Xizhen HU', Chongchao HUANG' , Aihua LUO" 2, Hua CHEN"?

School of Mathematics & Statistics, Wuhan University(1) South-Central University for Nationalities(2)
Hubei University of Technology(3)

A non-interior-point algorithm predictor-corrector algorithm for
Variational Inequality Problem with equality linear constraints

Abstract. We present a noninterior-point predictor-corrector algorithm for variational inequality Problem with equality linear constraints based on
Chen-Kanzow-Smale smoothing techniques. This method is based upon a modified predictor-corrector interior-point algorithm. It is established the
global linear convergence.

Streszczenie. W artykule przedstawiono metode punktéw nie-wewnetrznych predykator-korektor, uwzgledniajgcy nieréwno$ci wariancyjne z
liniowym ograniczeniem liniowo$ci. Jego dziatanie oparto na technice Chen-Kanzow-Smale oraz zmodyfikowanej metodzie punktéw wewnetrznych
predykator-korektor. Analizie poddano liniowg zbiezno$¢ algorytmu. (Metoda punktéw nie-wewnetrznych predykator-korektor w rozwigzywaniu
nieréwnosci wariancyjnych z liniowym ograniczeniem réwnosciowym).
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Stowa kluczowe: nieréwno$c¢ wariancyjna, predyktor-korektor, metoda punktu nie wewnetrznego, liniowe ograniczenie rownosciowe.

Introduction

The finite-dimensional variational inequality (VI)
provides a broad unifying setting for the study of
optimization and equilibrium problems and serves as the
main computational framework for the practical solution of a
host of continuum problems in the mathematical sciences.
Extensive studies on theoretical aspects and computational
of VI have been done. For a detailed review, we refer to the
monographs[1-4].

In this paper, we consider the following variational
inequalities problem(VIP):

Problem1.1 Find X € K such that
™) (t-x) f(x)20 VteK

Where K = {AXZb,XERn} , AcR™ and R(A) =m,

f(x):R" - R" is a vector-valued functions and is ¢ -

monotone on R" .
The KKT system of the problem1.1 can be cased as
NCPs as follows

Problem1.2
Ax=b
Ty
) f(x)-A" y-z=0
xT =0

Note S :{(x,y,z)‘Ax:b,f(x)—AT y—z:O,sz,zzO} ,  we

+

assume the set S = {(x,y,z)‘(x,y,z)es,x>0,z>0} is

nonempty. The path to be followed is the central path

C-= {(x,y,z):Ax:b,f(x)—AT y—2=0,Xz=4>

e,x>0,z>0,y>0}
We denote by eeRn the vector each of whose
components is 1 and by X the diagonal matrix whose

diagonal entries are given by the vector x e Rn .The
algorithm is based on Chen--Harker---Kanzow---Smale
smoothing techniques [5-7] and as such relies on the
function

@) #(ab.u) = a+b—(ab)?+asu>

This function is a member of the Chen—Mangasarian
class of smoothing functions for the problem LCP(q, M ). It

is easily verified that for x> 0 :

) #(ab,u) =0 ifand onlyif a > 0,b > 0,ab = x°

We develop a predictor-corrector path following
algorithm for solving Problem1.2, based on the idea which
is first non-interior predictor—corrector strategy proposed
for following the central path. The central idea is to apply
Newton’'s method to equations of the form

F(x,y,z,y):v for appropriate values for V where the

function F : Rn ><Rm an ><R_'_+ - Rm an ><Rn xR | is

++
given by:
Ax-b
-
(5) F(x,y,z,1) = f(x)-A"y-2
#(x.z2,u)
Y7
with
#(x1,21,4)
(6) p(x.2,u) = :
#(Xn-zn-4)

Note that F (x,y,z,y):O if and only if x solves
Problem1.2. We take the set:

Ax—b=0, f (x)—A-r y-2=0

7) N = Y,
O N 2] ol frsomei

as our neighborhood for the central path, where £ >0
is given. For u > 0, this neighborhood can be viewed as the
union of the slices

Ax—b=0, f (x)—AT y-2=0

®  N(Bu)=1(xy.2)
#(x,2,1)<0¢(x,2,1)|[<Bu
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A Predictor-Corrector Algorithm
In this section, we state our predictor—corrector algorithm
and show that it is well-defined. The algorithm:

Step0 (Initialization) Choose (XO,yO,ZO) cR"xR™xR"

set k=0, Axozb, Vf(xo)Txo_A W0 -2%—0 and let

Ky > 0 be such that ¢(X0,y0,20,,u()) < 0.choose fso that

H«ﬁ(xo,yo,zo,uo)

(xo,yo,zo) e N(p,ug) -choose y,a; and a, from (0,1).

< pug -we now have

Step1(the predictor step) Let (Axk,Ayk,Azk) solve the
equation:
k

F (xk,yk,zk,,uk) + VF (xk,yk,zk,,uk)T Ayt =0
Az

Apg

AX

C)

If H¢(Xk+AXk,Zk+AZk,0)H =0, then stop and

(xk+Axk ,yk+Ayk ,zk+Azk) solves Problem1.1.

else let i be the first element in the sequence

{l,al af} such that

(10) Hgb(xk-s-rkAXk,zk+rkAZk,rkyk) <7 Buy

and set X = xk +rkAxk,§/k = yk +rkAyk,

.k k k .
(11) 7 =z +TkAZ A =T

Step2 (the corrector step) Let (A)"(k,Ayk,Aik,A,[zk) solve the
equation
ok
(12) . AXk 0
F (%55 2K )+ v (1K gk 2k )| |- 3
| L0-7)i

--such

and let /Ik be the maximum of the values l,az,ag,-

that

(13) Hqﬁ(f(kwlkAxk,2k+/1kAzk,(1—y/1k)ﬁk)

< (1= ) Bit

k+1 k k  k+

Set x =X +/1kAx LY 1:?k+/1kAyk,

k+1 .k k .
z =+ QA = (l—y/lk)yk (14)

and set k=k+1 return to step 1.

Theorem1 nonlinear system of equations (9) and (12)

has a unique solution, i.e. the matrix

A ° ° is nonsingular
T vt -AT ’
VF(x,y,z,u) =
Vxd(X.z.1) O Vyh(X.z,u) Vu:p(x,z,y)
(o] o o |
where

v, #(x.2.4) = diag L(Z’b’#) 2= diag | 1AL |,
a _
b=z (xi—zj) +a42
u=p
| og(ab.u) a=x |’ ag(abu)|a=
V_¢(x,z,u) = diag| ———~ — di -0.H)la=x
Z¢( ) g b by V#qﬁ(x,z,y) diag P
u=p u=p
Convergence Analysis
We are now ready to establish the global linear

convergence of the algorithm.
Theorem 2 (global linear convergence) Given £ > 0 and

#0>9 e assume that HVF(X’y,Z)()‘(,)?,i,y)_lH < C for all

(Ak ok 5K

O<u< g and 90,2 )e N (,B,,uk) Let

(xk,yk ,Zk,/lk ) be the sequence generated by the algorithm.

If the algorithm does not terminate finitely at the unique
solution to Problem1.2, then for k = 0,1,---,

(15) (xyK.2) e N (50n)

(16) (1=rAk-1) 7y - (1=A0) 72z = 11
with

(17) ()8

/1k > 2 =minil, 2
Cz(/ﬂzﬁ;/) +\/ﬁ;/2+y(l—y)/}
where C is the constant. Therefore . converges toOata

global linear rate. In addition, the sequence (xk,yk,zk)

converges to the unique solution of Problem1.2.

Proof. Since A(xk+Axk) = Axk +AAX =D

v (xk)T (x+Axk)— AT (yk+Ayk)—(zk+Azk)
= Vf (xk)T xk +—AT yk - zk +[Vf(xk)T Axk—ATAyk—Asz =0
First note that the componentwise concavity of ¢ implies

that for any (x,z) e R2" with u>0,and (Ax,Az) e R>"one
has

¢ (x+AX,24+A7) < $(x,2) + V¢(x,z)T Kﬂ

Look at the Newton equations (9) and (12). In (13), we
have A/}k = —(l—y/lk),[tk ,50 (23) reducing to the system
AsK=o
T
Vf()‘(k) ARK_ AT agk_azk =g
T T
vx¢(xk,2k,ﬁk) Ax+Vz¢(>"<k,2k,[zk) Az

;
(%2 1 )i (%€ 2 e |
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In either case, ¢(xk+1,zk+1,yk+1) <0 For sake of
simplicity, set (x.y,2,1) = (%,9.2,42) and
(Ax,Ay,Az) = (A%,A9,A2) , then for ie{l2,--n} and

2 €[0,], then,
H¢(x+le,z+/1Az,(1—;/ﬂ,)y)H
H(AX a2’

L e

S L e

[H (x|

<(1-4)|4(%.2. ¢ H+7[H (Ax.Ay.Az)| +\/_;/2,uz}

<(1-2) Bu+

(1%)[&(“2@) )

Where the last inequality follows from (17) and part (iv) of
Lemma 2 in [11] .This yields the bound

H(Ax,Ay,Az)H < Hv(x,y,z)F(XaysZ’ﬂ)H

eOxz. ¥ u(x2.00| | < C (4237 )

It is easily verified that

2 [ 2 2
(1-2) Bu + =) {C (B+2ny ) +4ny }u < (1-92) pu
Whenever
(1-r)p

A<
Cz(ﬂ+2\/ﬁ;/)2+\/ﬁyz+7(l—7)ﬂ

Therefore

(1-7)B
Cz</3+2x/ﬁ}/)2+\/ﬁy2+y(l—y)ﬂ

lk > min 1,

To conclude, just as in (15),the relations (16) and (17)
combined with part (iv) of Lemma2 in [11] yield the bounds
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H(Axk Ayk Az ) (,B+2\/_)

and

H(A)?k,Ayk ,Aik) < c(pran) u

Since 0 <y <land 0< ’lk <1 for allk . therefore ,

(Xk+1 k+1’zk+l) ( oK K k)

Y2

< (Axk,Ayk,Azk) +

c(p+24n) (17)" Ho

>y

A c(p+2vn)

‘(Ax AR Az )

k kK

Hence, (x Y ,2Z ) is a Cauchy sequence and so must

converge to the unique solution of Problem1.2.
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