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Positivity and stability of discrete-time and continuous-time
nonlinear systems

Abstract. The positivity and asymptotic stability of the discrete-time and continuous-time nonlinear systems are addressed. Sufficient conditions for
the positivity and asymptotic stability of the nonlinear systems are established. The proposed stability tests are based on an extension of the
Lyapunov method to the positive nonlinear systems. The effectiveness of the tests are demonstrated on examples.

Streszczenie. Przedstawione zostang dodatnie i stabilne asymptotycznie nieliniowe ukfady dyskretne i ciggte. Podane zostang warunki
wystarczajgce dodatnio$ci i stabilno$ci asymptotycznej uktadéw nieliniowych. Proponowane metody badania stabilno$ci zostang oparte na
uogdlnieniu metody Lyapunova. Efektywno$c testéw zostanie zademonstrowana na przyktadach numerycznych. (Dodatniosé i stabilnosé

dyskretnych i ciggtych uktadéw nieliniowych).
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Stowa kluczowe: dodatnie, dyskretene, stabilno$¢ asymptotyczna, nieliniowe, metoda Lyapunova.

Introduction

A dynamical system is called positive if its trajectory
starting from any nonnegative initial condition state remains
forever in the positive orthant for all nonnegative inputs. An
overview of state of the art in positive system theory is
given in the monographs [8, 9] and in the papers [15-18].
Models having positive behavior can be found in
engineering, economics, social sciences, biology and
medicine, etc.

The Laypunov, Bohl and Perron exponents and stability
of time-varying discrete-time linear systems have been
investigated in [1-7]. The positive standard and descriptor
systems and their stability have been analyzed in [9, 15-19].
The positive linear systems with different fractional orders
have been addressed in [16, 20] and the descriptor
discrete-time linear systems in [17]. Descriptor positive
discrete-time and continuous-time nonlinear systems have
been analyzed in [10, 13] and the positivity and linearization
of nonlinear discrete-time systems by state-feedbacks in
[15]. The minimum energy control of positive linear systems
has been addressed in [11, 12, 14]. The stability and robust
stabilization of discrete-time switched systems have been
analyzed in [21, 22].

In this paper the positivity and asymptotic stability of the
discrete-time and continuous-time nonlinear systems will be
investigated.

The paper is organized as follows. In section 2 the
definitions and theorems concerning the positivity and
stability of positive discrete-time and continuous-time linear
systems are recalled. Necessary and sufficient conditions
for the positivity of the discrete-time nonlinear systems are
established in section 3. The asymptotic stability of the
positive nonlinear systems is addressed in section 4, where
conditions for the stability are proposed. The conditions for
the positivity of continuous-time nonlinear systems are
given in section 5 and for the stability of continuous-time
positive nonlinear systems in section 6. Concluding remarks
are given in section 7.

The following notation will be used: R - the set of real

numbers, R™™ - the set of nxm real matrices, R} -
the set of nxm matrices with nonnegative entries and
R" =R™! | Z. - the set of nonnegative integers, M,, - the
set of Nxn Metzler matrices (with nonnegative off-diagonal
entries), identity matrix, |, - the nxn identity matrix.

Positive discrete-time and continuous-time linear

systems and their stability
Consider the discrete-time linear system
(13) Xi+l = AXi + Bui , ie Z+ = {0,1,}
where x; e R", u; e R™, y; e RP are the state, input and

output vectors and AeR™", BeR™™, CeR™",
DeR™M,
Definition 1. [8, 9] The discrete-time linear system (1) is

called (internally) positive if x; e RT, y; e RP, ieZ, for
any initial conditions X, e R} and all inputs u; e R},
ieZ,.

Theorem 1. [8, 9] The discrete-time linear system (1) is
positive if and only if

(2) AeRT", BeRT™, CeRP", DeRP™,

Definition 2. [8, 9] The positive discrete-time linear system
(1) is called asymptotically stable if

(3) limx; =0 forany x, e R .

1—00
Theorem 2. The positive discrete-time linear system (1) is
asymptotically stable if and only if one of the following
equivalent conditions is satisfied:
1) All coefficients of the polynomial

@) p,(2)=det[l,(z+1)-Al=2"+a, ;2" " +..+a,z2+4,

are positive, i.e. g >0 for i =0,L...,n—1.

2) All principal minors of the matrix A = I, —A=[a;] are
positive, i.e.

a; ap

150, oM, =detA>0
A Ay

GIM, =[a;|>0, M, =

Proof is given in [9].

Consider the continuous-time linear system
(6a) x=Ax+Bu,

(6b) y=Cx+Du
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where X=x(t)eR", u=u®)eR™, y=y{t)eR® are
the state, input and output vectors and AeR™",
BeR™™ CeRP", DeRPM.

Definition 3. [8, 9] The continuous-time linear system (6) is
called (internally) positive if xe R, yeRP, t>0 for any

initial conditions X, € R} and all inputs ue R, t>0.

Theorem 3. [8, 9] The continuous-time linear system (6) is
positive if and only if

(7) AeM,, BeRT™, CeRP", DeRP™.
Definition 4. [8, 9] The positive continuous-time linear
system (6) is called asymptotically stable if
(8) limx =0 forany X, e R .
t—ow

Theorem 4. The positive continuous-time linear system (6)
is asymptotically stable if and only if one of the following
equivalent conditions is satisfied:

1) All coefficients of the polynomial

(9) pn(s)=det[l,s—Al=s"+4,;s"" +..+45+4,
are positive, i.e. 4, >0 for k =0,1,...,.n—1.

2) All principal minors of the matrix Az—Az[éij] are
positive, i.e.

4, ap

A

>0, ...,l\?ln:detA>O
A ap

(10) M, =[a,,| >0, M, =

Proof is given in [9].

Positivity of discrete-time nonlinear systems
Following [18] consider the discrete-time nonlinear
system

(118) Xi+1 = AXI + f(XI,UI), ie Z+ = {0,1,} s

(11b) y; = 9 (X, ;) ,

where X; e R", U, eR™, y,eRP, ieZ, are the state,
input and output vectors f (x;,u;) € R", g(x;,u;) e RP are
continuous vector functions of x; and u; satisfying the
conditions f(0,0)=0, g(0,0)=0 and AeR™".
Definition 5. The discrete-time nonlinear system (11) is
called (internally) positive if x; e R}, y; eRP, ieZ, for
any initial conditions X, € R" and all inputs u; e R .
Theorem 5. The discrete-time nonlinear system (1) is
positive if and only if

(12) AeRT" and f(x,u;) eRT, g(x;,U;) e RP
forall x; e R} and u; eRT,ieZ,.
Proof. Sufficiency. From (11) for i = 0 we have
(13) X = AXy + T (Xo,Up) € R, Yo = 9(Xo,Up) € RY
since (12) holds and X, € R], U, e RT .
Similarly, for i = 1 we obtain
(14) X, = A + F(x,up) e RY, y; = g(x,u) € RE
since (12) and (13) holds.
Repeating the procedure for i = 2,3,... we obtain X; € R|

and y; e RP for ieZ, and by Definition 5 the system is
positive.

Necessity. Assuming that the system (11) is positive we
shall show that (12) holds. From (13) for f(X,,U,)=0 we

have X, =AX, and this implies AeRT" since by
assumption X, e R and x, R can be arbitrary. If

Ax, =0 then from (13) we have X, = f(X,,U,) and this

implies  f(Xy,Uy) € R] since by assumption X, e R'.

From (13) we have also Y, =0(Xy,U,) and X, e R,

U, e RT since by assumption y,eRP". Continuing the

procedure we can show that (12) holds if the system is
positive. O

From Theorem 5 we have the following.

Corollary 1. The discrete-time nonlinear system (3.1) is
positive only if the linear system

(15) Xi+1 = AXI , | S Z+ = {0,1,}

is positive.
Example 1. Consider the discrete-time nonlinear system
(11) with

X 02 0.1 X X +E7
Xi = b > A: > f(xisui): 2 L2 _j -
Xy i 03 04 X +1—€" cosi

(16) 4
X +0.1e”
g(xlau|)= ’ .

%y i +2+cosl
From (16) it follows that the matrix A has nonnegative
entries and the vector functions f(x;,u;), g(X;,u;) are
also nonnegative for all X, e R} and u; eR}, ieZ,.

Therefore, by Theorem 5 the system is positive. The linear
part of the system is also asymptotically stable since the
coefficients of the polynomial

z+0.8
-0.3

-0.1
2+0.6

(17) det[1,(z+1)— A]= =72 +1.42+0.45

has positive coefficients, i.e. a, =0.45, a; =1.4.

The same result follows from the condition 2 of Theorem 2

since
— 08 -0.1
(18) A=1,-A=

-03 0.6

and M, =0.8, M, =det A =0.45.
Stability of discrete-time positive nonlinear systems
Consider the positive discrete-time nonlinear system
(19) Xy = A% + F (%), Xy € RY,

where X, e R, AeRT", f(x)eR] isa continuous and
bounded vector function.
Definition 6. The positive discrete-time nonlinear system

(19) is called asymptotically stable in the region D € R if

Xi EERn

L,1eZ, and

(20) lim x; =0 for any finite X, € D e R .
I—00

To test the asymptotic stability of the positive system (19)
the Lyapunov method will be used. As a candidate of
Lyapunov function we choose

(21) V(x)=c"x >0 for x; € R"
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where C e ERE is a vector with strictly positive components
C >0 for k=1,.,n.
Using (21) and (19) we obtain
22 AV (%) =V (%) =V (%) =" X,y —¢" X
=cT{[A= I, I+ f ()} <0
for
23) [1, - Alx — f(x)<0, x,eDeR’

since C € SRE is strictly positive vector.

Therefore, the following theorem has been proved.
Theorem 6. The positive discrete-time nonlinear system

(19) is asymptotically stable in the region D e R if the
condition (23) is satisfied.

0.7
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Fig. 1. Stability region (inside the curved line).

Example 2. Consider the nonlinear system (19) with

XL 0.1 0.2 X1iXi
(24) Xi = N A: 5 f(X,)Z 2 .
X2 02 03 X3

The nonlinear system is positive since Ae ‘.Rixz and
f(x)eR: forall X ;20 and X,; 20, ieZ,.

In this case the condition (23) is satisfied in the region D
defined by

D= {xj, % =[1, = Al — f(X)
25 0.9%: —0.2%, ;i — X; X5 : .
( ) _ 1,i 2,1 1,|22,| E‘Rf_
0.7x2,i —0.2x1,i =Xy

The region D is shown on the Fig. 1.
By Theorem 6 the positive nonlinear system (19) with (24)
is asymptotically stable in the region (25).

Positivity of continuous-time nonlinear system
Consider the continuous-time linear system

(26a) x = Ax+ f(x,u),

(26b) y = g(x,u)

where Xx=x(t)eR", u=u®)eR™, y=y{t)eR® are
the state, input and output vectors and Ae R™", f(x,u)
and g(X,u) are continuous and bounded vector functions
of x and u satisfying f(0,0)=0 and ¢(0,0)=0.

Definition 7. [8, 9] The continuous-time linear system (26)
is called (internally) positive if xe R, yeRP, t>0 for

any initial conditions X, € R and all inputs ue R, t>0.

Theorem 7. [8, 9] The continuous-time linear system (26) is
positive if and only if

(7) AeM,, f(x,u)eR}, g(x,u)eR"
forall xe R}, ueRT, t>0.

Proof. The solution of the equation (26a) for given A and
f(x,u) has the form

t
(28) X(1) = Dy (D)X, + [ @(t—7) f [X(),u(z)]d
0

where
(29) O(t) =e™.
Using the Picard method from (28) we obtain

t
(30) ka(t):(DO(t)XO+J®(t—r)f[xk(r),u(r)]dr, k=12,...
0

From (29) it follows that if the conditions (27) are satisfied
then x, (1)eR}, t>0, k=12,.. since for AeM,,
DO(t)eR™", t>0 [9].
From (26b) we have yeRP, t>0 since by assumption
(27) g(x,u) eR" for xeR?, ueRT, t>0.0
Stability of continuous-time nonlinear systems

Consider the positive continuous-time nonlinear system
(31) x=Ax+ f(x),
where x=x(t)eR", AeM,, f(x)eR! isa continuous
and bounded vector function and f(0)=0.
Definition 8. The positive continuous-time nonlinear system
(31) is called asymptotically stable in the region D e R if
x(t)eR", t>0 and
(32) thjE X(t) =0 for any finite x, € D e R .
To test the asymptotic stability of the positive system (31)

the Lyapunov method will be used. As a candidate of
Lyapunov function we choose

(B3) V(x)=c x>0 for x=x(t)eR", t>0

where C e ERE is a vector with strictly positive components
C >0 for k=1,..,n.
Using (33) and (31) we obtain

B4 V(x)=c"x=c"[Ax+ f(x)]<0

for
(35) Ax+ f(x)<0 for xeDeR}, t>0

since C € 91: is strictly positive vector.

Therefore, the following theorem has been proved.
Theorem 8. The positive continuous-time nonlinear system

(6.1) is asymptotically stable in the region D e R if the
condition (6.5) is satisfied.

Example 3. Consider the nonlinear system (31) with

I =201 [ xix
oo {2 3 o]
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Fig. 2. Stability region (inside the curved line).

The nonlinear system (31) with (36) is positive since
AeM, and f(x)eR? forall xeR*, t>0.

In this case the condition (34) is satisfied in the region D
defined by

(37) D= (X, %,) :{—2xl + X, +x1x2} <[0}

X, — 3%, + X3 0
From (37) we have
(38) X (2=X%,)>X%X, >0 and 0< X <(3—=Xy)X; .

The region D is shown on the Fig. 2.
By Theorem 8 the positive nonlinear system (31) with (36)
is asymptotically stable in the region (37).

Concluding remarks

The positivity and asymptotic stability of the discrete-
time and continuous-time nonlinear systems have been
addressed. Necessary and sufficient conditions for the
positivity of the discrete-time nonlinear systems have been
established (Theorem 5). Using the Lyapunov direct method
the sufficient conditions for asymptotic stability of the
discrete-time nonlinear systems have been proposed
(Theorem 6). The effectiveness of the conditions has been
demonstrated on Example 1. Sufficient conditions for the
positivity of continuous-time nonlinear systems have been
established in section 5 (Theorem 7) and for the asymptotic
stability in section 6 (Theorem 8). The stability conditions for
continuous-time nonlinear systems are illustrated by
Example 3. The considerations can be extended to
fractional discrete-time nonlinear systems. An open problem
is an extension of the conditions to the descriptor fractional
discrete-time and continuous-time nonlinear systems.
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