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Abstract. This paper presents an analytical approach to calculate the magnetic field distribution in surface-mounted permanent magnet motors. The 
technique is based on 2D solution of the Maxwell’s equations using the separation of variable method. The magnetic field expressions are 
developed in slots regions, magnetic air gap region and permanent magnet region leading to an exact calculation of the slot effects on the air gap 
magnetic quantities. Magnetic field and cogging torque computed with the proposed analytical method are validated through finite-element analysis.  
 
Streszczenie. W artykule zaprezentowano analityczną metodę obliczania rozkładu pola magnetycznego w powierzchniowo montowanym silniku z 
magnesami trwałymi. Pola magnetyczne było liczone w przestrzeni między szczelinami oraz rejonie nabiegunników. (Analityczne wyznaczane 
rozkładu pola magnetycznego w silniku z magnesami trwałymi montowanym powierzchniowo z uwzględnieniem efektu szczelin) 
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Introduction 

In the last few years the manufacturers of electrical 
machines have shown a growing interest for permanent 
magnet brushless machines (PMBMs). This interest is 
mainly due to the high efficiency, high reliability, high power 
density, high power factor, small size and decreasing cost 
of magnets. Different topologies of PM machines are 
available e.g. radial flux machines, axial flux machines and 
transversal flux machines [1, 2]. The accurate knowledge of 
the magnetic field distribution in the air gap is prerequisite 
for predicting PMBM performance such as electromagnetic 
torque, back electromotive (EMF), stator losses, 
demagnetization limit, winding inductances, eddy current 
losses in the rotating parts, noise and vibration, etc.[3]. 
Numerical methods of field analysis such as finite elements 
or boundary integral methods provide accurate results 
considering geometric details and nonlinearity of magnetic 
materials but they are computer time consuming and does 
not easily allow a parametric study in a design procedure. 
However, they are not explicit compared to the analytical 
methods [4].         

In analytical modelling of electrical machines, one of the 
most difficult tasks is to take into account the slotting effect 
in air gap magnetic field prediction. The presence of 
stator/rotor slots have a large influence on the air gap 
magnetic field distribution and therefore on the 
electromagnetic torque. The consequences can be torque 
ripples causing vibration, noise and speed fluctuations. 
Many analytical field methods exist in the literature, most of 
them do not take into account saturation and slotting effect 
in an explicit manner [4, 5, 6, 7].  

This paper attempts to provide analytical tools to 
facilitate the analysis and design of surface-mounted 
permanent magnet brushless machines with taking into 
account stator slotting in an explicit manner. The developed 
model, in this paper, embraces both internal and external 
topologies. The magnetic field distribution is established by 
analytically solving Maxwell’s equations in the different sub-
domains (magnet, air gap and stator slots) of the machine, 
thanks to separation of variables method.  

The paper is organized as follows. First, the problem 
description and the assumption of the model are presented 
in section II. The analytical method for magnetic field 
calculation in the different sub-domains is then described. 
Finally, the analytical results are verified with finite-element 
method.  
 

Problem description and assumptions 
The general configuration of a surface-mounted 

permanent magnet motor considered in the present work is 
shown in Fig. 1. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig.1. Surface-mounted permanent magnet motor 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.2. Idealized machine model 
 
 The analytical method used in this paper is based on 
analysis of 2-D model in polar coordinates. The analytical 
solution for the field distribution is set to cover only low 
permeability regions (slot (region I), air gap (region II), and 
permanent magnet (region III) regions) and is established 
based on the following assumptions [7]: 
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1. The stator and rotor cores are assumed to be 
infinitely permeable. 

2. Permanent magnets have a linear demagnetization 
characteristic. 

3. End effect and saturation are neglected. 
4. Eddy current effects are neglected (no eddy current 

loss in the magnets or armature windings).    
  
Magnetic field distribution produced by magnets 

Fig. 2 shows the series-slot model with a pole-pair pitch 
of the idealized permanent magnet machine with principal 
dimensions and different field regions. In various regions, 
the flux density B and field intensity H are expressed as: 
 
(1)  0B H        In regions I and II 

(2)  0 0r B H M      In region III 

 
where µr is the relative recoil permeability, M is the 
magnetization vector of permanent magnets. The direction 
of M depends on the orientation and magnetization of 
permanent magnets. In polar coordinates, the 
magnetization vector M  is expressed as: 
 
(3)  r rM M M e e   
 
and remanent magnetization vector M components can be 
expressed by Fourier series as follows: 
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p is the pole pair number. 
 By using the Maxwell’s equations, the partial differential 
equation for quasi-stationary magnetic fields created only 
by permanent magnets in a continuous and isotropic region 
can be expressed in terms of the magnetic vector potential 
A by:  
 

(5)  2 0 A                     In region I and II 

(6)  2
0   A M    In region III 

 
A only has Az component which is independent of z 
(infinitely long machine in axial direction). 
 In polar coordinates, the equations (5) and(6) can be 
rewritten as: 
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 By using the method of separating variables and the 
superposition law, the general solution of (7) can be written 
as: 
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where Aps is the particular solution of the equation (7) for 
only the permanent magnets region (region III), given by: 
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Coefficients A1k and A2k are given by: 
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and 
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 The radial and tangential components of the flux density 
are deduced from Az by: 
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a) Stator slots (region I) 
 The slotted stator is assumed to have Qs slots which are 
numbered l=0,...,Qs-1. In the slot l, the no-load magnetic 
field satisfies the following boundary conditions: 
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With these boundary conditions, the general expressions of 
the flux density components in the slots area l are given by: 
 

(14)     
1

I l l
r m m

m s s

m m
B f G r sin

w r w





  
       


     

 

(15)  
   

1

mI l l
m

m s

G r m
B f cos

r w





   
        


    

 
where: 

         
4 4

s s

m m

w w

m
r r

G r
R R


   

    
   

 

 

 
 
b) Air gap (region II) 
 The general solution of the flux density components in 
this region is: 
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 The continuity condition between the region I (stator 
slots) and the region II (air gap) leads to: 
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and between region II and stator tooth adjacent to slots is 
given by: 
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 The treatment of the interface conditions (18) and (19) 
yields to the following relations between Fourier series 
coefficients of region II. 
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L1 and L2 are given by:  
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c) Permanent magnets (region III) 
 The boundary condition for this region is: 
 

(21)       2 0
IIIB R , M       

 
In the present work, the remanence of permanent magnet is 
considered to be ideal and oriented in the radial direction 
yielding to:  Mθ=0.   
 The general expressions of the flux density components 
subject to boundary condition (21) are given by: 
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The continuity condition between the region II (air gap) and 
the region III (PMs) are given by: 
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The exploitation of this interface conditions yields to the 
following relations between coefficients of regions II and III. 
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 Combining (20) and (25) yields: 
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 The resolution of the above systems (26) and (27) by an 
iterative method gives the Fourier series coefficients (c1k

III 
and c3k

III) of the magnetic field in the permanent magnet 
region and the air gap magnetic field coefficients are 
deduced by means of (25). Hence, the magnetic field is 
completely defined in all regions. 
 
Cogging torque computation 
 The torque developed on the motor can be obtained by 
calculating the Maxwell stress tensors method in the air gap 
[4]. 
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Incorporating (16) and (17) in (28) and integrating, the final 
expression of the cogging torque is given by: 
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where L is the effective axial length. 
 
Calculation results 
 In order to asses the validity of the proposed analytical 
method, the corresponding results obtained by finite 
element method (FEM) are provided for comparison. The 
specifications of the motor are listed in Table 1. 
 
Table 1. The parameters of the PM motor 

Symbol Quantity Value 

p Number of pole pairs 2 
Qs Number of stator slots 12 
R1 Radius of the rotor yoke surface  69 [mm]  
R2  Radius of the PM surface 79 [mm] 
R3 Inner radius of the stator 82 [mm] 
R4 Radius of the stator yoke surface 92 mm] 
L Axial length 40 [mm] 
Br Magnet remanent flux density 0.8 [T] 
ws Slot opening 14 [Degree] 
αp Magnet-arc to pole-pitch ratio 0.933 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.3. Waveforms of the radial and tangential flux density in the 
middle of the air gap region (r= (R3 + R2)/2) 

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.4. Cogging torque waveform 

 
 Fig. 3 compares analytically predicted and finite element 
calculated open-circuit distributions of magnetic flux density 
components in the air gap region. It can be seen that the 
analytical results agree well with the FEM results.  
 Fig. 4 compares cogging torque waveforms obtained by 
both techniques (Analytical and FEM). Again, the results 
are in good agreement. 
 
Conclusion 
 In this paper an accurate analytical approach to 
calculate the magnetic field distribution in surface-mounted 
permanent magnet motor considering slotting effects has 
been presented and verified. By calculating the Maxwell 
stress tensor in the air gap, the cogging torque can be 
deduced. The anytical results are in good agreement with 
that obtained by finite element method, which enables the 
proposed analytical approach to be a useful tool for 
analysis, design and optimization of surface-mounted PM 
slotted motors  
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