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An algorithm for discrete fractional Hadamad transform with

reduced arithmetical complexity

Abstract. This paper presents an algorithm for discrete fractional Hadamard transform computing for the input vector of length 2". This algorithm
allows for significant reduction in the number of arithmetic operations by taking advantage of the specific structure of discrete fractional Hadamard

transformation matrix.

Streszczenie. W artykule przedstawiony zostat algorytm wyznaczania dyskretnej frakcjonalnej transformaty Hadamarda dla wektora danych
wejsciowych o rozmiarze 2". Algorytm ten pozwala na znaczng redukcje liczby operacji arytmetycznych dzieki wykorzystaniu specyficznej struktury
macierzy dyskretnej frakcjonalnej transformacji Hadamarda. (Algorytm wyznaczania dyskretnej frakcjonalnej transformaty Hadamarda ze

zmniejszong ziozonoscig obliczeniowy).

Keywords: discrete fractional Hadamard transform, eigen decomposition.
Stowa kluczowe: dyskretna frakcjonalna transformata Hadamarda, rozktad w bazie wektoréw wtasnych.

Introduction

Discrete fractional Hadamard transform (DFRHT) is a
generalization of the discrete Hadamard transform (DHT)
like a discrete fractional Fourier transform is a
generalization of the discrete Fourier transform. Since the
discrete fractional Fourier transform have been used in the
theory and practice of digital signal processing [1-2], it was
created also fractional versions of other discrete orthogonal
transforms such as discrete fractional sine and cosine
transforms [3] and the discrete fractional Hartley transform
[4]. In [5] was defined a discrete fractional Hadamard
transform for the vector of length N=2". Nowadays, a
modified version of DFRHT is used in cryptography,
especially in images processing [6].

The aim of this paper is to propose an algorithm for
calculating the discrete fractional Hadamard transform, for
the vector of length N=2", with a reduced number of
arithmetic operations. Such a reduction is possible due to a
special structure of the DFRHT matrix. In [7] were
presented the possibilities of reducing the number of
arithmetic operations in calculating the matrix-vector
products for the some set of matrices with special block-
structures. We will show in this paper that the DFRHT
matrix has the particular block-structure.

Discrete fractional Hadamard transform

A Hadamard matrix is a symmetric square matrix whose
entries are the numbers +1 and -1. The rows (and columns)
of this matrix are mutually orthogonal. The normalized
Hadamard matrix of order N=2" denoted by Hy, can be
defined recursively as follows:

forN=4,8,...2"

Definition of discrete fractional Hadamard transform is
based on eigen decomposition of DHT matrix. Eigen
decomposition is also known as matrix diagonalization. Any
real nonsingular symmetric matrix (including the Hadamard
matrix) can be written as a product

2) Hy =ZyAyZy,

where Ay is a diagonal matrix of order N = 2" whose entries
are exactly the eigenvalues of Hy.

o

©) Ay =

An-1 ]

0 1 N-1
Z, :[Z(rxlllaZ(N)xla---aZ(r\Jxl)

- is the matrix whose columns
are normalized, mutually orthogonal eigenvectors of the
matrix Hy. Eigenvector z(,\fll corresponds to eigenvalue /.

The superscript T denotes the matrix transposition
operation. To obtain the decomposition of the Hadamard
matrix in the form (2) it is necessary to calculate the
eigenvectors and eigenvalues of the matrix Hy.

In [8], a method for finding the eigenvalues and
eigenvectors of Hadamard matrix of order 2" has been
presented. It has been shown there that, if V(,\‘,‘il (N=2"and

k=0,1,...,N-1) is an eigenvector of Hy associated with
eigenvalue 4, then vector

(k)
k) VN1

4) Vo =
W2 v,

will be an eigenvector of the matrix H,y associated with the
eigenvalue A.

In [5] it has been shown that, if V(,\Il<>)<1 (N=2" and

k=0,1,...,N-1) is an eigenvector of Hy associated with
eigenvalue 4, then vector

K
B (I—N/E)V(Nil

k
V(Nil

~(k
(5) VoM

will be an eigenvector of the matrix H,y associated with the
eigenvalue -A.

Knowing the eigenvalues +1 and -1 of the matrix H,
(they can be easily calculated by solving the characteristic
equation) and associated with them eigenvectors

m _

© v = o |V
2x1 \/5_1 ’ 2x1 |
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we are able to obtain eigenvalues and eigenvectors
recursively, for arbitrary order N = 2" Hadamard matrix using
expressions (4) and (5).

From what was written above, we can also deduced that
the only eigenvalues of Hadamard matrices Hy for N=2"
are numbers +1 and -1. It should be noted that for N > 2 one
eigenvalue of Hadamard matrix corresponds to more than
one eigenvector, so the set of eigenvectors determined by
this method is not unique.

In [5] it has been also shown that eigenvectors defined
by (4) and (5) are mutually orthogonal, namely for N=2"
and 0 <k, | <N-1 the following relationships are true:

1) if eigenvectors le and vf\'&l

then eigenvectors Q’(zkn}u and 0(2',1,“ are also orthogonal;

2) if eigenvectors le and vﬂ)xl

then eigenvectors ng,\}xl and Vg,)m are also orthogonal;

3) eigenvectors \Af(zk,\fxl and Vg,zlxl are orthogonal.

are orthogonal (k=)

are orthogonal (k=)

The recursive method for determining the eigenvectors
of the order 2" Hadamard matrix based on the formulas (4)
and (5) allows to obtain a complete set of mutually
orthogonal eigenvectors of this matrix. However, the
eigenvectors, being after normalization the columns of
matrix Zy, and the corresponding eigenvalues can be
ordered in different ways. In many cases, also in
generalization of DHT to DFRHT, the frequency ordering of
eigenvectors is important. It means that the k-th eigenvector
has k sign-changes. In [5] it has been shown that if the

number of sign-changes in the eigenvector V(,\lfil of the

order 2" Hadamard matrix is equal to k then the numbers of

sign-changes in the generated from it eigenvectors Qf(zk,\}xl

and ¥, of order 2" Hadamard matrix are equal to 2k

and 2k+1. One is with 2k sign-changes, and the other will
have 2k+1 sign-changes.

The number of sign-changes in eigenvectors v(z(i)l

(O]
Vo

and
of matrix H,, defined by (6), is equal to 0 and 1

respectively. If we introduce indication a:x/E—l (a>0),
we are able to obtain, using formulas (4) and (5),
eigenvectors of matrix Hy:

1 —a -a a?

o_| 2] <o -a’ ) ! o _|72
Vaa = v Vaa = v Vg = o | Vaa =

a 1 -a —a

|a’ | | a | | a | 1

We can note that the number of sign-changes in the above
eigenvectors are equal to 0, 1, 3, 2 respectively. Therefore,
to obtain the frequency-ordered sequence of eigenvectors,
they should be numbered as follows:

0) _ 50 0 _ 50 2 _vM 3 _ oM
Vit TVaxdr Vaxd T Vaxds Vad = Vaxr Vaxg = Vi -

The corresponding eigenvalues of matrix Hy will be equal to:
Ao=1, 41 =-1, 4, =1, A3 =-1.

We can easily check that for N=8 the frequency-ordered
eigenvectors of matrix Hg will will be as follows:

0) _ ¢(0) 1 _ (0 (2) _ M 3 _ oM
Vaxl = Vexis Vext = Vexi o Vaxd = Vexis Vex = Vaul s

4) _ () (5)

_ _32) 6) _ <03 (7)) _ &3
Vax1 = Voxi» Vex1 = Vaxl s

Vexl = Vaxi o Va1 = Vax
and the corresponding eigenvalues will be equal to:

The above relations can be easily generalized in following
manner:

@) o~
Vanxt = Vanx
@+~
v Nxl — N x N
@) A TN 20,1, 1
41+2) _ ~(2141) 2
Vonxt = Vanx
(4143) _ ~(21+])
Vanxt = Vanx
and
(8) A =(=DX for k=0,1,...2N 1.

It shuld be noted that both the eigenvectors of the matrix
H, and eigenvectors obtained for higher order Hadamard
matrices are not normalized. Let the symbol ||v|]| means the
Euclidian norm of vector v.

Lemma: For any N=2" we have the relationship
=(1+a?)"

@) ‘vﬂ,‘il for k=0,1,...N 1,

where a = x/E—l .
Proof: The proof of this relationship is by induction
method. For n=1 we have

2
=1+a?,

Vo

(0)
“szl

2:‘ )

then

“ (k)

vol? =(1+a*)! for k=0,1
2x1 L

Let as assume that

“ )

2
viol =a+a®)".

Then

2
[¥5% (1+a%)=(1+a>)™

2
_ Iz k)
VaNxt —“

2
_ [y
VaNxt —‘

VNx1

., N-1. Since each of the vectors V(zlrim for

< (k) <~ (k)
Vanxt  OF Vonw

forany k=0, 1, ..
1=0,1, .. for some

k=0,1, ..

., 2N-1 is either
., N-1, then

‘ 0)

2
Von| = (1+az)n+l,

which completes the proof.
If we introduce the designation ¢ = 1+a?, then normalized
eigenvectors of 2" order Hadamard matrix will take the form

(k) (k)
\% A\
(10) 20 = “Nx_ TNK or k=01, N -1,

Nx1 = “V(k) JCT

Nx1
Taking into account above relationship, the eigen
decomposition (2) of 2" order Hadamard matrix, can be
written as follows:
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1

(11) Hy =C—nVNANVL,

where Ay is the diagonal matrix whose nonzero elements
are
(12) A =(-D¥ = for k=0,1,..,N -1

and Vy is matrix, whose columns are frequency-ordered
eigenvectors of Hy, recursively obtained as it was described
above.

The discrete fractional Hadamard transform (DFRHT)
matrix of order N = 2" is defined by [5]

1

(13) H{ = APV,

where

(14) A9 =gk for k=0,1,..,N 1.

The DFRHT is controlled by single angular parameter «
which is connected with the angle of rotation in time-
frequency space. It is easy to chack that for =0 the
DFRHT matrix become the identity matrix and for o= rit is
transformed into ordinary Hadamard matrix. Generally the
DFRHT matrix is complex-valued. Based on the definition
(13) of the DFRHT matrix for N =2" it is easy to verify that it
has unitary property [5]:

(15) H{)™ =H)" =H{",

where superscript * denotes a complex conjugation of all
elements of the matrix.

Specific structure of DFRHT matrix

As it was described above, we are able to obtain
recursively eigenvectors of 2™ order Hadamard matrix from
eigenvectors of 2" order Hadamard matrix. Therefore, it is
possible to obtain the matrix of eigenvectors Vy recursively

too. Let us consider the matrix Vy for N=248
(a=+2-1).
(1 -a a® -a]
1 -a a -a’ -a 1
V2 = s V4 =
a 1 a 1 -a -a’
a> a 1 a |

Let's transpose the second and fourth column of the matrix
V,, and then the third and fourth columns of the resulting
matrix. We obtain the following matrix:

1 -a -a a
_ |a 1 -a* -a| |V, -aV,
v, = ) = :
a -—-a 1 -a ayv, Vv,
a®> a a 1|

The matrix V, differs from the matrix V4 only in the order of

columns. Therefore, one of these matrices can be obtained
from another by multiplying it by the permutation matrix. In
this case, we can write:

V4:V4P4,
where
[1 0 0 0]
0 0 0 1
P, =
0100
10 0 1 0

For N =2 we can also write
vV, = V2P2 = V2 )

where P, is an identity matrix of order two

1 -a a -a a -a a —-a
a -a’? a' -a*> -a a* -a 1
a -a° -a 1 -a a* a -a°
a’ -a’ -a’ a 1 -a -a’ a
Vg =
a 1 -a -a* a' a* -a -a°
a> a -a’ -a® -a’ -a 1 a
a’ a 1 a -a’ -a -a’ -a
a® a> a a’ a 1 a a’

In this case by moving the eighth column of this matrix in
place of the second one, the fourth column in place of the
third, the fifth column in place of the fourth, the second
column in place of the fifth, the seventh column in place of
the sixth, and the sixth column in place of the eighth, we
obtain the following matrix:

1 -a -a a* -a a* a* -a&°
a 1 -a* -a -a’ -a a a’
a -a> 1 -a -a’ a® -a a’
_ |la® a a 1 -a® -a’ -a’ -a
Vg_ 2 2 3 2
a —a -a a 1 -a -—-a a
a> a -a -a’ a 1 -a’ -a
a> -a> a -a’ a -a* 1 -a
a’ a® a* a a’ a a 1

As previously we can write:

Vs :Vng,
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where
(1 0 0 000 0 0]
000O0O0O0O0°1
00010000
000O0T1O0O00O
P, = .
01000000
00000O0O0T10O0
00100000
0000010 O]

Generalizing the above considerations we can write:

(16) Vy =VyPy for N=2,4,..,2".

The order-2""! permutation matrix P,y can be obtained from
Py permutation matrix of order 2" in the following way. The
first part (half) of the row with an even index 2k in the matrix
P,y is equal to the row with the index k in the matrix Py. The
second part (half) of the row with an even index 2k in the
matrix P,y consists of all zeros. The first part (half) of the
row with an odd index 2k+1 in the matrix P,y consist of all
zeros and the other half is a mirror reflection of row k in the
matrix Py. The rows are indexed starting from zero. Thus
the permutation matrix in (16) can be generated recursively
according to the following rules:

P, (2k, 1) =Py (k,1)

1

[1 o} P,y 2k,N+1)=0
(17) P, = ,
0

P, (2k+1,1)=0
P 2k +1L,N +1) =Py (k,N-1-1)

fork,1=0,1,...,N-1.
If we write the matrix Vy as a product V Py , then the

expression (13) takes the form

1

(18) H{ = —V PyA{PL VY .
c

It should be noted that the product PNA(N”)P,E is also a
diagonal matrix, where the diagonal elements have the

same values as the diagonal elements in the matrix A(h‘,"),

only their order is different. The product PNA(,\?)P,E
multiplied by the factor 1/c" (responsible for the
normalization of eigenvectors) will be denoted by Xﬁ‘) (itis

oboviously a diagonal matrix). Since we can rewrite (18) in
the form

(19) H{ = VAV
where the matrix VN can be generated recursively:

|1 -a . Vy
(20) V2 = , V2N = _ _
a 1 avy Wy

—aVvy

The 2" order DFRHT matrix has a specific block-
structure.

Theorem: Any matrix Sy =VNDNV,E (N=2"), where
Dy is some diagonal matrix and matrix VN is defined by

(20) has a structure
Fy B
(21) cll

N
- 2
Sy =
N
2

2
By
2

where Fy;,, Byn, Gy are some squere matrix and each of
them has a block-structure similar to the structure of the
matrix Sy.

Proof: The proof will be by induction method. We will
start from n=1 (N=2"):

S, =V,D,V] = =
a 1|0 df-a 1

_|dy+a’d, a(d,-d)| |F B,
a(d,-d) a’d,+d,| |B; G|
Let us assume that the property (21) is true for a fixed n> 1
(N=2"). We will show that it is true for n+1 (2""'=2N). We

use the fact, that we can write the diagonal matrix D,y in the
form

v vdl
Son =VonDon Vo =

aVy  Vy |0y Dy |-avy V§

Vu(Dy +a’Dy)Vy  Vy(@Dy —aDy)Vy

Vy(@Dy —aDy)Vy  Vy(@’Dy +Dy)Vy

|:FN BN

By Gy

All blocks Fy, By, Gy have form VyD\Vy , where Dy is

some diagonal matrix, so they have the same bloc-structure
as the matrix Sy. [

Since the matrix Kﬁf’) occurring in an expression (19) is

a diagonal matrix, so by virtue of the above proof, the
DFRHT matrix has a block-structure such as matrix Sy in
(21).

Possibility of reducing the number of arithmetic
operations in calculating the matrix-vector product

The calculation of each discrete transform is related to
the calculation of the matrix-vector product. Suppose we
want to calculate the product

(22) Vst = SNXnxi s
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where N = 2". We assume that the complex-valued matrix Sy
and real-valued input data vector xy,; are known. If we
know nothing about the structure of matrix we have to do
2N ? multiplications and 2N(N-1) additions of real number.

If the matrix Sy has a structure as in expresion (21) then
there is posibility of reducing the number of arithmetic
operation in calculating the output signal yn., as it was
shown in [7]. For N =2 we can write

(23) S, =T, ,diag(f —b, g—b, b)TJ,,,

where T,,; is an auxiliary matrix

1 01
T,s =
011

and S, has the form (f, b, g - some complex numbers)

f b
S, = .
b g

If we want to calculate the matrix-vector product for N =2

(26)

(24)

(25)

Yax1 = SyXo

and we use the expanded form (23) of the S, matrix as
follows

(27) ¥y =T,sdiag(f —b,g-b, b)T50X 0

then we have to perform 1 real addition (when we multiply

Ti, by x».), 3 multiplications complex numbers by real
numbers (when we multiply diag( f-b, g-b, b) by previously
obtained real-valued vector) equivalent to 6 multiplications
of real numbers and 2 complex additions (when we multiply
T, by previously obtained complex-valeud vector)
equivalent to 4 additions of real numbers. Figure 1 shows a
dataflow diagram for this case. The dataflow diagram is
oriented from left to right. Straight lines in the figures denote
the operation of data transfer. Points where lines converge
denote summation. Note that one addition of complex
numbers is equivalent to two real additions. The circles in
this figure shows the operatons of multiplications real
numbers by complex numbers inscribed inside the circles.
One such multiplication corresponds to two multiplications
of real numbers.

i Complex-valued

L ____ —
Fig. 1. Dataflow diagram of the matrix-vector product calculation for
N = 2 according to formula (27); ¢ =f-b, p " =g-b, 0 P =b

Hence the number of real multiplications and real additions
required for computing the matrix-vector product (26)
according to (27) are equal to 6 and 5 respectively. If we
had not taken into account the special structure of the
matrix S, and performed the product (26) in the usual way
we would need to perform 8 multiplications of real number

and 4 real-number additions. Although the calculation gain
seems to be in this case small, but for the larger length of
input data it will be significant.

Let us analyze the matrix-vector product (22) calculation
in the general case for N =2", where the matrix Sy has form
(21). Generalizing in this case the relation (23) we can write

(28) Sy = (T, ®T (@Y ® O © DY )T} ®1 ),

2 2 2 2 2
where symbols ®, @ denote Kronecker product and direct
sum of matrices respectively and (I>(h?)/2 =Fy/;» =By 2,
(I)(,j)/2 =Gy —By/as ‘Dﬁaz =By, . It should be noted

that the matrices(I)g\?)/z, (I)ﬁ)/2 and obviously (I)ﬁaz have

also the same block-structure as matrix Sy but their sizes
are N/2. Using expression (28) the procedure of matrix-
vector product (22) calculation can be written as foolows

.
(29) Yy :QNXﬂ((I)ﬁ) o0y eaq)ﬁ))szﬂmxle :
2 2 2 2 2

where

Complex-valued
data

Fig. 2. Graph-structural model of the matrix-vector
calculation for N = 2" according to formula (29)

product

Expression (29) describes obviously only one step of
reducing the number of arithmetic operations in calculating
the matrix-vector product (22). Since the matrices (I)g\?)/z,

(I)(,j)/2 and (I)(Nz)/2 have the same structure as the matrix

Sne, the same mechanism can be used to reduce the
number of arithmetic operations in the next steps, when
these matrices will be multiplied by suitable vectors.

Algorithm with a reduced number of arithmetic
operations for the DFRHT computing

We want to calculate the DFRHT transform for real-
valued input vector xy,1
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(30) Yo = H{ Xy

where N=2". As was mentioned above the DFRHT matrix
has the block-structure as follows:

©  gO
FY BY

(31) HEO =| 2 2
© GO

By Gy

2 2

We assume that this matrix was calculated in advance for
suitable parameter a. We have added an upper index 0, to
emphasize that there is an initial matrix. In the first step
from this matrix we construct the next matrix

@) _ 00 @@l @ @l
(32) H =o\" oo o {?,

2 2 2 2
1,0) _ (0 0 L) _ ~(0 0

where @\ 7) =F{), ~B),, @}, =GY),-BY), and

d)(,\ll/z% =B(,\?)2. Obviously to calculate the product (30)

using Hg‘f\l’l/)z we also need to perform some additions on

input and output data, as it was shown in the graph in
Figure 2. Each of blocks (I)ﬁg occurring on a diagonal of

Hg‘fq’l/)z in (32) has a block-structure as follows:

(L,k) (Lk)
F By

(33) @<= & & | fork=0.12
2 (B GN
4 4

so we can repeat the same procedure for each of the blocks
(I)(,\H‘% . In the second step we obtain the matrix

@2 _ 20 @ oD 28
(34) H =0l oo ..o 0.

4 4 4 4

Each of blocks d)(,f’/k} occurring on a diagonal of Hf;;‘\;z/)4 in

(34) has a block-structure as follows:

(2,k) (2,k)
FN B N

@k _| 8 8 _
(35) oY = B2H  G2h for k=0,1,....8.
4 N N
8 8

Following this way, in I-th step we can detrmine the matrix

blocks, (I)i'l?'z‘,) (I)i\"’f;frl) and (I)(’\'I’f';fz) occurring in
Hg‘,’"’\:)/zl from the blocks (I)(’\"_/lzm obtained in step (I-1) by

(a,1-1)

calculating the matrix H3"‘N/

e according to the formula

(1,3k) _ g(-Lk) (I1-1,k)
@ N - FN -B N
2" 2" 2"
oD =G\ BT for k=0,1,...,3'7 1

(36)
2! 2! 2!
(1,3k+2) (1-1,k)
L0 =B
2" 20

where each of blocks (I)(,\'l_/lzm occurring on the diagonal of

H*'"D  has a block-structure:

3N/2M!
F(I—l,k) B(I—l,k)
N N
Enefo=| 2 2 k=013 -1
N - B(Il\l_l’k) G(’|\l—1,k) =Yl .
-1
2 5 L

After n steps we will have matrix
(a,n) _ 4,(n,0) n,1) (n,3"-1)
(38) H3’f,’ —(I)ﬁ (-B(I)ﬁ (—B...G—)(I)l .
2" 2" 2"

It should be noted that this matrix is diagonal, because the
blocks occuring of its diagonal have size 1x1. This matrix
does not depend on the input data and can be calculated in
advance based on the knowledge of the input data length
and the parameter . Since the size of this complex-valued
matrix is 3", so calculating the product of this matrix by a
real-valued vector requires 2-3" multiplications of real
numbers.

The general procedure for calculating the DFRHT

transform (30) by using the matrix Hg”n"n) will take the form

0 NeT
(39) YNud = QNX3anﬁl n)93anxNX1,
where
v =R on Oy )y Oy )
2 2 4 2n71 2n
and
Q=T ®Iy fork=12,...n.

KTk ok
We consider an example of this procedure for N =2°=8
ey (@3yaT
Vw1 = Qg,07H577 Qo7,8Xg,1

where

Q8x27 = Q8x12(13 ® Q4><6)(I9 ® 92x3)
and
Q=T ®L,, Q=T,;1,, Q,;=T,;0I,.

Figure 3 shows a dataflow diagram for this case. The
diagonal entries of the diagonal matrix H(ﬁ’}) are denoted

h, for k=0,1,...,26 .

Table 1 includes a comparison of the number of
multiplications and additions of real numbers, required to
calculate the DFRHT transform in the usual way, and using
the proposed algorithm (39) for different input vector length
N, assuming that the vector of the input data is real-valued.
We can note that the proposed algorithm significantly
reduces the number of arithmetic operations, especially
multiplications, in the calculation DFRHT transform and that
the calculation gain increases with the length of the input
data.
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|
|

&

[y
Fig. 3. Dataflow diagram of the DFRHT calculation for N=38
according to formula (39)

Tab. 1. Comparison of the number of multiplications and additions
requred to calculate DFRHT transform for input vector of length N

Multiplications Additions
N Proposed Proposed
Usual way algcr:rithm Usual way algcr:rithm

2 8 6 4 5

4 32 18 24 25

8 128 54 112 95
16 512 162 480 325
32 2048 486 1984 1055
64 8192 1458 8064 3325
128 32768 4374 32512 10295
256 131072 13122 130560 31525

Since the matrix DFRHT satisfies property (15), the
inverse discrete fractional Hadamard transform (IDFRHT)

-
Xpoa = HE) "y

can be calculated in the same manner as DFRHT
transform, only the parameter « should be changed to -c.

(40)

IDFRHT
transform (40) by using the matrix H;;“’n) will take the

The general procedure for calculating the

form

rey —a,ngT
(41) X =@ HLEVRL Vg

Nx3"

It is easy to chack, that

(42) H Y = HY)",

so if the matrix Hg’ff’”) for calculating DFRHT transform

was determined, the matrix Hg;a’n) for calculating IDFRHT

transform is also determined. The number of real number
multiplications and additions required to calculate IDFRHT
transform according to formula (41) will be slightly different
from these, which are presented in Table 1, since in this
case the input vector yy,, is complex-valued and the output
vector xy,; is real-valued, but they will be also smaller than
if we had not taken into account the special structure of
DFRHT/IDFRHT matrix.

Summary

The article presents the rationalized DFRHT algorithm with
reduced number of arithmetic operations compared to the
direct way of the DFRHT implementation. Almost the some
algorithm can be used for IDFRHT transform calculation,
since DFRHT and IDFRHT matrices have the some block-
structures.

For simplicity, as example we considered the
synthesis of this algorithm for the DFRHT calculation for
N = 2°. However, it is clear that the proposed procedure was
developed for the arbitrary case when the length of input
data is a power of two.
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