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Solution of the Plane Wave Diffraction Problem by a Strip with
Different Boundary Conditions on its Faces

Abstract. A two-dimensional problem of electromagnetic wave diffraction by a plane strip with different boundary conditions on its sides is in the focus
of our study. The diffracted field is expressed by an integral in terms of the induced electric and magnetic current densities. Applying the representation
theorem for the scattering field, the problem is reduced to the solutions of the integral equations. Numerical solutions and high-frequency asymptotics
for the scattering field in the wave zone of the inclusion are presented.

Streszczenie. W artykule przedstawiono dwuwymiarowy problem dyfrakcji elektromagnetycznych fal na ptaskim wigczeniu z réZnymi warunkami brze-
gowymi na jego powierzchniach. Pole dyfrakcji przedstawiono w postaci catki indukowanych elektrycznych i magnetycznych gestosci pradu. Stosujac
twierdzenie o reprezentacji dla rosproszonego pola problem sprowadza sie do rozwigzan uktadu rownar catkowych. Przedstawiono numeryczne oraz
asymptotyczne rozwigzania dla zakresu wysokich czestotliwosci dla rozproszonego pola w strefie falowej wiaczenia.(Rozwigzanie problemu dyfrakcji

elektromagnetycznej fali na ptaskim wiaczeniu z réznymi warunkami brzegowymi na jego powierzchniach)

Keywords: Wave diffraction, system of integral equations, analytical-numerical solutions, high-frequency asymptotics.
Stowa kluczowe: Dyfrakcja falowa, uktad réwnan catkowych, rozwigzania analityczno-numeryczne, asymptotyka dla zakresu wysokich czestotliwosci.

Introduction

A large number of practical problems can be simulated
by conducting, resistive or impedance strips. Diffraction of
waves by strips in an infinite conducting plane have been
extensively investigated by many authors by using different
analytical and numerical methods [1-9]. It is well known that
the electrical size of the body restricts the tractability of the
numerical methods while the geometrical complexity of the
object limits the applicability of the analytical methods. In the
high-frequency domain, for the asymptotic solution, the hy-
brid methods are used besides techniques based upon the
extension of the Kirchhoff approximation. The hybrid meth-
ods based on the numerical and high frequency asymptotic
techniques have the potential to enlarge the class of electro-
magnetic scattering problems that can be treated. It is noted
that the hybrid method presented in [10] uses the solution of
a boundary value problem while the method presented in this
paper should be based on the solution of the mixed boundary
value problem.

Problem Formulation

Let us assume that an E-polarized plane wave, de-
scribed by the function u’(x) = E? (x) is an incident field
being scattered by a strip located at the plane x5 = 0 for
(lz1] < a) and (Jz2| < o) as shown in Fig. 1, where
(21,2, x3) are the Cartesian coordinates. Since the strip is
uniform along the x2 axis, the problem can be reduced to a
two dimensional scalar problem. The incident field u‘(x) is
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Fig. 1. Geometry of the problem.
given as a linearly polarised plane wave

(1) ul(x) = Aoeik(l’x), x = (x1,x3),

1 = (sin 6y, — cosbp),

where 6, denotes the incident angle, & is the wave num-
ber and Ay is the amplitude. A time factor et is as-
sumed and suppressed throughout. The total field u(x) =
u'(x) 4+ u®(x), u(x) = B2 (x) is decomposed into the
given incident wave u’(x) and the unknown scattered field
u®(x) which is required to satisfy the Sommerfeld radiation
condition at infinity, from which it follows that

6ikx+i71'/4

\/ 87k |x|

where f(w, 1, v) is the far-field pattern of the scattering wave,
v = z/|z| = (sind, cos#) with 6 denoting the observation
angle.

The total field satisfies in the surrounding medium the
Helmbholtz equation

flw;Lv), |x| = oo,

(2) u’(x) =

(3) (A +k*)u(x) =0,

and the following boundary conditions:

@ e =05 =0 lnl<a
+

where u= = wu(x1,x3) for 3 — £0. The upper (+) and
lower (-) sides of the interface |x1| < a in presentation (4)
correspond to a perfect electric and magnetic conductor ma-
terials, respectively.

By considering the densities of surface electric and mag-
netic currents which are denoted by ®4(x;) and ®3(x1) re-
spectively, and using Green’s theorem, the integral represen-
tation of the scattered field can be obtained as

(5)
sigy— 2 [ P3(y1) dg(x,y)
u’(x) = k/ [g(x, y)®1(y1) — Sk ays} e dy,

1
9(x.y) = =7 Ho" (klx = y1).y = (1.33).

dut(x) Ou” (x))
6.1‘3 8333

)
x3=0

ki (z,) = (

Os3(z1) = ut(z1) —u (1),
where Ho(l) is the Hankel function of the first kind.

As a middle surface of the scatterer is a plane, let us use

the expansion of fundamental solution of the Helmholtz equa-

tion ¢g(x,y) (cylindrical wave) through plane waves. This
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will allow to deal with symbols of corresponding pseudo-
differential operators only. As a result the following integral
equations for ®g, 8 = 1, 3 are obtained from Egs. (1)-(5):

a

®3(p) K1 (K |1

ikllxl
’

(6) @1(21) +k

—a

—pl|)dp = qie

Zkl1$1

<I>3<x1>+k/ 1 (p) Ky (ka1 — pl) dp = gze

|JI1| <a,

K(l2) = 5= [ A(@)et*da,

Kallz) = =5 [ 47!

q1 = —2Agicos(by), q3

:I:wzzda

= —2A0, y(a) = Va? - 1.

Herein the contour I" coincides with the real axis everywhere
except for the branching points & = +1 and passes these
points below in the right-hand half-plane of complex variable
« and above in the left-hand one according to the limiting
absorption principle. The point & = 0 is situated below the
contour I' and for || < 1 the radical y(«) is defined by the

condition Imva?2 — 1 < 0.

Analytical Solution

The principal terms of the asymptotic expansion (as x =
ka > 1) of the solution to the equations (6) are represented
in the form

(7) ®p(z1) =

where the functions &7 () = @4 (Fa + nk~") exp (Fizl)
satisfy the corresponding convolution-type integral equations

@E(xl) + @5 (z1) — Vp(21), |21] <a,

[ee}

i OF (O Ky (In — ¢|) d¢ = qu exp (Finly),

32 () + /0 BE(C)K (10— ) dC = g3 oxp (Einly).

0<n<oo,

Ds(n) = @a(nk™"), ¥1(n) = q1 exp(inly), Vs(n) =

The Fourier transform

o (a) = / " @k (n) exp (i) dn,

0
Vi (@)= [ @k exp (ian) d

can be employed to reduce the integral equations (8) to a

matrix Wiener-Hopf equation
G Y (a))
+ H (« - ,
()@ ()

)
aecl

H () (wgi (a)> _

¢1 (@) axl

in which the matrix kernel has the form

H(a):(_i_l ¥)

In order to obtain an unique solution of (9) it is necessary
to take into account the following edge conditions:

u® (r,¢) = (cosz5 +sin ‘i) i VZ (r1/4> ’

—nm<o<mr—0,

where 7 is the distance from inhomogeneity tip and ¢ is the
polar angle. Now, it can be shown that
(10)

¢ (@) =0 (071/4) , 5 () =0 (a*5/4) | = co.

The first step in the factorization procedure is to rearrange
the matrix kernel of (9) into the Khrapkov-like form [11]:

)

where I is the identity matrix. The matrix given by (11) is of
a special form which can be factorized through the Khrapkov
method. The result is

H(a) = Hy (o) H- () = H () Hy (a),

V2cos [y (@) z ()] T+

0 ~?

1
(1) H(a)=I+ 27 (@), ] (a) = ( -1 0

J2 (Oé) = _7217

Hy (o) =

2 sin [y (o) 0+ ()] J (@) ,

s
Jrv ()

4y (@) !

Now, it can be shown that a solution of (9) reads

(5 ) st ()

) -

« =+ sin 0

b+ () = — n [y (o) Fal.

cos b (cos go(jf + sin gog)
. + . +
i (cos py — sinpy)

)

1
o :Z(W/Qieo)-

The unknown constant ¢ can be specmed using the rela-
tion (10). The correct behavior of gol 5 (@) is recovered if

we choose ¢ = —ily, I = lim ol (a).

a— 00

pletes the exact explicit factorization of (9). So, the explicit
expressions for ®, 5 (1) in the domain k (z1 £+ a) >> 1 for
|| < % can be written in the form

This com-

(12) @y (v1) = e 5% 4 0 (x_3/2> ,x = ka,
o)

cos g + sin gpﬂ

zk(a:l:rl)

(21 —qu %aiml

cos g
1 + sin 9()

NG

where D¥ is the diffraction coefficients at the left and right
scatterer ends correspondingly.

D:t _ 1 eiﬂ/4e$iz sin g |:
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Numerical Solution

The solution of the integral equations (8) for electric and
magnetic current can be reduced to the solution of two cou-
pled systems of linear equations. By using the integral rep-
resentation of the Hankel function, the integral equations (8)
can be rewritten as follows:
(13)

(I>1(p)_i/_ {(tlp)g + Ko(p, t)| ®3(t)dt = qre™?,

™ 1
. 1
1r .
Pj (p) — 5 / ) H(()l)(x |p — t|)<I)1 (t) dt = (]gelachp7

HY @lp—t) 1
Ky (p,t) = inx L — , p=ux1/a,
2[p—t (p—1t)°

where Hl(l) (x |p — t|) is the Hankel function of the first or-
der.

Applying a direct collocation technique to solve hypersin-
gular integral equations (13) we have

1SN 1 1
(14)  @4(ps) — — { - +
1) WI; pi—t;j pi—tj

+hKo(pist;)] @3(t;) = que'™hPi,

. N
i o
@3 (t5) — Eh § :H(()l) (z|pi — t;]) @1 (pi) = gse™",

i=1

tj=—-1+jh, j=1,....,N, pj=—-1+(i—1/2)h,

i=1,2,...N,h =2/N, & (t)) = B3 (ty) = 0.

The difference between the solutions of the linear algebraic
system (14) and the solutions of integral equations (13) tends
to zero when truncation parameter N tends to infinity [12].

Results

The computational algebra package Mathematica has
been used for obtaining the numerical results.
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Fig. 2. The dimensionless total ¢° and monostatic radar o! cross
sections versus z for 6y = 0

74

The dimensionless total 0° = Imf(w,1,1)/2aA¢z and
monostatic radar 0! = |f(w,1, —1)|/aA¢x cross sections
are plotted as functions of x in Fig. 2 for f; = 0.

In the numerical procedure the parameter N is chosen
such that it is the smallest integer not less than 4z, that gives
the sufficient calculation accuracy. As is seen in Fig. 2 the

approximate solutions are in good agreement with the exact
solutions for x > 1.

Conclusion

We have constructed an analytical and numerical solu-
tions for the scattering and diffraction of E-polarized plane
waves by a strip with different boundary conditions on its
faces. The related mixed boundary-value problem in the
domain of the short-wavelength is formulated as a matrix
Wienner-Hopf equation which is solved explicitly through the
Khrapkov method. This analytical solution is a powerful tool
to study the effects of a single strip under the incidence of
plane waves. It can be used to validate the numerical meth-
ods. The direct numerical treatment of this problem is pre-
sented also. The obtained numerical results are in a good
agreement with corresponding analytical results.
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