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Abstract. Exponential sums and Dirichlet character sums have important applications in electronic science and technology, such as e-

commerce, e-government and so on. With elementary method, the computation problem of the fourth power mean

studied, where ¢(y)=¢’", y is a Dirichlet character modulo ( and
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5, denotes the summation over all & with (a,q) =1. A new proof is

proposed and some interesting computational formula and transformation formula are obtained.

Streszczenie. W artykule przedstawiono zagadnienie rozwigzywania wyrazenia zawierajgcego sumy wyktadnicze oraz sumy operatoréw Dirichleta.
Zaproponowano nowy dowdd, formute obliczen oraz formute transformacji. (Funkcja jawna dla czwartej potegi sum wykfadniczych i sum

operatora Dirichleta).
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Introduction
For integers g,m,n,k withq=3, k=2, we define the
q k
two-term exponential sums C(m,n,k;q) = z'e(ma +na)

a=1

and define the two-term exponential sums with Dirichlet

character c(m,n,k, 7:q) :il(a)e(m). As we all know,
a=1 q
both Exponential sums and Dirichlet character sums have
important applications. For example, Exponential sums
originally arose in connection with famous Waring's
problem. Dirichlet character sums have close relation with
elliptic curve cryptography (ECC), which has important
applications in electronic science and technology, such as
e-commerce, e-government and so on. The value of
exponential sums or Dirichlet character sums is irregular
and its computation is very difficult. However, the mixed
mean value of exponential sums with Dirichlet character
owns excellent arithmetical properties. The researchers
tried to study the former by discussing the latter. Recently,
on the premise of (k,p)=1, using the analytic method

,Xu[3] have proved
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The purpose of this paper is using the elementary method
to make researches into the computational problem of

i“ 3 Je(m,n.k, z;0) | and we will prove the following.
m=1 ymodq

Theorem. Let p be an odd prime. For each fixed positive
integer n,k , we have
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Moreover, if (n, p)=1, we have

{ (p-17p2p-3),
(p-Dp@’ ~7p+8),

k,p-1)=1

P
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Remark: From Xu’s work[3] , we could obtain a
proposition as follows:
Proposition Let p be an odd prime. Then for any fixed

positive integer n with (n, p) =1, we have

(@) 33 dmnk zp'=
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Obviously, Xu's result is established under a stronger
assumption condition. From this point , the method in this
paper is better.

Generalization of Theorem. Let g =p,p,---p, be a
positive integer with > 3 . Then for arbitrary integers n,k
with (n,q)=1, we have
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where ¢(q) is a Euler function, and H denotes the
pla

product over all prime pof g with p|q and p2 1.

Preliminaries

To prove Theorem and its generalization, the following
lemmas will be useful.

Lemma 1.Let p be an odd prime. For each fixed positive

integer n,k with (n,q) =1, we have

p 2 k,p-1)=1
1 Cm,n,k, 2: p p3 ( >
M Ylcmnkp) {pz_zp, .

Proof. Let r be arbitrary integer with (r, p) =1, then
(r,p)=1, whereT denotes the solution of congruences

equation Xr =1(mod p) . From the properties of reduced
systems, we have
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m(a* —b*)+nr(a— b)

m(b(a—1)* (@ -1)+nrb(a—1)a— 1)

Then we compute C, from two situations.
Firstly, if (k, p—1)=1, then
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Secondly, if k =2 ,then
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where (—j denotes Legendre symbol and
p
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soC, =2p. This proves Lemma1.
Lemma 2. Let integer g = p,” p,” --- p,** ,where
-+, p, are positive integers, relatively prime in pairs

andlet y = 7,7, 7, modq such that 7, mod p;

(J

1,2,---,t) .Then we have
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Proof. Let a = Z—a , if a; run through a reduced
j=1 p]

residue system modulo pj”J (j=1,2,---,t), then a run
through a reduced residue system modulo (. Note that

t
q
m(
ma* +na JZ:;Pj
e( )=¢( )
q q
1 m(iujaj)k +n(%aj)
:l_[ e( pj i )!
j=1 q
: q
H 2i(—-3y)
j=1 j=1 pj
so we have
Zz(a)e(ma e, sz ] LA
% me i)
=TI z,(qa)E( — )
J: al:l

This proves lemma 2.

Proof of the theorem and its generalization

By using lemma 1,2 in the above section, we now prove
the theorem and its generalization.
Proof . From the properties of reduced systems, we have

P
> jemnk, xz;p)

m=1 y mod p
< p-l p-l B e i

:z Z IZZ }((ab)e(w)‘2
m=I ymodp a=l b=l

g gege  mb@ -1)-d“(c —D]+nb@-1)-d(c-1)]
;,{m\)dp lhlzldzl x(@c)e( ) )

From the orthogonality relation for Dirichlet character y

mod p* ,we have
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Note that if (k,p—1)=1, th
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a* —1=0(mod p) < a—1=0(mod p).

if (K, p—1)=1, let r be arbitrary integer with (r,p)=1, . o | b, a“ +na
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