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Explicit Formulas for the Fourth Moment of Exponential Sums and 
Dirichlet Character Sums 

 
 

Abstract. Exponential sums and Dirichlet character sums have important applications in electronic science and technology, such as e-

commerce, e-government and so on. With elementary method, the computation problem of the fourth power mean  
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studied, where  2( ) iye y e  ,   is a Dirichlet character modulo q  and 
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denotes the summation over all a  with ( , ) 1a q  . A new proof is 

proposed and some interesting computational formula and transformation formula are obtained. 

 
Streszczenie. W artykule przedstawiono zagadnienie rozwiązywania wyrażenia zawierającego sumy wykładnicze oraz sumy operatorów Dirichleta. 
Zaproponowano nowy dowód, formułę obliczeń oraz formułę transformacji. (Funkcja jawna dla czwartej potęgi sum wykładniczych i sum 
operatora Dirichleta). 
 
Keywords: exponential sums; Dirichlet character; fourth power value; computational formula  
Słowa kluczowe: sumy wykładnicze, operator Dirichleta, wartość czwartej potęgi, formuła obliczeniowa. 
 
 
Introduction 

For integers , , ,q m n k  with 3,q   2k  , we define the 

two-term exponential sums '
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and define the two-term exponential sums with Dirichlet 

character 
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both Exponential sums and Dirichlet character sums have 
important applications. For example, Exponential sums 
originally arose in connection with famous Waring’s 
problem. Dirichlet character sums have close relation with 
elliptic curve cryptography (ECC), which has important 
applications in electronic science and technology, such as 
e-commerce, e-government and so on. The value of 
exponential sums or Dirichlet character sums is irregular 
and its computation is very difficult. However, the mixed 
mean value of exponential sums with Dirichlet character 
owns excellent arithmetical properties. The researchers 
tried to study the former by discussing the latter. Recently, 
on the premise of ( , ) 1k p  , using the analytic method 

,Xu[3] have proved  
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The purpose of this paper is using the elementary method 

to make researches into the computational problem of 
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  Theorem. Let p  be an odd prime. For each fixed positive 

integer ,n k , we have  
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Moreover, if ( , ) 1n p  , we have 
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 Remark： From Xu’s work[3] , we could obtain a  
proposition as follows: 

Proposition   Let p  be an odd prime. Then for any fixed 

positive integer n  with ( , ) 1n p  , we have  
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Obviously, Xu’s result is established under a stronger 

assumption condition. From this point , the method in this 
paper is better. 

Generalization of Theorem. Let 1 2 tq p p p   be a 

positive integer with 3q  . Then for arbitrary integers ,n k  

with ( , ) 1n q  ，we have  
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where ( )q  is a Euler function, and 
||p q
 denotes the 

product over all prime p of q  with |p q  and 2 .p q  

 
Preliminaries 

To prove Theorem and its generalization, the following 
lemmas will be useful. 

Lemma 1.Let p  be an odd prime. For each fixed positive 

integer ,n k with ( , ) 1n q  , we have 
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Proof.  Let r  be arbitrary integer with ( , ) 1r p  ，then 

( , ) 1r p  ，where r denotes the solution of congruences 

equation 1(mod )xr p . From the properties of reduced 

systems, we have 
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First, we compute 1C . 
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From the trigonometrical identity , we have 
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so 2
1C p . 

Then we compute 2C  from two situations. 

Firstly, if ( , 1) 1k p   , then 
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Secondly, if 2k  ,then  
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so 2 2C p .   This proves Lemma1. 
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This proves lemma 2. 
 

Proof of the theorem and its generalization 
By using lemma 1,2  in the above section, we now prove 

the theorem and its generalization. 
Proof . From the properties of reduced systems, we have 
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Note that if ( , 1) 1k p   , then 
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 From lemma 1, the theorem could be obtained 
immediately. 
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This completes the proof of the generalization of theorem. 
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