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Abstract. The constructability and observability of standard and positive electrical circuits composed of resistors, coils, condensators and voltage 
(current) sources are addressed. Necessary and sufficient conditions for the constructability and observability of the positive electrical circuits are 
established. Effectiveness of the conditions is demonstrated on examples of positive electrical circuits  
  
Streszczenie. W pracy rozpatruje się standardowe i dodatnie obwody elektryczne złożone z rezystorów, cewek i kondensatorów oraz źródeł 
napięcia i prądu. Podano warunki konieczne i wystarczające odtwarzalności i obserwowalności tych obwodów elektrycznych. Warunki te zostały 
zlustrowane na przykładach dodatnich obwodów elektrycznych. Odtwarzalność i obserwowalność standardowych i dodatnich obwodów 
elektrycznych  
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Introduction 

A dynamical system is called positive if its trajectory 
starting from any nonnegative initial state remains forever in 
the positive orthant for all nonnegative inputs. An overview 
of state of the art in positive theory is given in the 
monographs [1, 2]. Variety of models having positive 
behavior can be found in engineering, economics, social 
sciences, biology and medicine, etc..  

The notion of controllability and observability and the 
decomposition of linear systems have been introduced by 
Kalman [3, 4]. These notions are the basic concepts of the 
modern control theory [5-9]. They have been also extended 
to positive linear systems [1, 2]. The decomposition of the 
pair (A,B) and (A,C) of the positive discrete-time linear 
system has been addressed in [10]. The positive circuits 
and their reachability has been investigated in [11] and 
controllability and observability of electrical circuits in [12]. 

The reachability of linear systems is closely related to 
the controllability of the systems. Specially for positive linear 
systems the conditions for the controllability are much 
stronger than for the reachability [2]. Tests for the 
reachability and controllability of standard and positive 
linear systems are given in [2, 13]. Positivity and 
reachability of fractional electrical circuits have been 
addressed in [14, 11]. The finite zeros of positive discrete-
time and continuous-time linear systems has been 
investigated in [16-18] and the decoupling zeros of positive 
discrete-time linear systems in [18]. 

In this paper conditions for the constructability and 
observability of positive electrical circuits will be 
established.  

The paper is organized as follows. In section 2 some 
classes of positive electrical circuits will be given. 
Reachability of standard and positive electrical circuits will 
be analyzed in section 3. The main result of the paper is 
presented in section 4, where necessary and sufficient 
conditions for the constructability and observability of the 
positive electrical circuits are established. Concluding 
remarks are given in section 5. 

The following notation will be used:   - the set of real 

numbers, mn  - the set of mn  real matrices, mn
  - 

the set of mn  matrices with nonnegative entries and 
1

  nn , nM  - the set of nn  Metzler matrices (real 

matrices with nonnegative off-diagonal entries), nI  - the 

nn  identity matrix.  

Positive electrical circuits 
Positive R, L, e electrical circuits 

Consider the linear continuous-time electrical circuit 
described by the state equations 

 

(1)  
)()()(

)()()(

tDutCxty

tButAxtx




  

 

where ,)( ntx   mtu )( , pty )(  are the state, 

input and output vectors and ,nnA   mnB  , 
npC  , mpD  . 

Definition 1. [1, 2] The electrical circuit (1) is called 

(internally) positive if ntx )(  and ,)( pty  0t   

for any nxx  0)0(  and every ,)( mtu  0t . 

Theorem 1. [1, 2] The electrical circuit (1) is positive  
if and only if 
 

(2)  mpnpmn
n DCBMA 






  ,,,  

 

It is well-known [5-9] that any linear electrical circuit 
composed of resistors, coils, condensators and voltage 
(current) sources can be described by the state equations 
(1). Usually as the state variables )(),...,(1 txtx n  (the 

components of the state vector )(tx ) the currents in the 

coils and voltages on the condensators are chosen. 
Theorem 2. The linear electrical circuit composed of 

resistors, coils and voltage sources is positive for any 
values of the resistances, inductances and source voltages 
if the number of coils is less or equal to the number of its 
linearly independent meshes and the direction of the mesh 
currents are consistent with the directions of the mesh 
source voltages. 
Proof is given in [11]. 

 
Positive R, C, e electrical circuit 
Theorem 3. The linear electrical circuit is not positive for 
almost all values of its resistances, capacitances and 
source voltages if each its branch contains resistor, 
condensator and voltage source . 
Proof is given in [11]. 
 

Theorem 4. The electrical circuit shown in Figure 1 is 
positive for any values of the conductances 
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nkGk ,...,1,0,  ; capacitances njC j ,...,1,   and source 

voltage e. 

 
 

Fig. 1. Electrical circuit 
 

Proof is given in [11]. 
 

Positive R, L, C, e electrical circuits 
Theorem 5. The R, L, C, e electrical circuits are not positive 
for any values of its resistances, inductances, capacitances 
and source voltages if at least one its branch contains coil 
and condensator. 
Proof is given in [11]. 
Theorem 6. The linear electrical circuit of the structure 
shown in Figure 2 for 421  nn  is positive for any values 

of its resistances Rk, k = 1,2,…,n inductances Lk, k = 2,4,…,n2 
and capacitances Ck, k = 1,3,…,n1. 
 

 
 

Fig. 2. Electrical circuit 
 

Proof is given in [11]. 
 

Reachability of standard and positive electrical circuits  
Consider the positive electrical circuit described by the 

equations (1). 
Definition 2. The electrical circuit described by the 
equations (1) (or the pair (A,B)) is called reachable in time tf 

if for any given final state n
fx   there exists an input 

mtu )( , for ],0[ ftt  that steers the state of the circuit 

from zero initial state 0)0( 0  xx  to the state xf, i.e. 

ff xtx )( . 

Theorem 7. The electrical circuit (1) (or the pair (A,B)) is 
reachable if and only if one of the following conditions is 
satisfied: 

i)  nBAABB n  ]...[rank 1 , 

ii)  nBAsIn  ][rank  for },...,{ 1 nA sss   

where nss ,...,1  are the eigenvalues (not necessary distinct) 

of the matrix A. 
Proof is given in [4-6, 9]. 
Definition 3. The positive electrical circuit (1) (or the positive 
pair (A,B)) is called reachable in time tf if for any given final 

state n
fx   there exists an input mtu )( , for 

],0[ ftt  that steers the state of the circuit from zero initial 

state 0)0( x  to the state xf, i.e. ff xtx )( . 

A real square matrix is called monomial if each its row and 
each its column contains only one positive entry and the 
remaining entries are zero. 

Theorem 8. The positive electrical circuit (1) is reachable if 
the matrix 
 

(3)  
f T

t
ATA

f deBBeR
0

 , 0ft  

 

is monomial. The input that steers the state of the electrical 
circuit in time tf from 0)0( 0  xx  to the state xf is given by 

the formula 
 

(4)  ff
ttAT xReBtu f

T
1)(

)(   for ],0[ ftt . 
 

The proof is given in [2]. 
Consider the n-mesh electrical circuit with given resistances 

qkRk ,...,1,  , inductances niLi ,...,1,   and m-mesh 

source voltages mje jj ,...,1,  . It is assumed that to each 

linearly independent mesh belongs only one inductance 
[11]. By Theorem 7 the standard electrical circuit is 
reachable since 0det B . 
Theorem 9. The positive n-meshes electrical circuit with 
only one inductance in each linearly independent mesh is 
reachable if 
 

(5)  0ijR  for ji  , nji ,...,1,   
 

where ijR  is the resistance of the branch belonging to two 

linearly independent meshes. 
Proof is given in [11]. 
Consider the electrical circuit shown in Figure 3 with given 
conductances njkGGG kjkk ,...,1,,',  ; capacitances 

nkCk ,...,1,   and source voltages nkek ,...,1,  .  
 

 
 

Fig. 3. Electrical circuit. 
 

The electrical circuit shown in Figure 3 is positive for all 
values of the conductances, capacitances and source 
voltages [11]. 
Theorem 10. The electrical circuit shown in Figure 3 is 
reachable if and only if 
 

(6)  .,...1,andfor0, njkjkG jk   

 
Proof is given in [11]. 
 
Constructability and observability of positive electrical 
circuits 

Consider a positive electrical circuit described by the 
state equations 
 

(7a) )()( tAxtx   

(7b) )()( tCxty   
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where ,)( ntx   pty )(  and ,nMA  npC 
 . 

Definition 4. The positive electrical circuit (7) is called 

constructible if knowing the output pty )(  and its 

derivatives p
k

k
k

dt

tyd
ty 

)(
)()( , k = 1,2,…,n – 1, it is 

possible to find the state vector ntx )( . 

Theorem 11. The positive electrical circuit (7) is 
constructible if and only if the matrix 
 

(8)                               



















1nCA

CA

C


 

 

has n linearly independent monomial rows. 
Proof. From (7) we have 
 

(9)                            )(

)(

)(

)(

1)1(

tx

CA

CA

C

ty

ty

ty

nn 









































. 

 

It is possible to find from (9) the state vector ntx )(  for 

given pk ty )()( , k = 1,2,…,n – 1 if and only if the matrix 

(8) has n linearly independent monomial rows since the 
inverse matrix has nonnegative entries if and only if the 
matrix is monomial [2]. □ 
Theorem 12. The positive electrical circuit (7) is 

constructible only if the matrix 







A

C
 has n linearly 

independent monomial rows. 
Proof. It is easy to show that the matrix (8) has n linearly 

independent rows only if the matrix 







A

C
 has n linearly 

independent rows. □ 
Definition 5. The positive electrical circuit (7) is called 

observable if knowing the output pty )(  and its 

derivatives p
k

k
k

dt

tyd
ty 

)(
)()( , k = 1,2,…,n – 1 it is 

possible to find the initial values nxx  )0(0  of  

ntx )( . 

Theorem 13. The positive electrical circuit (7) is observable 
if and only if the matrix nMA  is diagonal and the matrix 

(8) has n linearly independent rows. 
 
Proof. Substituting of the solution 
 

(10) 0)( xetx At  
 
of the equation (7a) into (7b) yields 
 

(11) 0)( xCety At . 
 
From (11) we have 
 

(12) 0

1)1( )(

)(

)(

xe

CA

CA

C

ty

ty

ty

At

nn 









































. 

 

It is possible to find from (12) nAt xe 0  if and only if the 

matrix (8) has n linearly independent monomial rows. From 

the equality n
AtAt Iee   it follows that the matrix 

nnAte 
  for nMA  if and only if it is diagonal. 

Therefore, it is possible to find nx 0  from the equation 

(12) if and only if the matrix nMA  is diagonal and the 

matrix (8) has n linearly independent rows. □ 
Remark 1. From comparison of Theorem 11 and 13 it 
follows that the necessary and sufficient conditions for the 
observability are more restrictive then than for the 
constructability. 
Theorem 14. If the positive electrical circuit (7) is 
observable then it is also constructible. 
Proof follows immediately from comparison of the 
conditions of Theorems 11 and 13. 
Theorem 15. The positive electrical circuit (7) is observable 
if the matrix 
 

(13) AtTtA
p CeCeO

T

  
 

is monomial. 

Proof. Premultiplying (11) by TtA Ce
T

 we obtain 
 

(14) )(0 tyCexCeCe TtAAtTtA TT

 . 
 

If the matrix (13) is monomial then 
nnAtTtA

p CeCeO
T 


  11 ][  and from (14) we have 

 

(15) nTtAAtTtA tyCeCeCex
TT


  )(][ 1

0  
 

since nTtA tyCe
T

)(  for  pty )( . 

Note that the matrix (13) can be monomial only if the matrix 
C is monomial. 
Remark 2. Note that Theorem 15 is an analog for the 
observability of Theorem 8 for reachability. 
Theorem 16. Every standard linear electrical circuit is 
constructible (observable) if the corresponding positive 
linear electrical circuit is constructible (observable). 
Proof follows immediately from comparison of the 
conditions for constructability and observability of standard 
and positive electrical circuits. 
Example 1. Consider the electrical circuit shown in Figure 4 
with given resistances 321 ,, RRR , inductances 21, LL  and 

source voltages 21,ee .  
 

 
 

Fig. 4.1. Electrical circuit. 
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Using the Kirchhoff’s laws we can write the equations 
 

(16) 

dt

di
LiRiiRe

dt

di
LiRiiRe

2
2221232

1
1112131

)(

)(




 

 

which can be written in the form 
 

(17a) 


























2

1

2

1

2

1

e

e
B

i

i
A

i

i

dt

d
 

 

where 
 

(17b) .
1

0

0
1

,

2

1

2

32

2

3

1

3

1

31















































L

L
B

L

RR

L

R
L

R

L

RR

A  

 

The electrical circuit is positive since the matrix A is Metzler 
matrix and the matrix B has nonnegative entries. Note that 
by Theorem 12 the standard pair (17b) is reachable since 

0det B . 
We shall show that the positive electrical circuit is reachable 
if 03 R . In this case 
 

(18) 
























2

2

1

1

0

0

L

R
L

R

A  

and 

 (19) 





























2

2

1

1

0

0

L

R

L

R

A

e

ee  

 

from (3) we obtain 
 

(20) 




 d

e
L

e
L

deBBeR
ff T

t

L

R

L

R

t
ATA

f 




























0
2

2
2

2

2
1

0
2

2

1

1

1
0

0
1

. 

 

The matrix (20) is monomial and by Theorem 8 the positive 
electrical circuit is reachable if 03 R . 

Let 

(21) 

.
0

0

,
)(

)(

0

0

)(

)(

)(

)(
)(

2

1

2

1

2

1

22

11

2

1















































R

R
C

ti

ti

R

R

tiR

tiR

ty

ty
ty

 

 

The positive circuit described by (17) and (21) is 
constructible for all nonzero values of R1 and R2 since 
 

(22) 0
0

0
detdet 21

2

1 







 RR

R

R
C . 

 

We shall show that the positive circuit is also observable. 
Using (13), (18) and (21) we obtain 
 

(23) 

.

0

0

0

0
0

0

0

0

2

2

1

1

2

2

1

1

2

2

1

1

2

2
2

2

2
1

2
2

2
1





















































































t
L

R

t
L

R

t
L

R

t
L

R

t
L

R

t
L

R

AtTtA
p

eR

eR

e

e
R

R

e

e

CeCeO
T

 

 
Therefore, by Theorem 15 the positive circuit is also 
observable, since the matrix (23) is monomial. 
Example 2. Consider the electrical circuit shown in Figure 5 
with given conductances 122211 ,',,', GGGGG , 

capacitances 21,CC  and source voltages 21,ee .  
 

 
 

Fig. 4.2. Electrical circuit 
 

Using the Kirchhoff’s laws we can write the equations 
 

(24) 






























































2

1

2

2

1

1

2

1

2

2

1

1

2

1
'

0

0
'

'
0

0
'

u

u

C

G
C

G

v

v

C

G
C

G

u

u

dt

d
 

and 
 

(25a) 





















































2

1

2

1

2

1

2

1

2

1

2212

1211

0

0

'0

0'

e

e

G

G

u

u

G

G

v

v

GG

GG
 

 

where 
 

(25b) .',' 122222121111 GGGGGGGG   
 

Taking into account that the matrix 
 

(26) 











2212

1211

GG

GG
 

 

is nonsingular and 
 

(27) 22
1

2212

1211 

















GG

GG
 

 

from (25) we obtain 
 

(28) 


































































2

1

2

1

2

1

2

1
1

2212

1211

2

1

0

0

'0

0'

e

e

G

G

u

u

G

G

GG

GG

v

v
. 

 

Substitution of (28) into (24) yields 
 

(29) 


























2

1

2

1

2

1

e

e
B

u

u
A

u

u

dt

d
 

 

where 
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(30a) 

2

2

2

1

1

2

1
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2
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G
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



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

















































,                

(30b) .
0

0
'

0

0
'
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2

1
1

2212
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2

2

1

1













































G

G

GG

GG

C

G
C

G

B  

 

Therefore, the electrical circuit is positive since the matrix 
(30a) is a Metzler matrix and the matrix (30b) has 
nonnegative entries. Note that the standard pair (30) is 
reachable since the matrix (30b) is nonsingular for all 
nonzero conductances. 
In this case for 012 G , the matrices (30) are diagonal 

matrices 
(31a) 
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2

2

1

1

2

1
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

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






































(31b) 
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

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





b

b
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and 

(32) 









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e
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Using (32) and (31) we obtain 
 

(33)  
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
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
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0
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2
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1

0
2

1

0
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The matrix (33) is monomial and by Theorem 8 the positive 
electrical circuit is reachable if 012 G . 

Let 
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











































10

01
,

)(

)(

10

01
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)(

)(
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1

2

1

2
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The electrical circuit described by (29) and (34) is positive. 
The positive circuit is constructible since 1det C . It is also 
observable since by Theorem 15 the matrix 
 

(35) 
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p
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e
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e
CeCeO

T

2

1

2

1

2

1
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2

0

0

0

0
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01

0

0

 

 
is monomial 

Concluding remarks 
Necessary and sufficient conditions for constructability 

and observability have been established for positive 
electrical circuits composed of resistors, coils, condensators 
and voltage (current) sources. It has been shown that the 
conditions for observability are more restrictive than for 
constructability of the positive electrical circuits. The 
considerations have been illustrated by two examples of 
positive electrical circuits. An open problem is and 
extension to positive electrical circuits the well-known 
Kalman decomposition Theorem [3, 4]. An other open 
problem is an extension of decoupling zeros introduced in 
[18] to discrete-time linear systems for positive linear 
electrical circuits and to fractional linear systems [19]. 

 

Acknowledgment 
This work was supported under work S/WE/1/11. 

 

REFERENCES 
[1] Farina L., Rinaldi S., Positive Linear Systems; Theory and 

Applications, J. Wiley, New  York, 2000. 
[2] Kaczorek T., Positive 1D and 2D systems, Springer-Verlag, 

London 2001. 
[3] Kalman R.E., Mathematical Descriptions of Linear Systems, 

SIAM J. Control, Vol. 1, 1963, 152-192. 
[4] Kalman R.E., On the General Theory of Control Systems, 

Proc. Of the First Intern. Congress on Automatic Control, 
Butterworth, London, 1960, 481-493. 

[5] Antsaklis P.J., Michel A.N., Linear Systems, Birkhauser, 
Boston 2006. 

[6] Kailath T., Linear Systems, Prentice-Hall, Englewood Cliffs, 
New York 1980. 

[7] Rosenbrock H.H., State-Space and Multivariable Theory, J. 
Wiley, New York 1970. 

[8] Wolovich W.A., Linear Multivariable Systems, Springer-Verlag, 
New York 1974. 

[9] Kaczorek T., Linear Control Systems, Vol. 1, J. Wiley, New 
York 1993. 

[10] Kaczorek T., Decomposition of the pairs (A,B) and (A,C) of the 
positive discrete-time linear systems, Archives of Control 
Sciences, vol. 20, no. 3, 2010, 341-361. 

[11] Kaczorek T., Positive electrical circuits and their reachability, 
Archives of Electrical Engineering, vol. 60, no. 3, 2011, 283-
301 and also Selected classes of positive electrical circuits 
and their reachability, Monograph Computer Application in 
Electrical Engineering, Poznan University of Technology, 
Poznan 2012. 

[12] Kaczorek T., Controllability and observability of linear 
electrical circuits, Electrical Review, vol. 87, no. 9a, 2011, 248-
254. 

[13] Kaczorek T., Reachability and controllability to zero tests for 
standard and positive fractional discrete-time systems, Journal 
Européen des Systèmes Automatisés, JESA, vol. 42, no. 6-8, 
2008, 769-787. 

[14] Kaczorek T., Positivity and reachability of fractional electrical 
circuits, Acta Mechanica et Automatica, vol. 3, no. 1, 2011, 42-
51. 

[15] Tokarzewski J., Finite zeros of positive linear discrete-time 
systems, Bull. Pol. Acad. Sci. Tech., vol. 59, no. 3, 2011, 287-
292. 

[16] Tokarzewski J., Finite zeros of positive continuous-time 
systems, Bull. Pol. Acad. Sci. Tech., vol. 59, no. 3, 2011, 
2293-302. 

[17] Tokarzewski J., Finite Zeros in Discrete-Time Control 
Systems, Springer-Verlag, Berlin 2006. 

[18] Kaczorek T., Decoupling zeros of positive discrete-time linear 
systems, Circuits and Systems, vol. 1, 2010, 41-48. 

[19] Kaczorek T., Selected Problems of Fractional Systems 
Theory, Springer-Verlag, Berlin 2012. 

  
 
Authors: prof. dr hab. inż. Tadeusz Kaczorek, Politechnika 
Białostocka, Wydział Elektryczny, ul. Wiejska 45D, 15-351 
Białystok, E-mail: kaczorek@isep.pw.edu.pl. 
 

 


