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Degenerate Chebyshev Approximation Of The Recursive Digital

Filter Group Delay Response

Abstract. Multiple-pole transfer functions approximating a constant group delay in a degenerate minimax sense is presented in this paper. The intro-
duction of constraints at the origin and at extremes of the group delay near the cutoff frequency, has improved passband and stopband performances
significantly, while by using the multiple pole transfer function, the less sensitivity to the filter coefficients change is achieved simultaneously.

Streszczenie.

Zaprezentowano wielobiegunowa funkcje transferu uwzgledniajaca grupowe opdznienie w filtrach cyfrowych.

Wprowadzenie

wymuszenia znacznie poprawia parametry zarébwno w paémie przenoszenia jak i zaporowym. Uzyskano tez mniejsza wrazliwo$¢ na zmiane
parametréw filtru. (Zmodyfikowana aproksymacja Czebyszewa uwzgledniajaca op6zZnienie w filtrach cyfrowych)

Keywords: Chebyshev approximation, Group delay response, Mutation of zero and pole location, Multiple pole transfer function, Coefficient rounding,

Filter group delay sensitivity.
Stowa kluczowe: filtr Czebyszewa, op6znienie, filtry cyfrowe.

Introduction

Transfer functions of low-pass recursive digital filters with
equiripple (Chebyshev) approximation of the constant group
delay, has been described in papers [1] and [2]. These func-
tions are over-redundant, in the sense that the group delay
bandwidth is needlessly considerably wider then 63,45 filter
passband. This redundancy can be minimized by combin-
ing the technique of increasing multiplicity of the real pole
and the nearest pole to the unit circle, using the special type
of the equal-ripple (or constrained Chebyshev) delay approxi-
mation, as proposed in [3] and [4]. As a benefit, the stopband
magnitude performance is improved, but the redundancy still
exists and the group delay bandwidth exceeds 20% of 0345
the filter passband. This redundancy can be exploited by
introducing constraint at extremes of the group delay near
cutoff frequency. As a additional benefit both the stopband
and the passband characteristics are improved. This paper
reports results obtained using this technique, which can be
classified as the z-domain technique.

Approximation Technique
The all-pole transfer function of the recursive digital filter
can be written [5], [6] as follows:

hoz"
F, =
n(I, Z) (z — TO)HA

where:

m—1 m—+1
(1) A= J[z—riet7e) [ (2 = rietie)”

i=1 i=m
where: n = pu + 2v + m — 1 is the denominator de-

gree (m is an odd number since poles appear in a con-
jugated pairs; in this case m = 3), hy is a real con-
stant selected so that to fulfill conditions: |F,(x,1)|=1, z =
[T0s 715 @15 ooy Trn—15 @m—1, Tms gom]T is a parameter vector.
Standard curves are obtained for = 0, [2], and they are de-
noted by a in the Figures enclosed below. In our method, for
n odd, u = 1, otherwise . = 2. Multiple pole transfer func-
tions are obtained by selecting v > 1. The group delay con-
straint at the origin represents the decreasing of the group
delay error at the origin £(0) towards the lower limit value
—&m, While the constraint in the stopband represents the
group delay error decreasing towards the ¢,,; = 0.001¢,,.
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The group delay of the function (1) at frequencies z = €79 is:

(2) ) ,
_ —7q cos
Tn (‘T’ 0) =-n+ H 1—2rg (():os 9+rg
m—1 1—cos(0—;) m+1 1—cos(0—;)
+ Zi:l 1—27; cos(0—p;)+r? + Zizm 1—2r; cos(0—;)+7?

where: § = wT, T is the sampling period, 7o, = 79;_1
and p9; = —9;—1 for i > 1. Unknown elements of the
coefficient vector x are determined by solving the following
system of nonlinear equations:

0

0 i=1,2....n
1’,9”—’7’0 = (—1)i+1€mi’7'0, z:n+1,,m+2

6

Tn(x,0;) — To = emTo

where 0,(i = 1,2,...,m + 2) are extreme or critical points,
obtained for maximum relative delay errors €, and &,,,. £(0)
can vary in the range —¢,,, < £(0) < &, , and it influences
over the passband and the stopband, while ¢,,,, can vary be-
tween —¢,,, and ¢, in the passband and ke,,, for extremes in
the stopband. There is an additional condition that must be
satisfied: 7,(z,0.) — 70 = €,,70, because the group delay
characteristic, behind and near 03,5, looses equiripple mini-
max properties. The desired bandwidth can be obtained by
the variation of the parameter 75, and the desired shape of
the group delay characteristic near #3455 can be modified by
error variation ¢ of the first extreme before 03,5 and the first
extreme after 0345 (¢;,, ). Initial solutions can be found ap-
plying procedure described by Deczky [2] or Stojanovic and
Micic [3].

Discussion of results

Fig.1 shows the amplitude characteristic of eight order
transfer functions. Fore,, = 15%, u =0, v =1, m = 7,
k =1, e;ps = €m, four simple conjugated complex pairs of
poles are obtained (standard curve a); for &,,, = 15%, 1 = 2,
v=3m=1k=1,¢e,; =0.001l¢,, adouble real pole and
a triple conjugated complex pairs of pole are obtained (curve
b). Both curves are normalized so that 05,5(cm) = 0.27
and the constraint at the origin is £(0) = —0.9¢,,. Fig. 1
shows that the stopband attenuation of the amplitude char-
acteristic of the transfer function [3] (curve b), compared with
the amplitude characteristic of the classical transfer function
[2] (curve a) at frequency 6 = 0.4, is greater for approxi-
mately 13dB. Fore,, = 15%, u =2, v =2,m = 3,k = 5.6,
emi = 0.001g,,, a double real pole, a simple and a dou-
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ble conjugated complex pairs of poles are obtained (curve c).
It can be seen that the amplitude characteristic of the pro-
posed transfer function ¢ (compared with the standard curve
a), is approximately 20 dB greater, on the same frequency
0 =0.4r.

Fig.2 shows magnified details of the passband part, rep-
resenting the critical frequency range in which presented
curves significantly differ (after this range, curves are almost
identical!). It is obvious, also, that curve marked by c is flatter
then the previous, marked by a and b respectively, pointing
that the curve c have better characteristics in the passband.

Fig.3 shows corresponding group delay errors. In the
case a, redundancy is obvious [2]. Using the technique [3],
(case b), this redundancy is significantly reduced, but still ex-
ists.

Case ¢ shows that this redundancy still exist, but there
is a certain modeling of the group delay characteristic behind
0345 , in a way that relative group delay error do not exceeds
15% at the normalized cutoff frequency 03,45.
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Fig. 1. Amplitude characteristics for the eight order filter (group delay
error e, = 15%): @ u=0,v=1,m="7k =1, gy = em; (b)
=2,v=3m=1k=1,eni = 0.00ley; (C)pu=2v=2,
=3,k =5.6,emi =0.00les
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Fig. 2. Magnified passband part details of the amplitude characteris-
tic for the eight order filter (group delay error &, = 15%): (a) u = 0,
v=1lm="7k=1eni=cm; O)p=2,r=3, m=1,k=1,
Emi = 0.001lem; (C)pp=2,v=2,m=3, k=506, cm; = 0.00lem

Sensitivity of The Group Delay Response

As well known, for the practical implementation of digital
filters, there is a need for circuits performing delaying, adding
and multiplying digital numbers. Design accuracy of the filter
transfer function or the group delay characteristic, strongly
depends on the length of the digital word representing coef-
ficients of the digital filter. Rabiner L.R. and B. Gold [7] have
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Fig. 3. Group delay characteristics for the eight order filter (group
delay errore,, = 15%): (@ u=0,v=1,m=T7, k=1, e&mi = €m,
Oyp=2,v=3m=1,k=1,¢em; =000lem; (C)p=2v=2
m =3,k =>5.6, em; =0.001ley,

shown that rounding after multiplication, in fact add a noise,
so they proposed the procedure for calculating the value of
this noise. J. F. Kaiser [8] is considered also how digital filter
coefficients rounding can changes the location of poles and
zeros in the z-plane. He has shown also, that when filter coef-
ficients change, the parallel and the cascade filter implemen-
tation has smaller influence on the location of the poles and
zeros, compared with the direct filter implementation. These
conclusions can be useful also for analyzing sensitivity char-
acteristics of the group delay, but they are not sufficient for
the quantitative estimation of the influence of the digital filter
coefficients small mutation to the group delay characteristic.
According to references [9]-[12] the influence of the digital
filter coefficients to the group delay characteristic, is not ade-
quately considered.

This is the reason to start this chapter with analyzing
sensitivity of the group delay characteristic, in the sense of
the mutation of zeros and poles location, and accordingly, the
mutation of the digital filter coefficients. If words with fixed
length are used for the digital filter realization, the adopted
structure has the direct influence to the noise generated by
the digital filter. Direct implementation has the largest sensi-
tivity to the smaller mutation of the coefficients, while in the
sense of the sensitivity, results obtained using parallel and
cascade implementation are better [13], [14]. There is an-
other reason for using cascade implementation of transfer
function: the investigation is easy when the cascade form
is used. Other forms demand more extensive calculating.
Hence, the cascade form of the transfer function will be con-
sidered in this chapter. For the examination of the influence
of the pole magnitude and angle on calculating filter group
delay sensitivity, the half-log sensitivity is used:

or(60)
4 (0) — .
( ) Sij Tpj a,,,pj
and

.,-(9) - 87’(9)
(5) Sem' _epj aopj

where r,,; and ¢,; are the magnitude and the angle of the
complex poles, respectively. When the sensitivity of the con-
crete filter is considered, then values for parameters r,; and
0,; are known values, so the sensitivity depends only on digi-
tal frequency 6. Using Taylor series and ignoring higher order
derivatives, after a few simple calculations, one can obtain
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the group delay changes of the filter (in seconds) with respect
to relative changes of the pole magnitude and angle:

Sg(?) Aby;

Pi Opj

A7;(0) = s:p@% +

T Tpj
The example of the eight-order digital filter described in the
previous section will be considered, in order to illustrate ob-
tained results. Thus, let us consider coefficients change of
this eight order filter. The assumption is that the word length
is eight bits and the fixed-point arithmetic is used. The trans-
fer functions for eight order lowpass filters are:

(6)

a) p=0, v=1, m=7 (standard error curve):
_ 0.0747132> 0.032983622
(7) Fy(2) = 22 -1.5593722+0.634085 ~ 22—1.3074322+0.637205
0.78828122 % 1.3652592>
22—-0.8597642+0.648045 ~ 22—0.3268102+0.692069
b) u=2, v=3, m=1:
(8) . .
Fy(z) = 0.188950z° 0.119500z
8 (2—0.565316)2  (22—0.8895652+0.382121)3
¢) p=2, v=2, m=3:
_0.1531962 0.34013222
9) Fy(z) = (z-0.608597)2 < z2_1.145130z10.485253

% 0.8576432"
(22—0.7622902+0.688380)2

Coefficient rounding at eight bits is performed. Band-
width is 0345 = 0.27 and the maximal group delay error is
Emaz = 15%, in all cases. Using these and calculated values
and basing on (6), the expression for A7(#),as a function of
frequency, is obtained. The shape of this function is shown in
Fig. 4. Results, obtained on this way, can be compared with
the standard error group delay curve (described in previous
chapters) on a following manner: A7 is obtained as the differ-
ence of the group delay when rounding is not performed, and
the group delay when rounding is performed (representing
the real group delay characteristic of the considered digital
filter.

In the first case of comparison, from Fig.4 and Fig.5,
it is obvious that curves (a) have same shapes, but differ-
ences exist as the consequence of using the arithmetic with
rounding numbers, and also due to the mentioned ignoring of
higher derivatives.

In the second case (b), it is obvious that recursive digi-
tal filters, proposed in the reference [3], are less sensitive to
the coefficients change, compared to filters having standard
group delay error curve [2], [15]. This is even more noticeable
in third case (c). According to this, performed investigations
presented in this paper, obviously indicate the fact that the
multiple pole transfer function is less sensitive to the coeffi-
cients change compared to the simple pole transfer function.
Described technique is very useful in the case when there is
a need to determine the necessary number of bits for filter co-
efficients in the practical realization of a digital filter. Example
illustrates difference between the sensitivity performance of
the filter designed by method [2],[15] and the filter with multi-
ple poles [3], [4].

Conclusions
The base characteristic of presented filters is a quasi-
equiripple approximation of the constant group delay with
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Fig. 4. Multiparameter group delay sensitivity for the eight-order
digital filter with the group delay error ;42 = 15%, obtained us-
ing the arithmetic with rounding numbers: (@) p = 0, v = 1,
m = 7(standard error curve); (b) p = 2, v =3 m = 1; (c) u = 2,
v=2m =3
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Fig. 5. Multiparameter group delay sensitivity for the eight-order
digital filter with the group delay error €0 = 15%, obtained by
the computer simulation of real filters: (a) p = 0, v = 1, m =
7(standard errorcurve); b) u =2, v =3m=1;C)p =2, v =2
m = 3;

constraints at the origin and in the stopband. These filters
are derived from filters which are described in [3], so they
keep all benefits cited [3]. The improvement of the filter per-
formance in proposed approximation is enabled by introduc-
ing mentioned group delay constraints at the origin and in the
stopband. On that way, the amplitude characteristic is im-
proved both in the passband and in the stopband, while by
using the multiple pole transfer functions, the less sensitivity
to the filter coefficients change is achieved simultaneously.
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