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Stability of continuous-time linear systems described by state
equation with fractional commensurate orders of derivatives

Abstract. The stability problem of continuous-time linear systems described by the state equation with different fractional commensurate orders of
derivatives of state variables has been considered. The new method for stability analysis has been given. The method proposed is based on the
Mikhailov stability criterion known from the stability theory of natural order systems. The considerations are illustrated by numerical example.

Streszczenie. W pracy rozpatrzono problem badania stabilno$ci liniowych ciggtych uktadéw opisanych réwnaniem stanu o réznych wspétmiernych
niecatkowitych rzedach pochodnych zmiennych stanu. Podano nowg metode badania stabilno$ci. Jest to metoda czestotliwosciowa bazujgca na
kryterium stabilno$ci Michajlowa, znanym z teorii stabilno$ci uktadéw naturalnego rzedu. Rozwazania zilustrowano przyktadem. (Stabilnosé
ciaglych uktadoéw liniowych opisanych réwnaniem stanu o wspétmiernych niecatkowitych rzedach pochodnych)
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Introduction

The problem of analysis and synthesis of dynamical
systems described by fractional order differential (or
difference) equations was considered in many papers and
books. For review of the previous results see, for example,
the monographs [1-5].

Applications of fractional calculus in engineering,
automatic control and power electronic can be found in the
papers [6-8].

The problems of stability and robust stability of linear
fractional order continuous-time and discrete-time linear
systems were studied in [9-18] and [19-21], respectively.

The new class of the linear fractional order systems,
namely the positive systems of fractional order was
considered in [22-27]

The aim of the paper is to give the frequency domain
method for stability analysis of fractional continuous-time
linear systems described by the state-space model with
different commensurate orders of fractional derivatives of
state variables. Such models were considered in [18, 25, 9].
The proposed method is based on the Mikhailov stability
criterion known from the theory of linear systems [28].

Preliminaries and problem formulation
Consider a continuous-time linear system of fractional
orders described by the state equation

(1) o D x(1) = Ax(t) + Bu(?),

where; 4e R™", BeR"™"™,

x, (%) - oD/ x,(2)
(2) x()=| : |eR", (Dx(t)= eR",
x, (1) o DY, (2)
t _(Pi)
@) Dl =—— [ D

I(p;—a;)o(t— T)a"H_p"

is the Caputo definition for fractional o.; -order derivative,

. dPix(t
@ Ae="H0 poisa <),
p; is a positive integer and
(5) T(a,)=[e”'t% " dr
0

is the Euler gamma function.
Initial conditions for (1) have the forms [25]

(6) *®(0)=x(? eR", k=01...p, 1,

where: x*(0) = (d* /dlk)x(t)\z=0~

The Laplace transform of the fractional derivative (3)
with zero initial conditions has the form

(7)  LipDM %)} =s"1X;(s), X;(s)=L{x;(0)}.

Characteristic matrix of the fractional system (1) has the
form

o

1 _ _
S ay a3 A
)
—da S —a —a
® H=| P S 2
e an
4y —dp R

The matrix (8) can be computed from the formula

9) H(s)=1(s)— 4,
where
s 0 0
(10) 1= O 0
0 0 5%

From (9), (10) it follows that the characteristic function of
the system (1), of the form

(11) w(s) =det(/(s)— A),
is a polynomial of fractional degree

(12) d=a,+0, +..+0,.
We will assume that

(13) o, =v;/u;, vi,u; €Z, (i=1,...,n),

where Z, is the set of non-negative integers, v; and u;
are coprime.
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Denote by m the lowest common multiple of the
denominators u; (i=1,...,n) in (13) and we set

(14) oa=1/m, 8 =ma; and A=s"

If the conditions (13) and (14) hold, then the system (1)
is called the system with commensurate orders of fractional
derivatives.

In this case from (8) we obtain the natural degree
characteristic matrix

5
A —ay,

—dap —a,
5
~ -a A2 —a —a
(15 HM= * 2 '
8,
—ay —d, A= Ay

This matrix can be computed from the formula

(16) HM\)=T(1)- 4,
where
A0 0
(17) - O F 0
0 6 A%

From the above it follows that the natural degree
polynomial associated with the fractional degree polynomial
(11) has the form
(18) W) =detHW) =a,\ +a, M +..+aj,

where a, (k=0,1,..., p) are constant coefficients and

8 = mo.

1

M=

(19) p=

1

The fractional degree polynomial (11) is a multivalued
function whose domain is a Riemann surface. In general,
this surface has an infinite number of sheets and the
fractional polynomial (11) has an infinite number of roots.
Only a finite number of which will be in the main sheet of the
Riemann surface. For stability reasons only the main sheet
defined by —m < args < m can be considered.

From the theory of stability of linear fractional order

systems (see [1, 9, 16], for example) we have the following
theorem.
Theorem 1. The fractional order system (1) with
commensurate orders of derivatives is stable if and only if
the fractional degree characteristic polynomial (11) has no
zeros in the closed right-half of the Riemann complex
surface, i.e.

(20) w(s)=det(/(s)— A)#0 for Res >0,

or equivalently, the following condition is satisfied

(21) |argd; |> (xg, i=12,...,p,

where A; (i=1,2,..., p) are the roots of the natural degree
polynomial (18) and a is defined in (14).

From (14) it follows that O<a <1. In this case the
stability region described by (21) is shown in Figure 1.

Parametric description of the boundary of this region has
the form
(22) (jo)* = o[* /™2, we (~0m).

A
Im A

stability region

»
»

Re A

instability region

Fig. 1. Stability region of the system (1) with (13), (14)

The aim of this paper is to give the methods for stability
analysis of the fractional system (1) with commensurate
orders of derivatives.

Problem solution

From Theorem 1 it follows that the fractional system (1)
with commensurate orders of derivatives is stable if and
only if all roots of the polynomial (18) lie in the stability
region shown in Figure 1. Hence, this system may be stable
in the case when not all roots of (18) lie in open left half-
plane. Moreover, this system may be stable when all roots
of (18) are complex conjugate with positive real parts.

From the above we have the following simple sufficient
condition for stability.
Lemma 1. The fractional system (1) with commensurate
orders of derivatives is stable if all roots of (18) lie in open
left half-plane of the complex plane.

From Theorem 1 and Figure 1 we have the following
important lemma.
Lemma 2. The fractional system (1) with commensurate
orders of derivatives is unstable if the polynomial (18) has at
least one non-negative real root. In particular, this holds if
(23) w(0) =det H(0) = a, =det(—A4) =0.

From Theorem 1 we have the following lemma.
Lemma 3. The fractional order system (1) with
commensurate orders of derivatives is stable if and only if

T
24 >o—,
(24) v>a-
where
(25) y=min|arghk; |, i=12,..,p,

o is defined in (14) and A; denotes the i-th root of the
polynomial (18).

The method of Theorem 1 requires computation of roots
of the polynomial (18). These roots are different from the
eigenvalues of the state matrix A. Moreover, the degree of
polynomial (18) depends on o defined in (14). It is easy to
see that investigation of stability of the system (1) by
checking the condition (21) (or (24), equivalently) for all
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roots of natural degree polynomial (18) can be inconvenient
with regard on high degree of this polynomial.

To the stability analysis of the fractional system (1) with
commensurate orders of derivatives we apply the frequency
domain methods. These methods have been proposed in
[11-13] (see also Chapter 9 in [27]) for the fractional
continuous-time and discrete-time linear systems described
by the transfer function. These methods have been applied
in [14] to the stability analysis of linear continuous-time
systems described by state space models with the same
fractional order of derivatives of all state variables.

By generalization of the results of [14] to the case of
fractional system (1) with commensurate orders of
derivatives we obtain the following theorem.

Theorem 2. The fractional system (1) with commensurate
orders of derivatives with characteristic polynomial (11) is
stable if and only if

(26) Aarg w(jo) = pr/2,
0<m<oo

where

(27) w(jo) =det(/(jo)— A)

and /(jo) is defined by (10) for s = jo.

Satisfaction of (26) means that the plot of (27) starts for
®=0 in the point w(0)=det(—4) and with ® increasing
from 0 to o turns strictly counter-clockwise and goes
through p quadrants of the complex plane.

Plot of the function (27) will be called the generalised (to
the class of fractional order systems) Mikhailov plot.

Checking the condition (26) is difficult in general (for

large values of p), because w(j®) quickly tends to infinity

as ® grows to .
To remove this difficulty, we consider the rational
function

w(s) _ det(I/(s)— A)

W) w()

instead of the polynomial (11), where w,(s) is stable the

(28)

y(s)=

reference fractional polynomial of degree 6 (see (12)), i.e.

(29) w,.(s)#0 for Res > 0.

The reference fractional polynomial can be chosen in
the form

(30) w,(s):(s+c)8, c>0.

Theorem 3. The fractional system (1) with commensurate
orders of derivatives is stable if and only if

(31) Aarg y(jo)=0,

we(—00,0)
where y(jo)=wy(s) for s=jo and y(s) is defined by
(28), i.e. plot of the function y(jm) does not encircle or
cross the origin of the complex plane as ® runs from —oo
to .
Proof. The reference fractional polynomial w,(s) is stable
(by the assumption) and the condition

Aargw,(jo)= pr/2

0<w<wo

holds.

From (28) it follows that
Aargy(jo)=Aargw(jo)—Aargw, (jo).

Hence, (26) holds if and only if (31) is satisfied.
Plot of the function y(jo), ® e (—w,©), will be called

the generalised modified Mikhailov plot.
From (10) — (12), (30) and (28) we have

(32) y(0) = lim y(jw)=1
®—>t0
and
-4
(33) wm=9%;l

From (33) it follows that y(0)<0 if det(—4)<0.

Hence, from Theorem 3 we have the following lemma.
Lemma 4. If det(—4) <0, then the fractional system (1) is

unstable.

lllustrative example
Consider the fractional system described by the state

equation (1) with n=2, o;=2/3, a, =3/4 and

-1 08
(34) A= .
-08 -2
In this case
(35) H(s)= s+l —08 | [s*P+1 -08
08 s*+2 08 /442

d=a,+0a,=17/12 and characteristic function of the

system (1) has the form
(36)  w(s)=detH(s)=s""""?+25*3 +5¥* +0,64.

According to (13) and (14) we have u; =3, u, =4 and

m=12, oa=1/12, & =ma,;=8, &,=mo,=9. This
means that
~ Vel —08 B+l -08
(B7) HO)= s = ,
08 X242 08 A +2

and the natural degree polynomial (18) associated with the
fractional degree polynomial (11) has the form

(38) W) =det HL) =17 +2° + 238 +0,64.

The polynomial also follows from (36) for

A= s® =S1/12'.

(38)

Plot of the function

_dtHUO) o Coe), 5=

39 ' '
@9 wle) (jo+10)° 12

is shown in Figure 2.
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According to (32) and (33) we have

y(©)= lim y(jo)=1, y(0)=det(—4)/10° =0.1011.
®—>to0

From Figure 2 it follows that the plot of (39) does not
encircle the origin of the complex plane. This means,
according to Theorem 3, that the system is stable.

Computing roots A; (i=12,..,17) of the polynomial
(38) and using (25) we obtain y=0,3159. Hence

v=0,3159>a X =~ =0,1309.
2 24
This means that (24) holds and, according to Lemma 3,

the system is stable.
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Fig. 2. Plot of the function (39)

Concluding remarks

Generalisation of the classical Mikhailov stability
criterion to the class of fractional systems (1) with different
fractional commensurate orders of derivatives of the state
variables has been given.

In particular it has been shown that the system is stable
if and only if the plot of the function (28) for s = jo does not

encircle or cross the origin of the complex plane as ® runs
from —co to .

The work was supported by the National Centre of Science
in Poland under grant N N514 638940.
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