilton-Ostrogradsky’s principle by
expanding Lagrange function with two components:
dispersion forces energy and non-potential energy of
external forces. It should be noted that expanded Lagrange
function is obtained by analytical method.

This article aim is to design a mathematical model of
complex drive system comprised of deep groove
asynchronous motor coupled with vertical pump, and to
analyse transient electromechanical-hydraulic processes.
Mathematical model of the system

Mathematical model of analysed object is presented in
figure 1. Asynchronous motor AM is powered from power
grid via air coil and it drives vertical pump which is a
component of hydraulic network.

Extended Lagrange function of the proposed method
takes the following form [1], [4], [6]:

(1) L=T-P+® -D

where: L* — modified Lagrange function, 7* — kinetic
coenergy, P* — potential energy, ®* — dissipation energy,
D* — energy of external non-potential forces [1], [4], [11].

VERTICAL
PUMP

Fig.1. Drive system diagram

In order to calculate lagrangian components (1) the
following generalized coordinates were introduced:
Electric charges in stator winding

9a-3 = Osi> Osp> Ose»
Electric charges in rotor winding
Qa6 = Ori> Org> Ore s
Drive rotation angle
9, =7
Liquid volume
g =V.

Referring to generalized speeds g =dg/dt, windings
current values, flow rate and pump’s rotational speed are

determined:
q.(173) =gy Igps Igcs
4(4—6) =lpygs I Ipc s
47 =0,
43 =0.

where: i — current, o — drive rotational speed, O — vertical
pump flow rate.
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When designing extended functional of operation by
Hamilton-Ostrogradsky’s, all parameters and functional
relations of rotor of induction motor were recalculated to
stator side [6].

Variation of functional of operation by Hamilton-
Ostrogradsky’s may be determined either in a conventional
way according to [1], [4], [5] or using Lagrange theory, more
precisely Euler- Lagrange’a equation [6], which simplifies
calculations.

d oL oL
) —— =0, i=1-7
dt 0q;  og

Elements of non-conservative lagrangian for the system
presented in figure 1 are determined by the following

equations:
7 :[fé]{fﬂ{fﬂ{fﬂ:

Lyi 'y y
[“f} I‘Péydiéy+j‘{’R,diRj +
0

0

+{(Jluz)wzHLHQz}
2 2 |

@)

>

J=l

3 |¢ t t
* *_] 2 2 2
P —0, 0] —EZI: J.ROIdeT+jrﬁlﬁdT+IrRleRde +
J=110 0 0

t
+%IRHQ2dr, j=A,B,C

t

t o
(5) D = J'(uAiSA Fugigy +ucise WT- .[ I M p(o)dodr .
0 00

where particular indices are:

O — air coil, E — motor, M — shaft, H— pump.

¥y, Wr, — linked fluxes of stator and rotor, J;, J, — motor and
pump’s moment of inertia, rg;, r;; — resistance of stator and
rotor head, ig; ir; — currents of stator and rotor, u; — system
power supply voltage, M, — pump hydraulic torque, Ry, Ly —
virtual resistance and inductance of pump and pipe [9].

Using Wit-Woodson theory, the following assumptions are
made [1], [6]:

(6)

()

pg(H,—H))+ py =

P Yy P i
®) KJ'\P,g.aﬁ,q —¥,, I—I\ijdikj =0
L) ml o

(9) k=S,R, j=4B,.C, i, # Iy
where: up; — matrix of motor cage voltage drops including
displacement of currents in rotor winding [1], Mg, — motor

starting torque, p — liquid density, p, — calculated pipe
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pressure, g — gravitational acceleration,
head difference.

Equations (3) — (5) are inserted into equation (2) which
enables to obtain the following:

d 0 Lolsj
dt(’?lS]

(H, — H,) — liquid

d oL
dt 61SJ
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(13) o

Taking into account Kirchhoff's law, matrix-vector
equation is obtained:
d¥ .
(14) dltS =su-u, —rlg, =—Uy rRLlR’
di
(15) u, =Rig +L, 25, ug=u-u,;
dt
do 1
16 —= Mo, —My);
(16) » J1+J2( e —Mp)
dg 1
17 — H,-H,)+ R
(17) 0 LH(Pg( »—H)+po— HQJ
dy aoy; .
18 — =, =i ., k=0,S,R, j=A,B,C.
( ) dl dt k,j J
(19) Vo +¥g+¥se =0
(20) Yoy +Wrp+¥rc=0
Taking into account an algorithm of algebraic

mathematical functions [1], and second equation under (15)
the mathematical model of coordinates system of machine
currents taking Cauchy’s form is described with the
following equations:

-1
dis [1+L0AS] [As(u—(rs +Rp)ig)+
(21)

+Agp(-up —Q¥p _rRLiR)J ;
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iy
(22) dt
+AR(—uR —Q\I‘R —rRLiR)+QiR

:ARs(u—uO—rsis)+

where: Ag, A, Ags, Ag, — matrices, components of which
depend on the main inductance and asynchronous motor
dispersion, Q — matrix of asynchronous motor rotational
speed [1].

Rotor cage rods voltage u; is calculated using equations
of magnetic field of one-dimensional space (coordinate — z)

2
23) 8Hj :laHj E‘:_kukiaHj
oy ot vp 0z

j=A,B.

Taking into account boundary conditions and current flow
law [1] the following is obtained:
in
4 H| =2 H
a

. =0
J1z=0 Jlz=h ’

j=A,B.

where: H — component of magnetic field strength vector on
axis z, k,, k; — voltage and current transmission of the motor,
v — magnetic permeance of rotor groove wire, y; — electric
conductivity of the rotor winding, a — groove width, z = 0 —
groove base coordinate, z = 1 — groove height.

By carrying out spatial discretization of equations (23)
and taking into account equations (24), equations with
normal Cauchy form ordinary derivatives are obtained

dH ; v
(25) _f’k:—z
dt Yr(A2)

where: k — discretization unit number, £ = 12 [1].

(Hj—2H, +H, ), j=A4,B,

Rotor cage rods voltage is estimated using the following
equation [1]:

kuki .
(26) uR’f:_lm(_st’l+4Hf~2_Hf’3)’ j:A,B.
R

where: [ — groove length.

Motor starting torque is calculated using [1]:

(27) Mgy :\/gp (iSBigA _iSAiEB)/Tm s T =W, Y,

I

where: p — quantity of machine pole pairs, © — indicates

converted diagonal coordinates system [1], [4].

When analysing equation (17) it can be concluded that
this very equation may be solved if virtual resistance and
inductance of pump, Ry, Ly coefficients, are determined
analytically. This task is a very complicated issue, however
attempts to find a solution to this problem are being made.
For example in publication [9] a complicated method has
been presented, which method in case of transient states
sometimes happens to provide results not accordant with
real values. It would be great to find such solution that
would enable calculation of the said coefficients by means
of neural network. Our future research is going to come to
this expectations. Solution to this task is going to be a
method using classic characteristics of statistic relations H =
H(Q) for different values of pump rotation speed [2], [8].

The above is analysed for two cases:

e system presented in figure 1 pumps water from the first
container to the second one (with unlimited volume), the

containers take the same level, distance between them

is considerable,

e system presented in figure 1 pumps water from the first
container to the second one (with unlimited volume), the
containers take different levels, distance between them
is considerable.

In order to create the mathematical model of a hydraulic
system, results of numerical modelling are used. Vertical
pump OB 16-87 is taken for analysis, the pump’s head-flow
curve characteristics are presented in figure 2.

150%
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Fig.2. Head-flow curve characteristics of pump OB 16-87

One of the most significant problems regarding vertical
pumps operation is their start-up and their work with
nominal load. It is possible to find many publications
concerning the above, for example in publication [7], using
numerical methods and on the basis of turbulence model &
- ¢ and SIMPLEC algorithm, Vertical pump pressure
fluctuation has been determined.

Since the analysed system is characterized by a high
moment of inertia, then direct motor start-up may be a
cause of pump system damage. To reduce start-up current
value, an air coil of parameters Ry, L, (Fig.1) is used. Start-
up is carried out with an open gate valve.

Bearing in mind the fact that water jets in the analysed
systems are characterised by Reynolds numbers of order of
magnitude 10° [8], parabolic relation of hydraulic flow rate in
pipeline is adopted. In such case pipeline equation is as
follows:
(28) H,=H,+5,0°,
where: H, — geometrical liquid head,
S, — pipeline hydraulic resistance.

Pipeline hydraulic resistance is [8]:

§ - 8(\L,/D, +X)

P

(29)

2 4 ’

gD,
where: L,, D, — length and internal diameter of pipeline, 4,
¥ — hydraulic friction coefficient and sum of local hydraulic
resistances.

In the least complicated case, when liquid head is H,= 0
(26), torque Mp relation is determined analytically on an
pump shaft in the function of rotational speed — w:

S 3
(30) _ P& ”% o’
n()m()

Mp
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where: p — liquid density; Q,, n,, ®, — flow rate, pump
efficiency and nominal rotation speed.

In the case when H, > 0 the problem has been solved
using numerical methods. Numerical modelling results are
presented for pump OB 16-67 and steel pipeline of diameter
D = 1200 mm and length L = 500 m, for different liquid
head values H, = 2 m and H, = 4 m. Adapted thickness of
pipeline wall is = A, = 1 mm, the unevenness taken into
account, sum of all coefficients of pipeline resistance is X =
1,75.

Liquid head H, when rotation speed n < n, is calculated
using the following equations:

(31) O=(n/n)Q,; H=(n/n) H,,
where: 0, — pump flow rate at nominal speed n,.

Characteristics of liquid head for pump OB 16-87 have
been approximated using the following parabolic relations:
(32) H =a+b0+cQ,
where: a, b, ¢ — coefficients, dependent from n speed,
estimated using least squares method [8].

Values of the said coefficients are presented in table 1.
Table 1.

Speed n Parabolic coefficients
rotation/min a b c
585 5.599 5.268 -1.56
550 4.949 4.953 -1.56
500 4.09 4.502 -1.56
450 3.313 4.052 -1.56
400 2.618 3.602 -1.56
350 2.004 3.152 -1.56
300 1.473 2.702 -1.56
200 0.655 1.801 -1.56
100 0.164 0.901 -1.56

Relations of efficiency, liquid head and pump in function
of flow rate are presented in figure 3. Characteristics 1-7
are carried out for the following rotational speed values:
585, 550, 500, 450, 400, 350 and 300 rotations/min;
characteristics 8, 9, 10 present liquid head respectively: H,
=0m; H,= 2 m; H,= 4 m; and characteristic 11 presents
pump efficiency.

Working points coordinates (Q; H) for each rotational
speed n have been calculated numerically, using system of
equations (28) and (32), for respective values of coefficients
a, b, ¢ specified in table 1.

Pump efficiency n' for speed n < n, when H, > 0 differs
from value n,. Recalculation of efficiency values was carried
out using states similarity method:

(33) H,=H,(0,/0,),
1D —— | !
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Fig.3. Characteristics of efficiency, liquid head and vertical pump in
the function of flow rate
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Solving equations (32) and (33) in relation to Q; for
coefficients «;, b;, ¢;, which correspond to speeds »; results
with finding drive motor torque load:

M:M_

m

(34)

Relation between rotation torque of pump shaft M, and
angular velocity o was approximated using the least
squares method (Fig.4). It has been assumed that it is
possible to extrapolate the obtained trend lines including
velocities ® — 0.
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Fig.4. Graphic relations of rotation torque of shaft of pump OB 16-
87 in the function of angular velocity for a pipeline (D=1,2
m, L=500m): 1 - H,=0m; 2 - H,=2 m; 3 - H=4 m

System of differential equations: (16), (18), (21) — (23),
(25) is subjected to integration upon solving equations (15),
(24), (26), (27), (30), (32), (34).

Computer simulation results

The presented mathematical model was used to analyse
transient states of drive system presented in figure 1. Since
nominal angular velocity of the motor is ®, = 740
rotations/min., and of pump — o = 585 rotations/min. then
the system in figure 1 is provided with gear characterized by
coefficient kr= 750/585. For computer simulations motor 12-
52-8A was used, which motor is characterized with the
following nominal values: P, = 320 kW; U,= 6 kV; I,= 39 A;
o, = 740 s'1, p=4,Jr=49 kgmz, and parameters: rg = 1,27
Q, Re; =021 Q, 05=389H", 0, =70 H', n=0,038 m, / =
0,23 m, a = 0,006 m, Js = 49 kgmz. Motor magnetization
curve is approximated using the following equation: ¥,
12,4 arctg (0,066 i,,). Air coil parameters are as follows R,
1,2Q, Lo =30 mH.

System of differential equations (16), (18), (21) — (23),
(24) is integrated by Runge-Kutt method of 4™ order.

In the course of this task three simulations are carried
out for different liquid heads: 1 - H,=0m; 2 - H,=2m; 3 -
H,=4m,

At moment of time ¢ = 0 s, the system presented in
figure 1 was powered from power grid with voltage u. At
steady state the supply voltage got disconnected after time
interval 1 = 5 s. The experiment took 16 s.

Figure 5 presents instantaneous rotation speeds of the
drive system for three liquid heads: 1, 2, 3.

Dynamic properties of the system differ depending on
the liquid head. Overrun for zero liquid head takes the
longest. The higher the liquid head the shorter the overrun,
this is due to the fact that liquid hear rise requires use of
potential energy, which energy upon being transferred into
kinetic energy causes faster motor stopping.

In figure 6 load torque of asynchronous motor is
presented for different liquid head values: 1 - H,=0m; 2 -
H,=2m;3-H,=4m.
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Fig.5. Instantaneous rotational speeds for hydraulic drive
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Fig.6. Instantaneous load torques

Figures 7, 8 present instantaneous currents of stator
phase A and calculated current of phase A of rotor, for H, =
4 m. Drive start-up took about 4 s. Within this time the
highest current values were obtained. Upon start-up end,
current was characterized by steady state, it took nominal
value. After about 5 s. when in overrun state the rotor
currents values equal zero.

fsa, A

T T T 1 T
0 4 8 12

Fig.7. Instantaneous current of stator phase A

ira, A

ts
1 T T |
0 4 8 12

Fig.8. Instantaneous calculated current of phase A of rotor

Figure 9 presents instantaneous phase voltage of phase
A for H, = 4 m. Stator featuring air coil favours reduction of
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voltage occurring during drive start-up. In steady state the
voltage was close to a nominal value.
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Fig.9. Instantaneous phase voltage of stator phase A
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Fig.10. Instantaneous electromagnetic torque of asynchronous
motor
Figure 10 presents instantaneous electromagnetic

torque of asynchronous motor for H, = 4 m. It should be
noted that upon switching the voltage off, torque changes
significantly which affects operation of gear mechanism and
pump. To reduce such great mechanical tensions in drive
system it is necessary to use flexible clutch, which is going
to be a subject the studies in the future.

Fig.11. Spatial distribution of magnetic induction in rotor cage rod
for H,= 4 m within time interval 1= 0.1 s

Fig.12. Spatial distribution of magnetic induction in rotor cage rod

for H,= 4 m within time interval =2 s
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Fig.13. Spatial distribution of magnetic induction in rotor cage rod
for H, = 4 m within time interval =5 s

Figures (11 — 13) present spatial distributions of
magnetic induction in rotor cage within the following time
intervals: t=0.1s,t=2sit=5s. Influence of displacement
of current in groove wires is clearly visible. At start-up,
maximum current density occurs at top part of the groove
and maximum amplitude can be observed for
electromagnetic wave (Fig. 11). After start-up the wave
penetrates groove, wave amplitude reduces (Fig. 12). In
figure 13, when the wave changes with frequency of about
1—2 Hz (Fig. 8) it is characterized with minimum amplitude,
and current density throughout the whole groove is close to
the linear course — current displacement is practically
unnoticeable.

Conclusions

1. The use of interdisciplinary variation approach in
mathematical modelling of complex electrodynamics
systems featuring subsystems referring to different
science fields greatly expands scope of analysed
system. Additionally this guarantees obtained results
reliability.

2. The use of similarity theory in hydraulic systems allowed
to present analytical relations of pump drive load in the
function of rotational speed in dynamic states. The said
approach significantly expands analysis of operation of
electrohydraulic drives within vast scope of operation.

3. On the basis of computer simulation results the following
conclusions are made:

a) few meters high increase of liquid head in relation to
hundreds of metres of horizontal pipeline length
significantly influences pump load torque value;

b) including air coil into motor stator circuit significantly
reduces start torque. This solution reduces shock
torques occurring in transient states;

c) in pump systems with frequent start-ups, connection
of motor with pump must be carried out using flexible
clutch, which reduces shock torque on motor shaft,
gear and pump;

d) spatial dispersion of magnetic field strength shows
real complex processes of displacement of rotor
grooves current.
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