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Constructability and observability of standard

and positive electrical circuits

Abstract. The constructability and observability of standard and positive electrical circuits composed of resistors, coils, condensators and voltage
(current) sources are addressed. Necessary and sufficient conditions for the constructability and observability of the positive electrical circuits are
established. Effectiveness of the conditions is demonstrated on examples of positive electrical circuits

Streszczenie. W pracy rozpatruje sie standardowe i dodatnie obwody elektryczne ztozone z rezystoréw, cewek i kondensatoréw oraz zrédet
napiecia i pradu. Podano warunki konieczne i wystarczajgce odtwarzalnosci i obserwowalnosci tych obwoddéw elektrycznych. Warunki te zostaty
zlustrowane na przyktadach dodatnich obwodéw elektrycznych. Odtwarzalno$¢ i obserwowalno$¢ standardowych i dodatnich obwodéw

elektrycznych
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Introduction

A dynamical system is called positive if its trajectory
starting from any nonnegative initial state remains forever in
the positive orthant for all nonnegative inputs. An overview
of state of the art in positive theory is given in the
monographs [1, 2]. Variety of models having positive
behavior can be found in engineering, economics, social
sciences, biology and medicine, etc..

The notion of controllability and observability and the
decomposition of linear systems have been introduced by
Kalman [3, 4]. These notions are the basic concepts of the
modern control theory [5-9]. They have been also extended
to positive linear systems [1, 2]. The decomposition of the
pair (A,B) and (A,C) of the positive discrete-time linear
system has been addressed in [10]. The positive circuits
and their reachability has been investigated in [11] and
controllability and observability of electrical circuits in [12].

The reachability of linear systems is closely related to
the controllability of the systems. Specially for positive linear
systems the conditions for the controllability are much
stronger than for the reachability [2]. Tests for the
reachability and controllability of standard and positive
linear systems are given in [2, 13]. Positivity and
reachability of fractional electrical circuits have been
addressed in [14, 11]. The finite zeros of positive discrete-
time and continuous-time linear systems has been
investigated in [16-18] and the decoupling zeros of positive
discrete-time linear systems in [18].

In this paper conditions for the constructability and
observability of positive electrical circuits will be
established.

The paper is organized as follows. In section 2 some
classes of positive electrical circuits will be given.
Reachability of standard and positive electrical circuits will
be analyzed in section 3. The main result of the paper is
presented in section 4, where necessary and sufficient
conditions for the constructability and observability of the
positive electrical circuits are established. Concluding
remarks are given in section 5.

The following notation will be used: R - the set of real

numbers, R™™ - the set of Nxm real matrices, RT™ -
the set of nxm matrices with nonnegative entries and
R = ‘J?EXI , M - the set of nxn Metzler matrices (real

matrices with nonnegative off-diagonal entries), |, - the
nxn identity matrix.

Positive electrical circuits
Positive R, L, e electrical circuits

Consider the linear continuous-time electrical circuit
described by the state equations

X(t) = Ax(t) + Bu(t)
y(t) =Cx(t) + Du(t)

where x(t)eR", ut)eR™, yt)eRP are the state,

input and output vectors and AeR™", BeR™M,

CeRP", DenrP™,
Definition 1. [1, 2] The electrical circuit (1) is called

(internally) positive if x(t) e ‘RQ and y()e 9”1’5, t>0

forany x(0) = X, € R} and every u(t) e R, t>0.
Theorem 1. [1, 2] The electrical circuit (1) is positive
if and only if

(2) AeM,, BeRP™ CeRP" DenPm

It is well-known [5-9] that any linear electrical circuit
composed of resistors, coils, condensators and voltage
(current) sources can be described by the state equations

(1). Usually as the state variables x;(t),...,Xy(t) (the
components of the state vector X(t)) the currents in the

coils and voltages on the condensators are chosen.
Theorem 2. The linear electrical circuit composed of
resistors, coils and voltage sources is positive for any
values of the resistances, inductances and source voltages
if the number of coils is less or equal to the number of its
linearly independent meshes and the direction of the mesh
currents are consistent with the directions of the mesh
source voltages.
Proof is given in [11].

Positive R, C, e electrical circuit

Theorem 3. The linear electrical circuit is not positive for
almost all values of its resistances, capacitances and
source voltages if each its branch contains resistor,
condensator and voltage source .

Proof is given in [11].

Theorem 4. The electrical circuit shown in Figure 1 is
positive for any values of the conductances
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Gy, k=0,...,n; capacitances Cj, j=1,...,n and source

voltage e.

Fig. 1. Electrical circuit
Proof is given in [11].

Positive R, L, C, e electrical circuits

Theorem 5. The R, L, C, e electrical circuits are not positive
for any values of its resistances, inductances, capacitances
and source voltages if at least one its branch contains coil
and condensator.

Proof is given in [11].

Theorem 6. The linear electrical circuit of the structure

shown in Figure 2 for n; =n, =4 is positive for any values

of its resistances Ry, k = 1,2,...,n inductances L, k=24,...,n,
and capacitances Cy, k = 1,3,...,n,.

Fig. 2. Electrical circuit
Proof is given in [11].

Reachability of standard and positive electrical circuits
Consider the positive electrical circuit described by the

equations (1).

Definition 2. The electrical circuit described by the

equations (1) (or the pair (A,B)) is called reachable in time t;

if for any given final state Xj e R" there exists an input

uit)e R", for te [0,tf ] that steers the state of the circuit
from zero initial state X(0)=X,=0 to the state x; i.e.
X(tf )= Xf .

Theorem 7. The electrical circuit (1) (or the pair (A,B)) is

reachable if and only if one of the following conditions is
satisfied:

i) rank[B AB A" B]=n,
i)y rank[l,s—A B]=n for sedp ={S},....5n}
where si,...,S, are the eigenvalues (not necessary distinct)

of the matrix A.

Proof is given in [4-6, 9].

Definition 3. The positive electrical circuit (1) (or the positive
pair (A,B)) is called reachable in time t; if for any given final

state x; e R there exists an input u(t)eRy, for
t €[0,ts] that steers the state of the circuit from zero initial

state X(0) =0 to the state x;, i.e. X(tf)=Xs.

A real square matrix is called monomial if each its row and
each its column contains only one positive entry and the
remaining entries are zero.

Theorem 8. The positive electrical circuit (1) is reachable if
the matrix

t; .
3) R = [eA"BBTe” “dz, t; >0

0
is monomial. The input that steers the state of the electrical
circuit in time t; from x(0) = X, =0 to the state x; is given by
the formula

]
@  u=8BTe" “IRIx, for te[o,ts].

The proof is given in [2].
Consider the n-mesh electrical circuit with given resistances
Rk, k=L...,q, inductances L;, i=1L..,n and m-mesh

source voltages e j=1,...,m. Itis assumed that to each

linearly independent mesh belongs only one inductance
[11]. By Theorem 7 the standard electrical circuit is
reachable since detB = 0.

Theorem 9. The positive n-meshes electrical circuit with
only one inductance in each linearly independent mesh is
reachable if

(5) Rj =0 for i j,i,j=1L..n

where Rij is the resistance of the branch belonging to two

linearly independent meshes.

Proof is given in [11].

Consider the electrical circuit shown in Figure 3 with given
conductances  Gy,G'y,Gy; k,j=1,..,n; capacitances

Cx, k=L...,n and source voltages e, k=1,...,n.

Fig. 3. Electrical circuit.

The electrical circuit shown in Figure 3 is positive for all
values of the conductances, capacitances and source
voltages [11].

Theorem 10. The electrical circuit shown in Figure 3 is
reachable if and only if

(6) Gk,j=0 for k=] and k,j=1..n.

Proof is given in [11].

Constructability and observability of positive electrical
circuits

Consider a positive electrical circuit described by the
state equations

(7a)
(7b)

X(t) = AX(t)
y(t) = Cx(t)
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where x(t) e R, y(t)eR? and Ae M, CeRP".
Definition 4. The positive electrical circuit (7) is called
constructible if knowing the output y(t)e‘Rf and its
d“y@®
dtk

derivatives y(t) = eRP k=12,..n-1,1itis

possible to find the state vector x(t) € R .

Theorem 11. The positive electrical
constructible if and only if the matrix

C
CA

circuit (7) is

(8)
CAn*I

has n linearly independent monomial rows.
Proof. From (7) we have

y(@® c
y(t CA
) YO A .
y(n—l)(t) CAn—l

It is possible to find from (9) the state vector X(t) SRQ for

given y(k)(t) eRP, k=12,...n-1ifand only if the matrix
(8) has n linearly independent monomial rows since the
inverse matrix has nonnegative entries if and only if the
matrix is monomial [2]. o

Theorem 12. The positive electrical circuit (7) is

C
constructible only if the matrix {A} has n linearly

independent monomial rows.
Proof. It is easy to show that the matrix (8) has n linearly

C
independent rows only if the matrix [A} has n linearly

independent rows. o
Definition 5. The positive electrical circuit (7) is called

observable if knowing the output y(t)e‘ﬁf and its

k
derivatives y(k)(t):%efﬁf, k=12,..n-11iis
t

possible to find the initial values X, =x(0)e R of

x(t) e R .

Theorem 13. The positive electrical circuit (7) is observable
if and only if the matrix A e M, is diagonal and the matrix
(8) has n linearly independent rows.

Proof. Substituting of the solution
(10)  x(t)=e’x,

of the equation (7a) into (7b) yields
(1) yt)=CeMx,.

From (11) we have

y(® C

y(® CA | At

(12) = 7 lefx,.

y(n—l)(t) CAn—l

It is possible to find from (12) eAtXO € ‘RE if and only if the

matrix (8) has n linearly independent monomial rows. From

At —At_l
- 'n

the equality e"‘e it follows that the matrix

eAteiRﬂxn for AeM, if and only if it is diagonal.

Therefore, it is possible to find X, ‘RQ from the equation

(12) if and only if the matrix Ae M, is diagonal and the

matrix (8) has n linearly independent rows. o

Remark 1. From comparison of Theorem 11 and 13 it
follows that the necessary and sufficient conditions for the
observability are more restrictive then than for the
constructability.

Theorem 14. If the positive -electrical
observable then it is also constructible.
Proof follows immediately from comparison of the
conditions of Theorems 11 and 13.

Theorem 15. The positive electrical circuit (7) is observable
if the matrix

circuit (7) is

;
(13) 0, =e"'cTce™
is monomial.
.
Proof. Premultiplying (11) by e* 'CT we obtain

(14) eATtCTCeAtXO = eATtCT y(t) .
If the (13) is

.
OB] =e*'cTceMy! e RT" and from (14) we have

matrix monomial then

T T

(15)  xo=[eMtcTce e teTy(t) e R

T
since e” 'cT y(t) e R for y(t)eRP.
Note that the matrix (13) can be monomial only if the matrix
C is monomial.
Remark 2. Note that Theorem 15 is an analog for the
observability of Theorem 8 for reachability.
Theorem 16. Every standard linear electrical circuit is
constructible (observable) if the corresponding positive
linear electrical circuit is constructible (observable).
Proof follows immediately from comparison of the
conditions for constructability and observability of standard
and positive electrical circuits.
Example 1. Consider the electrical circuit shown in Figure 4
with given resistances Ry, R,, Rz, inductances L;,L, and

source voltages €;,€; .

Fig. 4.1. Electrical circuit.
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Using the Kirchhoff's laws we can write the equations
. . di
€ =Rs(l —l) + Ryl + '—1d—1
(16) !

. . di
) =Rs(ip —ip)+ R2I2+L2d_t2

which can be written in the form

i i e

(17a) i, gl®

dt|i, i e,

where
_RitRs R LI
_ L L L

DA% Ry RrR BT L
Ly L, )

The electrical circuit is positive since the matrix A is Metzler
matrix and the matrix B has nonnegative entries. Note that
by Theorem 12 the standard pair (17b) is reachable since
detB=0.

We shall show that the positive electrical circuit is reachable

if R3 =0. In this case

_r 0
(18) A= 1
0o R
Ly
and
A
1
(19) A7 =|® _&T
0 e b

from (3) we obtain

2R,
|
" ArmaT AT b2 | ’
(20) Ry = [e”"BB'e” "dr = [| »r {7
0 0 _TZT
0 —e 7

The matrix (20) is monomial and by Theorem 8 the positive
electrical circuit is reachable if R; =0.

Let
y(t){mt)}{Rlilm}{Rl O}F(t)}
Y20 ] |[Roia(®] [0 Ry |ip(®) [
e
C= :
0 Ry

The positive circuit described by (17) and (21) is
constructible for all nonzero values of R, and R, since

(21)

R 0
(22)  detC =det =RRy #0.
0 R

2

We shall show that the positive circuit is also observable.
Using (13), (18) and (21) we obtain

1t ) 1t
L L
e 0 |[R" 0 e ™ 0
(23) = R, ) R,
-t 0 R -t
| 0 e 0 e
i 2R,
!
_|R% b 0
= 2R,
|0 Rie -

Therefore, by Theorem 15 the positive circuit is also
observable, since the matrix (23) is monomial.
Example 2. Consider the electrical circuit shown in Figure 5

with given conductances G,,G",6,,G'%,G;,,
capacitances C;,C, and source voltages €;,€, .

Vi

—/\W!
I

;

Fig. 4.2. Electrical circuit
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Using the Kirchhoff's laws we can write the equations

G
u

(24) a1 G
dt U2 0

and
-G G \%
(253){ 1 12 }{ 1
G, —Gp|Vva

where

(25b)

0
Vi
Gy {Vz}

G

Gy
C {Ul }
0 Gh v,

C,

(G 0]
L0 Gy

Taking into account that the matrix

Gio

-G
(26) [ 1 o

Gz

is nonsingular and

-Gy
@) -

Gi2
from (25) we obtain

(28) {W}:{—Gu Gy
Vo] [ G2

|

Gio
-Gy

-1
} € ‘Jﬁxz

<l &l

Substitution of (28) into (24) yields

(29)

where
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G| G|
=1L 9 Iy — 0
Al G -G Gy [ |G 0] |G M
0o 82| Gn ~Gp] [0 Gy |, &2 2
G )
oo G, Gp '[G o
(30b) B = C ' {— 11 12} [ 1 :|€iRiX2.
o 82 Gy -Gp] [0 G
C,

Therefore, the electrical circuit is positive since the matrix
(30a) is a Metzler matrix and the matrix (30b) has
nonnegative entries. Note that the standard pair (30) is
reachable since the matrix (30b) is nonsingular for all
nonzero conductances.

In this case for Gj, =0, the matrices (30) are diagonal

matrices

(31a)
ﬂ 0 ; 0 ﬂ 0
A= Cl Gl+G'1 G'l 0 _ Cl
) S Lo &), G
G G, +G, G
8 0
)
Gy L,
B = Cl G1+G’1 G] 0
1b 0o S2 ! 0 G
(3 ) 2 Gz+G’2
:|:bl O}Es}ﬁxz‘
0 b
and
32y ehro|& O

Using (32) and (31) we obtain

t A T AT ty 2€2alr 0
(33) Ri = [e""BB e dr = | 5 7a
0 oL 0  bye™™"

The matrix (33) is monomial and by Theorem 8 the positive
electrical circuit is reachable if G, =0.
Let

(34)y(t){y1(t)}:{ul(t)}:[l O}PIG)} C:P o]
y2(t) Uz(t) 0 1 Uz(t) 0 1

The electrical circuit described by (29) and (34) is positive.
The positive circuit is constructible since detC =1. Itis also
observable since by Theorem 15 the matrix

0, —eftcTeht _ €™ 0 |1 0fett 0
P 0 ex|0 1) o et

(35)
e2alt 0

0 eZaZt

is monomial

Concluding remarks

Necessary and sufficient conditions for constructability
and observability have been established for positive
electrical circuits composed of resistors, coils, condensators
and voltage (current) sources. It has been shown that the
conditions for observability are more restrictive than for
constructability of the positive electrical circuits. The
considerations have been illustrated by two examples of
positive electrical circuits. An open problem is and
extension to positive electrical circuits the well-known
Kalman decomposition Theorem [3, 4]. An other open
problem is an extension of decoupling zeros introduced in
[18] to discrete-time linear systems for positive linear
electrical circuits and to fractional linear systems [19].
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