
PRZEGLĄD ELEKTROTECHNICZNY (Electrical Review), ISSN 0033-2097, R. 88 NR 9a/2012                                                     175 

Zygmunt PIATEK1, Bernard BARON2, Tomasz SZCZEGIELNIAK1, Dariusz KUSIAK1, Artur PASIERBEK2 

Czestochowa University of Technology (1), The Silesian University of Technology (2) 
 
 

Mutual inductance of long rectangular conductors 
 
 
Abstract. In this paper, using a definition of a mutual inductance for two conductors of any shape and finite lengths, the new exact closed 
formula for mutual  inductance between two long rectangular bars is proposed. In case of direct current (DC) or low frequency (LF) this 
inductance is given by analytical formula. The mutual inductance between two long thin tapes is also presented.  
 
Streszczenie. Stosując definicję indukcyjności wzajemnej między dwoma przewodami dowolnych kształtów i skończonej długości w pracy 
zaproponowano nowy dokładny wzór na obliczanie indukcyjności wzajemnej miedzy dwoma długimi przewodami o przekroju prostokątnym. 
W przypadku prądu stałego lub niskiej częstotliwości indukcyjność tę wyrażono wzorem analitycznym. Podano również wzór na 
indukcyjność wzajemną między dwoma długimi przewodami taśmowymi. (Indukcyjność wzajemna długich przewodów o przekroju 
prostokątnym)  
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Introduction 

Real system lumped conductors can be modeled by a 
connection of resistances, self and mutual inductances. The 
self  and mutual inductances play an important role not only 
in power circuits, but also in printed circuit board (PCB) 
lands [1-3]. Formulae for the mutual inductances of set of 
conductors of rectangular cross-section are the subjects of 
many electrical papers and books. They are mathematically 
complex and their demonstrations are usually omitted and 
only the approximate formulae are given as thought they 
were exact. The most significant of them are: Grover’s 
given in [2-5], Kalantarov and Tseitlin’s presented in [6], 
Strunsky’s shown in [7], Ruehli’s presented in [5] and [8] as 
well as Hoer and Love’s shown in [3], [5] and [9]. The 
mutual inductance can be calculate by many numerical 
methods. Zhong and Koh express in [10] the mutual 
inductance as a weighted sum of self inductances. C. R. 
Paul in [3] considers breaking the cross section of a 
rectangular conductor into “subbars” of rectangular cross 
section. Then the mutual inductance between the subbars 
is  approximated as between filaments at the centers of the 
subbars. All the subbars are connected in parallel and from 
this circuit he determines the “self and impedance” matrix. 
Finally he obtains the effective impedance and mutual 
inductance between bars from it. 
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Fig. 1. Two parallel conductors of rectangular cross section with 
currents 1I  and 2I  

 
In this paper a new method for calculating mutual 

inductance is presented. The method results in a system of 
two integral Fredholm’s equations. We compare our 

analytical formulae with several well-known ones given in 
the literature for DC, low frequency or parallel thin tapes. 

We consider a general case of two parallel conductors 
of rectangular cross section shown in Fig.1. The positions of 
conductors are determined by coordinates of diagonal 
corner points:  ),,( 951 sss , ),,( 1062 sss  of the first wire of 

dimensions 111 lba   and  ),,( 1173 sss , ),,( 1284 sss  of 

the second wire of dimensions 222 lba  . We assume the 

conductors to be parallel.  
 

Definition of mutual inductance 
The definition of mutual impedance between two straight 

conductors is given in [11, 12] i.a. by following formula 
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where  YJ 22  is the complex current density at source 

point 2222 ),,( SzyxYY  ,  XJ *
11  is the complex 

conjugate current density at point of observation 

1111 ),,( SzyxXX  , 1v  and  2v  are conductors’ 

volumes. Distance between the point of observation X and 

the source point Y (Fig.1) is 2
12
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2
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2
12 )()( yyxxrXY  . If conductors have a 

constant cross-sectional area S1 and S2 along theirs 
lengths, in case of DC, low frequency (for busbars of 
dimensions used in electrical power distribution system [1]) 
or for a thin strip conductors (in printed circuit board [2, 3]) 
we can assume that the current density is constant and 
given as 1111 /)( SIX J and 2222 /)( SIX J  then, from 

the formulae (1), we obtain the mutual inductance between 
two straight parallel conductors 
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Mutual inductance between parallel conductors of 
rectangular cross section 

The mutual inductance between two rectangular 
conductors of dimensions 111 lba   and 222 lba   

shown in Fig. 1 is given by formula 
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The double definite integral 
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If XYrl   the function ),( yxf  becomes 
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and the mutual inductance between two rectangular 
conductors expresses by formula 
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is a quadruple definite integral of four  variables. In general 
case this integral is very difficult to calculate. But if we 
substitute 12 xxx   and 12 yyy   then (7) becomes 
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and now we determine the mutual inductance between two long parallel conductors of rectangular cross section 
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In the particularly case if 01 s , 342 ssas  , 075  ss , bss  86  and distance between bars is 3sd   the 

conductor are the same and mutual inductance between them is given by following formula  
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On the basis of (10) we have the analytical formula for the mutual inductance between two long parallel straight 
conductor of rectangular cross section 
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For the chosen traverse dimensions and different lengths of two the same busbars the calculations of their mutual 

inductance have been made according to all previous, shown above, formulae – Table 1. 
 

Table 1. Mutual inductance between two busbars of rectangular cross section for DC or low frequency 

Busbar:  adba  2     m; 007.0     ; m 08.0       

 

l (m) 

Ruehli 

L (nH) 

Grover 

L (nH) 

Strunsky 

L (nH) 

Hoer 

L (nH) 

Eq. (3) 

L (nH) 

Eq. (11) 

L (nH) 

0.01 a 0.000399 0.000399 0.000399 0.000392 0.000392 negative 

0.10 a 0.039991 0.039991 0.039985 0.039226 0.039226 negative 

1.00 a 3.922301 3.922301 3.921699 3.849786 3.849786 negative 

10.0 a 238.8215 238.8215 238.8005 236.2490 236.2490 211.9011 

100 a 5800.112 5800.112 5799.862 5769.184 5769.184 5803.147 

1000 a 94556.06 94556.06 94553.52 94240.43 94373.47 94872.83 
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Mutual inductance of thin tapes 
For two parallel long thin tapes of widths 1a  and 2a , the same length l , thickness 01 b  and 02 b  and distance d  

between them the function ),( yxG  becomes 
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In the particularly case if 031  ss , ass  42 , 065  ss  and distance between tapes is 6857 ssssd   the 

conductors are the same and mutual inductance between them is given by following formula  
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On the basis of (13) we have the analytical formula for the mutual inductance between two long parallel straight thin 
tapes 
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For the mutual inductance of two the same thin tapes of width a, thickness b and length l above formulae give results 
sown in Table 2. 

 
Table 2. Mutual inductance between two thin tapes of rectangular cross section for DC or low frequency 

Thin tapes:  adba  2     m; 1.0     ; m 5.0    

 

l (m) 

Ruehli 

L (pH) 

Grover 

L (pH) 

Strunsky 

L (pH) 

Hoer 

L (pH) 

Eq. (3) 

L (pH) 

Eq. (14) 

L (pH) 

0.01 a 0.000002 0.000002 0.000002 0.000002 0.000002 negative 

0.10 a 0.000249 0.000249 0.000249 0.000245 0.000245 negative 

1.00 a 0.024514 0.024514 0.024494 0.024088 0.024088 negative 

10.0 a 1.492634 1.492634 1.491952 1.477150 1.477150 1.282709 

100 a 36.25070 36.25070 36.24254 36.06343 36.06343 35.85295 

1000 a 590.9754 590.9754 590.8924 589.0107 589.0030 588.7880 

 
Conclusions 

The mutual inductance between two long parallel 
conductors of rectangular cross section and of any 
dimensions including the long thin tapes are given by 
coordinates of diagonal corner points of the first conductor 
and the second one. These formulae can be used for any 
dimensions of long conductors and for any position between 
them. 

In addition we have also obtained analytical forms for 
mutual inductance between long rectangular conductors as 
well as between the long thin tapes. Our formulae are 
analytically simple and can also replace the traditional 
tables and working ones. 

These formulae can be used in the methods of 
numerical calculation of AC mutual inductance of 
rectangular conductors.  
 
Acknowledgments 

This work is financed by the National Science Centre, 
Poland as research project N N511 312540. 

 
REFERENCES 

[1] Ba lze r  G. et al: Switcher Manual. 10th edn., ABB Calor 
Emag Mittelspannung GmbH, Ratingen 2004. 

[2] Kaz imie rczuk  M.  K .: High-Frequency Magnetic 
Components. J Wiley & Sons, Chichester, 2009. 

[3] Pau l  C .  R .: Inductance: Loop and Partial. J Wiley & Sons, 
New Jersey, 2010. 

[4] Grover  F .   W.  Inductance Calculations. Dover 
Publications, Inc., New York, 1973. 

[5] K im H.  and  Chen  C .  C .  P .:  Be Careful of Self and 
Mutual Inductance Formulae. Online: http:// ccf.ee. 
ntu.edu.tw/~cchen/research/CompInduct9.pdf), 2009. 

 
[6] Ka lan ta rov  P .  L .  and Tse i t l i n  L .  A .: Inductance 

Calculations  (in Russian). Energiya, Saint Petersburg 1970. 
[7] Strunsky B. M.: Short Electric Network of Electric Furnaces 

(in Russian). GN-TIL, Moskow 1962. 
[8] Rueh l i  A .  E .: Inductance Calculations in a Complex 

Integrated Circuit Environment.   IBM J. Res. Develop. Sept. 
1972, pp. 470-481. 

[9] Hoer  C .  and Love  C .: Exact Inductance Equations for 
Rectangular Conductors with Application to More Complicated 
Geometries.  J. Res. N. B. S., No.  2, 1965, pp. 127-137. 

[10] Zhong G. and Koh C-K.: Exact Form Formula for Mutual 
Inductance of On-Chip Interconnects. IEEE Trans. Circ. and 
Sys., I:FTA, No. 10, 2003, pp. 1349-1353. 

[11] P ia tek  Z .: Self and Mutual Impedances of a Finite Length 
Gas Insulated Transmission Line (GIL). Elec. Pow. Syst. Res., 
No. 77, 2007, pp. 191-203. 

[12] P ią t ek  Z .: Impedances of Tubular High Current Busducts. 
Polish Academy of Sciences. Warsaw 2008. 

 
__________________ 
 
Authors: prof. dr hab. inż. Zygmunt Piątek, Politechnika 
Częstochowska, Wydział Inżynierii i Ochrony Środowiska, Instytut 
Inżynierii Środowiska, e-mail: zygmunt.piatek@interia.pl 
prof. dr hab. inż. Bernard Baron, Politechnika Śląska, Wydział 
Elektryczny, Instytut Elektrotechniki i Informatyki, e-mail: 
bernard.baron@polsl.pl 
dr inż. Tomasz Szczegielniak,  Politechnika Częstochowska, 
Wydział Inżynierii i Ochrony Środowiska, Instytut Inżynierii 
Środowiska, e-mail: szczegielniak@interia.pl 
dr inż. Dariusz Kusiak, Politechnika Częstochowska, Wydział 
Elektryczny, Instytut Elektrotechniki Przemysłowej, e-mail: 
dariuszkusiak@wp.pl 
dr inż. Artur Pasierbek, Politechnika Śląska, Wydział Elektryczny, 
Inst. Elektrotechniki i Informatyki, e-mail: artur.pasierbek@polsl.pl 


