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Exact closed form formula for mutual inductance of conductors

of rectangular cross section

Abstract. In this paper, using a definition of a mutual inductance for two conductors of any shape and lengths, the new exact closed
formula for mutual inductance between two rectangular bars of any lengths is proposed. In the case of direct current (DC) or low frequency
(LF) this inductance is given by analytical formula. The mutual inductance between two thin tapes of any lengths is also presented.

Streszczenie. Stosujgc definicje indukcyjnosci wzajemnej miedzy dwoma przewodami dowolnych ksztattéw i dftugosci w pracy
zaproponowano nowy doktadny wzér na obliczanie indukcyjno$ci wzajemnej miedzy dwoma przewodami o przekroju prostokgtnym i
dowolnej dtugo$ci. W przypadku pradu statego lub niskiej czestotliwosci indukcyjno$¢ te wyrazono wzorem analitycznym. Podano rowniez
wzor na indukcyjno$¢ wzajemng miedzy dwoma przewodami tasmowymi o dowolnej dtugosci. (Doktadny wzor na indukcyjnosé

wzajemng przewodoéw o przekroju prostokatnym)
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Introduction

The real system lumped conductors can be modeled by
a connection of resistances, self and mutual inductances.
The self and mutual inductances play an important role not
only in power circuits, but also in printed circuit board (PCB)
lands [1-8]. Formulae for the mutual inductances of set of
conductors of rectangular cross-section are the subjects of
many electrical papers and books. They are mathematically
complex and their demonstrations are usually omitted and
only the approximate formulae are given as thought they
were exact. The most significant of them are: Grover's
given in [2, 3, 9, 10], Kalantarov and Tseitlin’s presented in
[11], Strunsky’s shown in [12], Ruehli’'s presented in [10]
and [13] as well as Hoer and Love’s shown in [3], [10] and
[14]. The formulae for the mutual inductances between two
long rectangular conductors of any transversal dimensions
and thin tapes are given in [15]. The mutual inductance can
be calculated by many numerical methods. Zhong and Koh
express in [16] the mutual inductance as a weighted sum of
self inductances.C. R. Paul in [3] considers breaking the
cross section of a rectangular conductor into “subbars” of
rectangular cross section. Then the mutual inductance
between the subbars is approximated as between filaments
at the centers of the subbars. All the subbars are connected
in parallel and from this circuit he determines the “self and
impedance” matrix. Finally he obtains the effective
impedance and mutual inductance between bars from it.
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In this paper a new method for calculating mutual
inductance between two rectangular conductors of any
transversal dimensions and any lengths is presented. The
method results in a system of two integral Fredholm’s
equations. We compare our analytical formulae with several
well-known ones given in the literature for DC, low
frequency or parallel thin tapes.

We consider a general case of two parallel conductors
of rectangular cross section shown in Fig.1. The positions of
conductors are determined by coordinates of diagonal

corner points:  (sy,55,59), (55,8¢,89) of the first wire of
dimensions a; xb; x/; and (s3,57,8,;), (S4,55,55) Of
the second wire of dimensions a, xb, x/,. We assume the
conductors to be parallel.

Definition of mutual inductance
The definition of mutual impedance between two straight
conductors is given in [17, 18] i.a. by following formula

jou, 'H‘lzz(Y)ll*l(X) dv dv,

(1) Zy=""—=
. 4n ll!z vV, Pxy

where JZZ(Y) is the complex current density at source

point Y =Y(x,,y,,2,)€S,, 11‘1 (X) is the complex
conjugate current density at point of observation
X=X(x,y,z)esS,, vy and v, are conductors’
volumes. Distance between the point of observation X and
the source point Y (Fig.1) is

DPyy = \/(x2 —x) +(,— ) +(z,—2z) . If conductors have

a constant cross-sectional area Si1 and S, along theirs
lengths, in case of DC, low frequency (for busbars of
dimensions used in electrical power distribution system [1])
or for a thin strip conductors (in printed circuit board [2-8])
we can assume that the current density is constant and
givenas J, (X)=1,/S,and J,,(Y)=1,/S, then, from
the formulae (1), we obtain the mutual inductance between
two straight parallel conductors

2) M:M12:M2|:4EI;OS .H.
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dv,dv,
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Mutual inductance between parallel conductors of
rectangular cross section
The mutual inductance between two rectangular

conductors of dimensions a, xb, xI, and a, xb, x[,
shown in Fig. 1 is given by formula

3) Y —
4ma,a,b b,
where
S1251058 56 54 52 1
(3a) F= I J.J.J.J.J._dxldXZdyldyZdzleZ
ped

811898785 8351
is a sixtuple definite integral of an integrable function p;(;

of six variables (x,,x,,¥,,¥,,2,,2,) -
In general case this integral is very difficult to calculate.

But in our case we can put x=x,-x,, y=y,-),
z=2z,—1Z
integral

and first to calculate a sixtuple indefinite

@) F(x,y,z)=jjjjjjmdxdxdydydzdz

of a function

(4a) P (6, 3,2) = (¥ 4y +22)2

of three variables (x,y,z)- twice with respect to x, twice

with respect to y and twice with respect to z. After each
double integration we omit terms which depend only on one
or two variables - they are constants with respect to the
considered variable. We can also omit terms proportional to

one variable like H(x,y,z)=xg(y,z).

Finally, after a lengthy integration, formula (4) yields an expression for sixtuple indefinite integral

Xy

1 12xyz(zztan'l ﬁ
F(x,y,z)=— ZA X+ Y +z
(x.,2)=— v

®)

6
g(x4 +y 42t =327 = 3x% 7 -3y A N+ 2 -

+ yztan'1

3x(y* -6y°z* +z4)ln(x+\lx2 +y° +22)—3y(x4 —6x°z° +z4)ln(y+ X2+ +22)—
3z(x* — 6x7y? +y4)ln[z+,bc2 +y? +zz)

+ x*tan™

Xz yz _
ya x>+ yr 42 xylx>+ Y+ 27

Now, at the first step, we calculate double definite integral with respect to x variable receiving following function

©) Fo =[Pyl () =[Fe 0] (0 =3 1Y Fp,,p.2)

The second step gives the function

0 FO=[Fa] O =[Fr.)0) =S Fg,.2) = {[F(x,y,zﬂ p(‘icﬂ?’yqi -

S5—S7,86—Sg 92-94 J=1

And, finally we have

i=4 j=4

(1Y F(p,q,,2)

P2:Ps {92594 i=l j=1

i=4 j=4 k=4

®  F=[Fe)] & =[F@le) =3 ) )= H[F(x, ».2)] ()} (y)} @=3 35S M Fpq,m)

S9 =811, 5107512 Ty k=l

P2>Ps 9294 |20y =l j=1 k=1

Hence the mutual inductance between two parallel conductors of rectangular cross section is given by following

formula

1

&) M="—————
4n a,a, b b,

[iresonans |55 -

q2:Ps | 92:94 | 12574
where a, =5, —5,, b =54 — 55,

Mutual inductance between two parallel thin tapes
The mutual inductance between two parallel thin tapes

of widths a;, and a,, lengths I, and [, respectively,
thickness b, =0 and b, ~0 and distance d between them
(Fig.2) is given by formula

1
(10) M=t F
4n a, a,
where
S12 81954 53 dxldxzdzldzz

r- ]

,v,l,vg,:':S, \/dz +(.X2 _.Xl)z +(22 —21)2

na a,b b, 357

)™ F(p.g,.n)

a, =8,—83, by, =54 —5,, [, =5,—5, and [, =5, =5, .

is a quadruple definite integral of four variables
(x,,%,,2,,z,) into which the distance d=s, -5 is
measured from the plan of the first tape to the plan the
second one. Now we can put x=x, —x, and z=1z, —z
and first to calculate a quadruple indefinite integral

dxdxdzdz
Fea)= )l ———
d +x"+z
twice with respect to x and twice with respect to z. Finally,

after a lengthy integration, formula (11) yields an expression
for quadruple indefinite integral

(11)
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—d zln[z+\/d2+x2+zz)+
2 2
z 2d xln[x+\/d2+x2+zz)—
%(x2—2d2+22}\/d2+x2+22—

Xz

dNd*+x*+72°

Hence the mutual inductance between two thin tapes is
given by following formula

Fx,z)="2

(12)

d x z tan

11573

[[F(x 2) ('xﬂ(z) -

P2>Ps_| 1251y

(13)

i=4 k

( )" F(p,,r)

4““1 2 =l k=1

where p, =s—a,, p,=s+a,—a;, p;=s+a,, p,=S, them and without

Fig. 2. Two parallel thin tapes with parallel widths

It is exactly the Hoer's formula given in [14]. For the
same two tapes of width a =a, =a,, distance d between

displacement (s = s, =5, = 0) the mutual

n by following formula

—2d*+a*Na®>+1* +d* -

=8 =8, 1, =8 —8,1=8,—s;and r, =5, —5,. inductance is give
%d3+§(a2—2d2}\/a +d + ( —2d° NP +d” - (
al ( a +d2)( a+va®+1* + dz)
dadltan” —————+ad’ In
dva® +1% +d? ( a+va?+d? )(a+\/a +l2+d2)
1
(14) M=Z—:t—2 (Z+x/a2+d2J(—l+\/a2+lz+d2j
a

Id* In

+
[—l+x/a2 +d2)[1+x/a2 +17 +d2)
(a+\/a2+lz+d2) (l+x/a2+lz+d2J

al* In +a*lln

(—a+\/a2+lz+d2) (—l+x/a2+l2+d2)

Computational results

For the chosen transversal dimensions and different

Table 1. Mutual inductance between two busbars of rectangular

cross section for DC or low frequency.

lengths of a busbars the calculations of their mutual
inductance have been made according to all previous,

shown above, formulae — Table 1.

For the mutual inductance of thin tapes of width a,
thickness b and length / above formulae gives results sown

We have defined the mutual inductance of two

conductors of any shape and any length given by sixtuple

Two busbars: ¢ =0.08m; b5=0.007m; d=2a
I (m) Ruehli Grover | Strunsky Hoer Eq. (9)
L(nH) | L(H) | L(H) | L(H) | L(H) | in Table 2.

0.10a | 0.03999 | 0.03999 | 0.03998 | 0.03922 | 0.03922

1.00 @ | 3.92230 | 3.92230 | 3.92169 | 3.84978 | 3.84978 Conclusions
10.0a | 238.821 | 238.821 | 238.800 | 236.249 | 236.249

100 a | 5800.11 | 5800.11 | 5799.86 | 5769.18 | 5769.18
1000 a | 94556.0 | 94556.0 | 94553.5 | 94240.4 | 943734

definite integral. For rectangular conductors the limits of this

cross section for DC or low frequency.

Table 2. Mutual inductance between two thin tapes of rectangular

integral are given by coordinates of diagonal corner points
of the first conductor and the second one. In the case of
DC or low frequency we have given general formulae for

the mutual inductance of conductors of rectangular cross
section of any dimensions including the thin tapes. These

formulae can be used for any dimensions of conductors and

By computations we have shown that our formulae

give the same results as first of all Hoer's ones for all
In addition we have also

forms for the mutual inductance

between the thin tapes. Of course they give the same

formulae. Our formulae are

Two thintapes: a=0.5um; b=0.1um; d=2a
I (m) Ruehli Grover | Strunsky | Eq.(9) Eq. (14) for an tion b h
L (pH) L (pH) L (pH) L (pH) L (pH) y position between them.

0.10 a | 0.00024 | 0.00024 | 0.00024 | 0.00024 | 0.00024

1.00 a | 0.02451 | 0.02451 | 0.02449 | 0.02408 | 0.02408 dimensions of conductors.
100a | 149263 | 1.49263 | 149195 | 1.47715 | 147715 | obtained analytical

100 a | 36.2507 | 36.2507 | 36.2425 | 36.0634 | 36.0634
1000 a | 590.975 | 590.975 | 590.892 | 589.003 | 589.010 results as the general
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analytically simple and can also replace the traditional
tables and working ones.

These formulae can be used in the methods of
numerical calculation of AC mutual inductance of
rectangular conductors. Then the cross sections of the
conductors are divided into rectangular subbars
(elementary bars) in which the current is assumed to be
uniformly distributed over the cross section of each subbar.
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