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Searching for Pythagorean triples in FPGA

Abstract. In this paper a new method for the calculating the Pythagorean triple is proposed which provides the deriving such a triple without solving
the complex combinatorial task. Pythagorean triples provide the simple method of deriving exact values of trigonometric functions. The designed
module, which calculates Pythagorean triples, is configured in FPGA, and can calculate the triple for a single clock cycle. This module can be used
in the application specific processors for the linear algebra problem solving and digital signal processing.

Streszczenie. W artykule przedstawiono metode obliczania tréjek pitagorejskich, ktéra w poréwnaniu z innymi metodami, nie zawiera ztoZzonych
obliczern kombinatorycznych. Obliczone trojki pitagorejskie moga stuzy¢ do obliczania doktadnych warto$ci funkcji trygonometrycznych.
Zaprojektowana architektura obliczeniowa, stuzgca do obliczania takich trojek, zostata zaimplementowana w uktadzie FPGA. Zaprojektowany modut,
w przeciwienstwie do innych powszechnie znanych (np. CORDIC), pozwala na obliczenie tréjki dla zadanego kata w jednym takcie zegarowym.
Zaprojektowana architektura moze by¢ wykorzystywana do obliczania np. algorytméw algebry liniowej lub w szeroko pojetym cyfrowym
przetwarzaniu sygnatéw. (Implementacja wyszukiwania trojek pitagorejskich w uktadach FPGA).
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Introduction
There are many methods for calculating of trigonometric
functions in FPGA. One of the most used methods is based
on the table function, and is limited by the volume of the
inner ROM of the device [1]. The interpolating polynomial
evaluation method, for example, the Tailor polynomial
method needs a lot of additions and multiplications of the
data with the large bit width to derive results with the proper
precision [1,2]. Two decades the CORDIC method is widely
used in FPGA to calculate the different trigonometric
functions [1,3,4,13]. The only disadvantage of this method
consists in that for n precise output data bits this algorithm
takes n sequential iterations. As a result, the CORDIC
algorithm has long latent delay of calculations.

In the article a new method for calculating the
trigonometric functions in FPGA is proposed, which is
based on the properties of the Pythagorean triples.

Pythagorean triples and their properties
The solution of the Pythagorean problem consists in finding
all square triangles with the natural sides a,b,c, i.e. in
solving the Diophantine equation [5] a? + b? = ¢?
This equation can be rewritten as follows.

a? | b?
(1 =t== 1
It is the equation of the circle with the radius one, for which
the following relation is satisfied:

(2) sin?g + cos?p =1

where ¢ = atan(a/b). Formulas (1) and (2) show that for
some angles ¢ the sine, cosine, and tangent values are
equal to the rational fractions:

(3) sing =a/c,cosp =b/c,tanp = a/b

Therefore, one can get exact values of trigonometric
functions (3) deriving the proper Pythagorean triple (a,b,c)
for the given angle ¢’. The problem is how to find the triple
(a,b,c), which provides the satisfactory error € of the angle
representation.

The Pythagorean problem can be solved by a set of
methods [5,6,7]. All of them are combinatorial ones. For
example, Euclid has provided a formula for finding
Pythagorean triples from any two positive integers m and n,
m > n, namely [5,14]:

4) a = m? — n%b = 2mn;c = m? + n

Traversing m and n, we can find a couple m, n, which satisfy
£<|¢’ — ¢|, where ¢ = atan(a/b). The searching area is
minimized using the formula [5]

®) TR

where r = tan ¢’. Due to the formulas (4), (5) the calculation
of trigonometric functions using the Pythagorean triple is
more complex than the usual methods. But it is reasonable
to form the table of triples which are found for different
angles. For the small angles ¢ the formulas are known,
which depend on a single argument:

(6) a=2n+1b=2n*4+2nc=2n*+2n+1;
(7) a=4n; b=4n?> — 1; c=4n%*+ 1,

so that ¢~ tan ¢ ~ 1/.

If we consider not natural but integer values of a, b then we
get the generalized Pythagorean triples [6,7]. For such
triples the operation of the angle addition operation is
defined, which mimics complex multiplication. Consider two
triples (ag,b1,c1), (az,bz,c,) with the angles ¢y, ¢, respectively.
Then [5]

(8) (a,b,c) = (ay,by,¢1)@(az, by, c3) =
(aiby + biaz , bib; —a,ay,¢1¢5).

The generalized Pythagorean triples with the angle addition
operation @ form the abelian group [6].

Using Pythagorean triples in computation

The algorithm, which is implemented in FPGA as a
hardware unit, must be the determined algorithm. This
means that the algorithm flow does not depend on the input
data; if the algorithm has a set of stages, then the number
of them has to be predefined. Therefore, the algorithms,
based on the combinatorial search, usually do not fit FPGA
implementation. The two staged schema of the
Pythagorean triangle search is proposed. The schema is
based on the operation of angle addition (8). This means
that the given angle ¢’ is represented by the sum of angles
@ = ¢+ ¢, At the first stage the triple (a;,by,ci) is
searched, for which the angle ¢, = ¢’y + &, differs from the
given value ¢, to the difference J,;. At the second stage the
triple (az,b,,c,) is searched for the angle ¢, = ¢’, — J,4. The
resulting Pythagorean triangle is calculated by the formula
(8). It represents the angle

9 =9+ @, = @1 +or+ 8,

134 PRZEGLAD ELEKTROTECHNICZNY, ISSN 0033-2097, R. 89 NR 10/2013



where J,; is the error of the angle ¢’ representation.

The angle ¢’; can be represented by the higher bits of
the code ¢’, and the angle ¢’, can be represented by the
lower bits of it. Then the first stage of the schema can be
implemented in the ROM, for which the code ¢’; is an
address input. Consider that the least significant bit of the
code ¢, is equal to 2" i.e. Opp < /2", and we take into
account, that n » 14an ¢,. Then the second stage can be
calculated by the formula (6), when ¢, < n/512, and by the
formula (7), when ¢, < 7/1024.

The structure of the module, which performs the search for
the Pythagorean triple for the angles 0 < ¢’ <n/4, is shown
in the fig.1. The input phase code is stored in the register
RGP. The most significant bits of the code select a
Pythagorean triple (a3,b;,¢1), and the angle error value &, in

ROM1. The corrected value ¢, of the angle ¢’,, which is
given by the least significant bits of RGP, is formed by the
adder SM1, and selects the second Pythagorean triple
(a2,b,,¢,) in ROM2. The multipliers MPU, and adders SM1,
SM2 calculate the formula (8).

For example, consider the phase ¢’ = n/6 is given. It is
represented by the code 85-27+43, which is stored in RGP.
The triple (120,209,241), and the error code -7 are read
from ROM1 by the address 85. The code to select the
second triple is @ = ¢, -9, = 43+7 = 50. This code
represents the angle 0.0024. Then the factor n is equal to
n = ]1/tan(0.0024)[ = 417. Due to the formulas (6), the se-
cond Pythagorean triple is equal to (835, 348612, 348613),
and it is read from the ROM2 by the address ¢, = 50.

E

Fig.1. Structure of the Pythagorean triple calculator

The resulting Pythagorean ftriple, calculated due to the
formula (8), is equal to (42007955, 72759708, 84015733). It
represents the angle n/6 with the error 1.476-10"° radians,
which is equal to 0.31 of the least significant bit in RGP.

The structure in the Fig.1 is implemented in the Xilinx
Artix XC7A20SL, and occupies 235 LUT flip-flop pairs, and
8 multipliers DSP48E1. The maximum clock frequency
achieves 135 MHz, when the usual synthesis constraints
are used. This frequency can be much higher when the
pipelining technique is used. If the fixed point results are
needed then the division unit has to be attached, which
hardware volume is no higher than four hundreds LUTs for
the 16-bit result. The CORDIC module with the same
precision, has, at least, in four times higher hardware
volume, estimated in LUT flip-flop pairs, and the latent
delay, which is higher in one degree of magnitude [13].

Conclusions

The Pythagorean triple provides the simple method of
deriving the exact values of trigonometric functions. Such a
triple can be found by a set of methods. But all of such
known methods are combinatorial ones, and therefore, are
ineffective ones for implementing in FPGA. A new method
for the calculating the Pythagorean triples is proposed,
which is based on the two step algorithm. The module
which implements this algorithm is configured in FPGA with
small hardware volume, and can calculate the triple for a
single clock cycle. This module can be used in the
application specific processors for the linear algebra
problem solving, digital signal processing, and in many
other fields.
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