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Optimal complexity for discriminant analysis 
 
 
Abstract A mechanism has been proposed to achieve optimal complexity for Discriminant Analysis (DA) based on Principal Component Analysis 
(PCA). We use PCA to filter non-informative features before applying to DA algorithm. In addition to significant accuracy improvement, the 
mechanism decreases the computational and storage costs of Linear Discriminant Analysis methods and makes the overall method more efficient. 
The mechanism helps classical linear DA methods outperform the state of the art and most superior linear and non-linear DA methods. 
 
Streszczenie. Zaproponowano mechanizm analizy złożoności w analizie dyskryminacyjnej bazującej na Analizie Składowej Głównej PCA. 
Dodatkowo mechanizm umożliwia poprawę dokładności klasyfikacji danych. (Analiza optymalnej złożoności w analizie dyskryminacyjnej) 
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Introduction 

Bayes classifier is known to be optimal since it has a 
minimum classification error. In most classification problems 
due to mathematical simplicity and possibility of reasonable 
approximation, patterns are assumed to have normal 
distribution.  The most investigated classification problems 
are two class problems due to the fact that their results and 
theories usually can be expand or at least be a base of an 
induction to a multiclass case. In the classification of a 
vector ݔ into one of the two normal distributions, Linear 
Discriminant Function (LDF) will be the most successful 
method. One of the main concerns of a designer of a plug-
in Bayes classifier, including an LDF, is the Hughes 
phenomenon [1], that is, the existence of a peak in the 
classifier accuracy as the number of measurements, ݌, 
increases. 

In last decades several researchers have involved in 
proposing new Discriminant Analysis (DA) algorithms. 
Some examples of the state of the art and most successful 
linear and also nonlinear (kernel based) DAs are Subclass 
Discriminant Analysis (SDA) [1], approximate Pairwise 
Accuracy Criterion (aPAC) [3], and Complete Kernel Fisher 
Discriminant (CKFD)[7]. Linear Discriminant Analysis 

(LDA)  [5],  [6], as the multiclass case of LDF, is the most 
popular DA algorithm. LDA assumes the data in each class 
can be grouped in a single cluster, i.e. having unimodal 
classes. In practice, this assumption may be vastly 
deviated. Based on a Nearest Neighbor (NN) clustering of 
each class to an optimal number of subclasses, Zhu and 
Martinez [1] presented Subclass Discriminant Analysis 
(SDA) to address multimodality in data. Approximate 
Pairwise Accuracy Criterion (aPAC) [3], decomposed a c 
class (multiclass) Fisher criterion into the cሺc െ 1ሻ 2⁄  two 
class criterion. It introduced weighting functions of the class 
pairwise Mahalanobis distance to the overall criterion. 
Heteroscedastic linear dimension reduction (HLDR) [2], also 
known as HLDA, utilizes the so-called Chernoff criterion in 
LDA in a way that it can engage the heteroscedasticity of 
the data. Heteroscedastic data have differences in within 
class covariance matrices and HLDR uses the 
discriminatory information therein. Both aPAC and HLDR 
are based on the eigen-decompositions of some functions 
of positive semidefinite matrices. Therefore, they need to be 
calculated by reliable numerical methods such as SVD. 
Also both aPAC and HLDR need a ܿ class problem to be 
decomposed into ܿሺܿ െ 1ሻ 2⁄  two class problems. This 
action will become inefficient when ܿ is large. 

In this paper, we propose a mechanism to eliminate 
‘Hughes phenomenon’ from DA algorithms. Principal 

Component Analysis (PCA)  [6],  [9],  [10] usually is used to 

fade away singularity challenge of within class scatter 

matrices  [6],  [9], in DA methods when one involves in small 
sample size problems.  Our approach is based on using 
PCA as a preprocessing subspace to filter non-informative 
features before applying to DA algorithms. In addition to 
accuracy improvements, our mechanism decreases the 
computational and storage cost and makes the overall DA 
methods more efficient. Also, we show that the usual 
vulnerability of LDA based algorithms versus PCA is 
removed by the mechanism. We conduct intensive 
experimental experiences to demonstrate the effectiveness 
of the proposed approach. A large number of most popular 
face databases as well as one object recognition database 
are used to evaluate the superiority of the proposed 
approach over a large number of the strongest and state of 
the art DA methods. Finally, we propose two suggestions 
for researchers in the area of statistical pattern classification 
which may improve the accuracy of their designed 
classifiers. 

Hughes phenomenon and its relationship to Linear 
Discriminant Analysis 

Let ߎ௜ ∼ ௣ࣨሺߤ௜, ,௜ሻߑ ݅ ൌ 1,2 be two ݌-variate normal 
populations and ߑଵ ൌ  ଶ. When all parameters are knownߑ
the optimum classification rule, namely Bayes, is 

(1)         ܷ଴ ൌ ሼݔ െ 1 2⁄ ሺߤଵ ൅ ଵߤଵሺିߑଶሻሽ்ߤ െ           ଶሻߤ

where the term 

଴ܨ                            (2) ൌ ሺߤଵ െ                      ݔଵିߑଶሻ்ߤ

is Fisher’s LDF of the populations. Usually, ݔ is 
assigned to class 1 if ܷ଴ ൐ 0 and to class 2, otherwise.  

Equation (1) is obtained from the following minimum 
distance rule: 

(3) 2 ଴ܷ ൌ ሺݔ െ ݔଵሺିߑଶሻ்ߤ െ ଶሻߤ െ ሺݔ െ ݔଵሺିߑଵሻ்ߤ െ        ଵሻߤ

For a case of ߑଵ ്  ଶ the optimum rule is based on aߑ
quadratic form  

(4) ଵܷ ൌ ሺݔ െ ଵߑଵሻ்ߤ
ିଵሺݔ െ ଵሻߤ െ ሺݔ െ ଶߑଶሻ்ߤ

ିଵሺݔ െ ଶሻߤ ൅
|ଵߑ|ሺ	݃݋݈ ⁄|ଶߑ| )                                                  

In contrast to (1), the evaluation of PMC (Probability of 
Misclassification) of (4), except for some special cases, is 
very complicated. When all parameters are not known the 
plug-in versions of (1) and (4) have been presented, by 
substituting ̅ݔ௜ and ܵ instead of ߤ௜ and ߑ௜, where  ̅ݔ௜ and ܵ 
are the Maximum Likelihood estimation of ߤ௜ and ߑ௜ 
respectively, based on ௜ܰ random samples from ߎ௜. It has 
been shown that when ௜ܰ ⟶ ∞, the distribution of the plug-
in version of (1) tends to the true distribution. However, 
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when the sample size, ௜ܰ, is finite (limited training set), the 
estimations of ̅ݔ௜ and ܵ differ from their true values, ߤ௜ and 
 ௜. This is the reason for the degradation of plug-in versionsߑ
and their suboptimal performances. An important question 
in this regard is: ‘Is the Probability of Correct Classification 
(PCC) of the classifier monotone with respect to the number 
of measurements?’ In other words, ‘If ݔ ∈ ܷ௣, is it possible 
for a classifier to have a smaller PMC on a ܷ௣ᇱ ⊂ ܷ௣?’ We 
refer interested readers to the fundamental work in [5] 
(especially chapters 35, 36, 39, and 40), and discuss only a 
brief and concise overview of them to answer questions 
regarding Bayes classifiers and their plug-in versions. It has 
been shown that increasing the number of measurements in 
the training set may decrease the accuracy of the classifier 
designed on this set. It has also been demonstrated by an 
experiment that while the Mahalanobis distance 

ே߂ ,[10]  ,[9]  ,[6]  ,[5]
ଶ , of the populations increases linearly to 

adding a new measurement, i.e. ܷ௣ ,݌ ⟼ ܷ௣ାଵ, has no 
degradation effect in the classifier accuracy, except for 
cases with a very small ܰ, where ܰ ൌ ∑ ௜ܰ

௖
௜ୀଵ . Hughes [11], 

is the first work which shed more light on the above 
question by using mathematics. He built a mathematical 
model for establishing a peaking phenomenon in the mean 
accuracy of the Bayes classifier, trained on a training set 
with the size ௜ܰ, when ݌ increases continuously. His model 
is commented on the selection of the Bayes rule estimation. 
Despite previous reports of the peaking phenomenon 
before his work, the phenomenon was called ‘Hughes 
phenomenon’ after his fundamental work. Since the 
phenomenon relates to ݌, it is also known as ‘optimal 
measurement complexity’ in literatures. In spite of existence 
of some examples which show peaking in the accuracy of 
Bayes classifiers, it has been shown that under some minor 
restrictions, the average accuracy of Bayes classifiers, 
designed on all possible generations, based on a given 
densities, namely ߎ௜s, will never degrades, as ݌ increases. 
The interrelationship between ݌ and ௜ܰ and PCC has been 
studied based on Monte Carlo simulations by several 
researchers. It has been pointed out that an LDF can have 
better accuracy on a ܷ௣ᇱ ⊂ ܷ௣. For a constant ݌,  to achieve 
a given accuracy, ௜ܰ should increase linearly for an LDF 
and Quadratic for a QDF. Numerical results, have a general 
agreement with an acceptable recommendation about a 
good practice in pattern recognition design which considers 
a linear relationship between ݌ and the required ௜ܰ. That is, 
the number of training samples must be five to ten times the 

number of measurements  [4],  [5], i.e. ܰ ⁄݌ ൐ 5~10.  To use 
numerical results, e.g. results obtained by Monte Carlo 
simulations, two necessary conditions are the 
independency of the measurements and the knowledge of 
the true underlying distributions. Generally, the less the 
knowledge of the underlying distributions is, the more the 
required training samples for a given dimensionality would 
be. The amount of correlation within the measurements will 
change the optimal measurement complexity. 

The formulation of Linear Discriminant Analysis and its 
relationship to Bayes Classifier 

There are two main families of criteria to measure 
overlap of populations and separability of classes: 

Chernoff distance, Bhattacharayya distance, etc, 

[5],  [6],  [9],  [10], belong to a family of criteria which relates 
to upper bound of Bayes error for a given problem. Chernoff 
or Bhattacharayya distances as a criterion have two major 
drawbacks; they are applicable just for two class and 
normally distributed problems. However, optimizing of this 
family of criteria does not give Discriminant Functions as 
solutions. 

The Bayes error is an optimum criterion for feature 
evaluation; however, it is not tractable in most practical 
cases. Therefore, in practice, to find Discriminant Functions, 
a simpler and more analytical criterion is desired. We can 
use a family of more tractable criterion functions, see next 
section, that depend on  ߤ௜,  ௜, and provide some measureߑ
of class seperability but have no direct relationship to Bayes 
error. However, it has been proven that [8] solving this 
family of criterion functions is equivalent to the mean-
square-error of the general Bayes error estimate.  

The most successful solutions to the FR or object 
recognition problems seem to be appearance-based 
approaches. They normally operate directly on images or 2-
D appearances of the 3-D face objects. In appearance-
based methods, one usually represents a 2-D ݎ ൈ ܿ array of 
pixels by a vector in an ݊-dimensional space where ݊ ൌ .ݎ ܿ. 
These ݊-dimensional vectors are too large to be directly 
utilized in any practical and efficient face recognition 
system. Let the vector ݖ௜

௝ ∈ ܴ௡ denote the ݅-th sample 
(image) of class ݆. Give ܿ, ௝ܰ, and ܰ as  the number of 
classes, samples in class	݆, and total number of training 
samples, respectively. Suppose µ and µ௝ stand for the 

mean of all classes and class	݆ respectively. Let us define: 

(5)      ܵௐ ൌ ∑ ∑ ሺݖ௜
௝ െ µ௝ሻሺݖ௜

௝ െ µ௝ሻ
்ேೕ

௜ୀଵ
௖
௝ୀଵ                

(6)            ܵ஻ ൌ ∑ ௝ܰሺµ௝ െ µሻሺµ௝ െ µሻ்௖
௝ୀଵ                      

(7)     ்ܵ ൌ ∑ ∑ ሺݖ௜
௝ െ µሻሺݖ௜

௝ െ µሻ்
ேೕ
௜ୀଵ

௖
௝ୀଵ ൌ ܵௐ ൅ ܵ஻      

as the within class, between class, and total  scatter 
matrices, respectively. PCA seeks to find: 

(8)             ௉ܹ஼஺ ൌ ݔܽ݉݃ݎܽ
ܹ

|்்ܹܹܵ|                      

The most common case in DA applications is the 
multiclass problem, which usually utilizes LDA as 

in  [5],  [6],  [9],  [10], and is based on maximization of the 

following form of Fisher criterion   [5],  [6],  [9],  [10]: 

ሺܹሻܬ            (9) ൌ ሺ்ܹܵௐ݁ܿܽݎݐ
ିଵ்ܹܹܵ஻ܹሻ             

or find: 

(10)       ܹ ൌ ݔܽ݉݃ݎܽ
ܹ

|ௐ೅ௌಳௐ|

|ௐ೅ௌೈௐ|
ൌ ሾݓଵ	ݓଶ	ݓଷ     ௖ିଵሿݓ	…

where ሼݓ௜	|	݅ ൌ 1, 2, 3, … , ܿ െ 1ሽ is the set of ܿ െ 1 
generalized eigenvectors corresponding to the ܿ െ 1 
nonzero generalized eigenvalues ሼߣ௜	|	݅ ൌ 1, 2, 3, … , ܿ െ 1ሽ 
of the generalized eigenvalue problems: 

(11)                         ܵ஻ݓ௜ ൌ                             ௜ݓ௜ܵௐߣ

To solve (11), if ܵௐ is a full rank matrix, then (11) can be 
rewritten as the following conventional eigenvalue problem: 

(12)                        ܵௐ
ିଵܵ஻ݓ௜ ൌ                            ௜ݓ௜ߣ

Based on aforementioned paragraphs, LDA is a plug-in 

Bayes classifier  [4],  [5]. LDA also could be seen as an 
approximation of aPAC. They usually yield similar results 
[3]. Thus, aPAC could be considered as a plug-in Bayes 
classifier, too. However, our proposed mechanism in 
Section 3 can be generalized to other DA algorithms, which 
use maximum likelihood estimations of their parameters, to 
achieve optimal complexity. 
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Hughes Phenomenon and Linear Discriminant Analysis 
Usually, in practical classification problems (like FR or 

object recognition problems), designers don’t have 
knowledge of underlying distributions and the parameters of 
classifiers are not known. They are forced to estimate 
classifiers parameters, e.g. µ, µ௝, ்ܵ, ܵ஻, ܵௐ, etc, from 

available finite size training sets and utilize them in 
classifiers. The substitution of the maximum likelihood 
estimation of the parameters instead of the true values of 
them is the reason for the degradation of the plug-in 

versions  [4],  [5] of Bayes classifiers and their suboptimal 
performances. When someone involves in the design of a 
plug-in Bayes classifier one should follow an acceptable 
recommendation about a good practice in pattern 
recognition design to avoid Hughes phenomenon. That is, 
the number of training samples must be five to ten times the 

number of measurements  [4],  [5], i.e. ܰ ⁄݌ ൐ 5~10. This is 
sometimes called the optimal complexity (or the optimal 
number of measurements) [5] for a classifier. Following the 
recommendation helps us to eliminate the effects of errors 
caused by the substitution of estimated parameters instead 
of true ones. 

Unfortunately, sometimes concepts like ‘the curse of 
finite sample size’ or ‘optimal measurements complexity’ 
may be forgotten by researchers. We will show how the 
optimal complexity can be achieved by a simple mechanism 
based on PCA. We use PCA as a filter for pruning non-
informative features from original features spaces before 
applying to linear DA algorithms. Finding optimal complexity 
can significantly improve the accuracies of DA algorithms. 
After achieving optimal complexity in Section 4, the 
classical LDA formulation and aPAC as two examples of 
linear DAs outperform the most superior DAs. This is 
predictable, since as we noted previously, a classifier based 
on (1) should be optimal [8]. 

 
The Optimal Complexity for Discriminant Analysis 

PCA representation of data is the most compact 
representation of the data with no data structure distortions. 
Thus, PCA is used by researchers to obtain the lowest 
dimensional representation of data in small sample size 
problems. Those problems have N ≪ n. Within class scatter 
matrices e.g. (5) are often utilized in DA algorithms in 
addition to LDA. A usual challenge in DA algorithms is the 
singularity challenge of within class scatter matrices, i.e. 
these matrices are noninvertible. In addition to finding the 
most compact representation of data, researchers usually 
use PCA as a tool for overcoming the singularity challenges 
in DA algorithms as well. Therefore, their criterion to 
determine how many principal components should be kept 
is the rank of within class scatter matrices. The singularity 
of ܵௐ, causes a common computational challenge 
especially for a laboratory face database. Representing the 
data in a new ݌-dimensional subspace with ݌ ൏ ܰ െ ܿ may 
be a mathematical solution for this problem since the 
maximum rank of the within class scatter matrix is ܰ െ ܿ. 
However, it is possible that the rank of ܵௐ be smaller than 
ܰ െ ܿ. Thus, to completely avoid rank deficiency problems, 
the rank of ܵௐ should be calculated before projecting data 
to a ݌-dimensional subspace with ݌ ൏ ܰ െ ܿ. Let ௉ܹ஼஺, be a 
matrix made by concatenating those eigenvectors of ்ܵ that 
correspond to the ܰ െ ܿ largest eigenvalues. Researchers 
usually map data by means of ௉ܹ஼஺ to a ܰ െ ܿ-dimensional 
Principal Component Analysis (PCA) subspace, as the 
preprocessing subspace and then implement their DA 
algorithms. The maximum theoretical rank of these matrices 
is ܰ െ ܿ, where ܿ is the number of classes. The criterion of 
researchers for ordering the principal components is the 

amount of their corresponding eigenvalues. Thus, they sort 
the components with respect to their descending order of 
their eigenvalues and then keep those with the ܰ െ ܿ 
largest eigenvalues. Usually, ܵௐ in the new coordinates is a 
full rank matrix and therefore their solution helps us to 
overcome the aforementioned computational problem 
caused by rank deficiency of ܵௐ, however, it is not a good 
idea to cause LDA to become optimal. A perfectly reliable 
sorted subset of independent measurements are obtained 
from a random ordered set of correlated measurements, 
namely the face image pixels, by means of ௉ܹ஼, before 
utilizing LDF. Therefore, the recommendation for a good 
practice in the pattern classification, i.e. holding ܰ ⁄݌ ൐
5~10, can be applied to the resultant subsets.  We suggest 
to keep ݌ ൌ ை௣௧݌ ൎ ܰ 10⁄ ~ܰ 5⁄  instead of  ݌ ൌ ܰ െ ܿ. By 
using p୓୮୲, the rank deficiency problem of the within class 
scatter matrix will be avoided more powerfully when 
compared with the case of using 	݌ ൌ ܰ െ ܿ. Since the 
computational and storage cost of linear DAs are of the 
order ܱሺܰଶ݌௢௥௚ሻ and ܱሺܰ݌௢௥௚ሻ, thus their decreases are of 
the order of 1 10⁄ ~1 5⁄ . These modifications results in a 
significant improvement in the accuracy of linear DAs, 
based on empirical results, and simultaneously decreasing 
the cost. Experiments show that the optimum ݌ is almost 
among ܰ 10⁄ ~ܰ 5⁄ . Mathematical determination of the 
optimum ݌ as a constant portion of ܰ, seems to be so 
complicated and a tuning process is inevitable for a new 
unknown database to get an exceptional accuracy 
improvements. However, in the absence of such tuning, the 
accuracy improves when a designer follows a rule of thumb 
like limiting p to ܰ 10⁄ ~ܰ 5⁄ . 

In this paper, we propose two optimum complexity 
versions of LDA and aPAC. They are based on features 
obtained by principal components corresponding to the 
 number of the largest eigenvalues and ۂ5/ܰہ and ۂ10/ܰہ
are shown by indices “opt1” and “opt2”, respectively. This 
paper experiments could be seen as a proof to the 
optimality of LDA in minimization of Bayes error (see the 
15th chapter of [5]), of coarse when the Hughes 
phenomenon is eliminated. A pseudo code for “opt1” 
version of LDA can be as follows. For “opt2” version LDA, 
one should only substitute ݌ଶ instead of ݌ଵ, in the second 
step of the pseudo code. For aPAC, steps 4 and 5 should 
be substituted by the algorithm stated in [3]: 

 
 
Input: an available sample collection and ݖ௜

௛, ݅-th 
sample belongs to ݄-th class; have to be classified in 
ܴ௡ 

Output: ݃, classifier recognized class of ݖ௜
௛  

Calculate S୘ from (7) 
Compute ௉ܹ஼஺ from (4) and sort them according to 

the descending order of their corresponding 
eigenvalues 

ଵ݌ ൌ ܰہ 10⁄ ଶ݌ and ۂ ൌ ܰہ 5⁄  ۂ
ܸ ⟻ ௉ܹ஼஺ሺ1:  ଵሻ݌
௜′ݖ
௛ ⟻ ௜ݖ்ܸ

௛ 
Calculate ܵௐ and ܵ஻ for ݖ′௜

௛s (from (5) and (6)) 
Obtainܹ ൌ ሾݓଵ ଶݓ ଷݓ …  ௖ିଵሿ (from equations (11)ݓ

or (12) and (10)) 
௜"ݖ
௛ ⟻ ௜′ݖ்ܹ

௛ 

Experimental results 
We use MATLAB platform for simulation. We show 

results in Tables 2, 3, 4, and 5 when 1-Nearest Neighbor (1-
NN), 5-NN, Nearest Mean (NM), and Support Vector 
Machine (SVM) have been used for classification, 
respectively. We use “Hold out” method with cross 
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validation factor 0.5. To see the effectiveness of finding 
 ை௣௧, seven popular publicly accessible databases in the݌
face recognition area: FERET [12], [13], ORL [15], UMIST 
[16], GEORGIA TECH [17], Essex 94 [18], and Essex 95 
[19] are used. Also, ETH-80 [14] has been used as a 
benchmark database for object recognition. Fundamental 
parameters of these databases are summarized in Table 1. 
In addition to popularity of FR datasets, we used these 
databases with different challenging factors in the area of 
FR, e.g. Pose, Facial expression, Image orientation, etc, for 
a face classifier. For FERET, we use images of its b-subset. 
This subset consists of the images whose names are 
marked with two character strings: “ba”, “bj”, “bk”, “be”, “bf”, 
“bd”, and “bg”. For computational consideration, the images 
of FERET, ETH-80, Essex 94, and Essex 95 are resized to 
96×64, 64×64, 50×40, and 50×40 respectively. 

Table 1.   Important information of this paper used databases 

 
Georgia Tech database requires a special attention 

regarding to variable resolution of its images. Since we 
initially need to get equal size vectors from these images, 
we forced images to occupy a fixed size 2-D array of pixels. 
This task was done by symmetric cropping of images with 
respect to the centre of each image. Hence, the top, down, 
right, and left margins of images are eliminated as needed. 
Since images in Georgia Tech database have at least 
111 ൈ 111		pixels, we only keep a symmetrical 111 ൈ
111		region around the centre of each image. 

Table 2: recognition rate (%) for nearest neighbor 

 
We implement our mechanism on LDA and aPAC and 

propose LDAopt1, LDAopt2, aPACopt1, and aPACopt2. They are 
based on features obtained by principal components 
corresponding to the ܰہ 10⁄ ܰہ and ۂ 5⁄  number of the ۂ
largest eigenvalues and are shown by indices “opt1” and 
“opt2”, respectively. We compare the resultant “opt1” and 
“opt2” versions with the most superior DAs like CKFD [7] 
with both polynomial and Gaussian kernel type (optimized 
by using 5-fold cross validation and shown by CKFDP and 
CKFDG, respectively), SDA [1], aPAC [3], LDA, and PCA. 
In order to increase the confidence level and statistical 
reliability of our results and to eliminate the effects of 

exceptions, the accuracies of the methods in Fig. 1 of this 
work are evaluated by averaging its performance over a 
large number of iterations. Higher accuracies in each row 
are bold face. The best accuracy in each row is shown by 
asterisk. 
Table 3: recognition rate (%) for 5-nearest neighbor 

 
Table 4: recognition rate (%) for nearest mean 

 
Table 5: recognition rate (%) for SVM 

 
Discussion 

LDAopt1 is the best method when 1-NN, 5-NN, and NM 
are used; an experimental demonstration for the claim of 
[8], i.e. a classifier based on (1) should be optimal. When 
SVM is used aPACopt2 is the best. As it can be seen, both 
versions of LDA and aPAC outperform some of the most 

DATABASE Class Images  per Class N n 

FERET 200 7 1400 98304 

UMIST 20 between 19 to 48 575 10304 

Essex 94 152 20 3040 36000 

Essex 95 72 20 1440 36000 

ORL 40 10 400 10304 

ETH-80 8 410 3280 16384 

GEORGIA TECH 50 15 750 Various 

DATABASE LDAopt1 LDAopt2 aPACopt1 aPACopt2 SDA 

FERET 90.7* 86.7 86.43 86.93 79.73 

Essex 94 99.16 98.82 97.65 98.65 98.44 

Essex 95 89.14 88.56 88.14 90.72* 88.06 

UMIST 99.02 99.23* 98.11 99.16 97.82 

ORL 93 95.4 90.9 91.3 92.13 

GEORGIA TECH 70.74* 69.71 68.29 70.63 70.46 

ETH-80 74.7 75.68 74.66 75.23 84.39 

DATABASE CKFDP CKFDG LDA aPAC PCA 

FERET 77.73 87.57 51.4 51.53 77.87 

Essex 94 98.27 99.47* 95.31 97.6 96.78 

Essex 95 90.03 90.53 71.75 72.5 84.22 

UMIST 23.86 67.16 98.32 78.88 94.39 

ORL 96* 46.7 91.9 94.3 89.7 

GEORGIA TECH 67.89 46.86 33.94 59.09 68.63 

ETH-80 66.54 72.84 65.83 65.85 86.5* 

DATABASE LDAopt1 LDAopt2 aPACopt1 aPACopt2 SDA 

FERET 89.83* 85.83 83.77 84.43 75.2 

Essex 94 98.71 98.5 95.49 97.83 97.23 

Essex 95 80.64 83.61 79.69 86.22* 78.89 

UMIST 96.7 98.88* 98.11 97.82 92.63 

ORL 89.5 91.7 79.5 80.5 86.75 

GEORGIA TECH 69.03* 66.97 63.94 67.94 68.86 

ETH-80 76.77 76.87 76.84 76.77 81.07 

DATABASE CKFDP CKFDG LDA aPAC PCA 

FERET 72.87 86.8 53.8 44.93 72.77 

Essex 94 97.56 99.37* 94.72 95 93.32 

Essex 95 82.28 83.56 71.86 64.11 73.64 

UMIST 21.33 65.26 98.32 67.93 83.51 

ORL 95.9* 45.7 91.9 92.6 78.6 

GEORGIA TECH 67.37 45.03 35.83 55.66 64.63 

ETH-80 67.35 74.28 66.27 66.2 83.06*

DATABASE LDAopt1 LDAopt2 aPACopt1 aPACopt2 SDA 

FERET 92.93* 91.6 86.37 86.77 71 

Essex 94 99 98.66 97.09 98.49 98.31 

Essex 95 85.97* 85.47 64.58 85.28 76.56 

UMIST 97.4 98.46* 91.3 97.47 92.63 

ORL 91.5 93.7 76.6 77.8 89.88 

GEORGIA TECH 72.29* 71.89 52 67.49 63.43 

ETH-80 75.09 76.48* 75.09 76.35 72.18 

DATABASE CKFDP CKFDG LDA aPAC PCA 

FERET 76.67 91.63 60.1 18.47 41.7 

Essex 94 97.98 99.42* 94.99 96.91 96.1 

Essex 95 84.64 83.61 71.83 31.58 50.67 

UMIST 9.19 61.68 98.32 33.4 94.88 

ORL 95.8* 46.4 92 91.9 77.1 

GEORGIA TECH 70.06 44.34 32.8 41.77 48.91 

ETH-80 62.9 69.61 66.61 66.29 61.23 

DATABASE LDAopt1 LDAopt2 aPACopt1 aPACopt2 SDA 

FERET 85.57* 85.5 82.77 84,53 30.9 

Essex 94 96.76 97.67 71.09 85.5 87.05 

Essex 95 82.42 81.78 80.97 83.06* 58.67 

UMIST 95.37 97.54* 95.09 97.4 91.23 

ORL 86.1 95.5 86.7 93.8 91.75 

GEORGIA TECH 51.26 57.71 47.54 58.34* 32.4 

ETH-80 59.57 66.39 52.9 60.2 64.35 

DATABASE CKFDP CKFDG LDA aPAC PCA 

FERET 76.87 84.6 67.87 23.6 44 

Essex 94 91.74 98.01* 96.43 83.08 77.41 

Essex 95 82.42 82.36 71.06 46.69 81.25 

UMIST 19.44 67.02 97.19 91.02 96.7 

ORL 94.9 39.9 92.8 95.7* 93.4 

GEORGIA TECH 57.94 34.57 39.77 39.03 40.29 

ETH-80 41.41 58.48 59.77 60.22 73.6* 
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superior methods in the area of DA like SDA, CKFDG, 
CKFDP, and aPAC. The performance of the “opt1” and 
“opt2” versions of LDA and aPAC is incredibly superior than 
those methods especially in FERET and ORL. Also, in all of 
the used databases, the performance of the “opt1” and 
“opt2” versions is better than those methods. SDA has 
significantly larger training time than others in FERET and 
Essex 95. The reasons in those cases are the special 
definition of between class scatter matrix in SDA. SDA 
requires also a search for the optimal number of subclasses 
which requires significantly additional training time. 
However, in addition to achieving to much better accuracies 
for LDA and aPAC, tremendous computational and storage 
cost savings are achieved because of working with much 
smaller matrices and vectors. The optimum complexity 
versions of LDA and aPAC have much lower training times 
than SDA (as well as CKFDG and CKFDP). For FERET, 
Essex 94, Essex 95, and Georgia Tech, these versions are 
1.5×103, 15, 5×103 and 25 times faster than SDA! There 
exists a reported vulnerability of LDA versus PCA due to 
insufficient or unsuitable training data per class in face 
recognition world. This vulnerability is faded away perfectly 
where PCA achieves to almost 70% and 78% for Georgia 
Tech and FERET, respectively. In contrast to LDA and 
aPAC, their optimized versions achieve to clearer peak 
point in the accuracy curves of 1-NN and NM when the 
number of features is between ہሺܿ െ 1ሻ/4ۂ to ہሺܿ െ 1ሻ/2ۂ. 
Both of these benefits are worthwhile regarding to feature 
evaluation [8] concerns and required online classification 
times. However, we forsake these optimum values and 
report the accuracies of the ends of accuracy curves. Since 
for ORL and Georgia Tech ܰہ 10⁄ ۂ ൏ ܿ െ 1, thus the 
features numbers of LDAopt1 in these databases are limited 
to ܰہ 10⁄  LDAopt1 and LDAopt2 have almost the same .ۂ
performances in UMIST and Georgia Tech. 

LDAopt1 achieves to highest accuracy in FERET and 
Georgia Tech with only 60 and 35 features, respectively. 
Other methods have twice or triple number of features in 
these databases. This is much worthwhile regarding to 
required online classification times. The less the number of 
features is the less the required online classification times 
will be. Also, the modified versions have a clearer peak 
point in the accuracy curve than others. This is another 
worthwhile outcome of following the optimal complexity rule 
for a classifier. Having a clearer peak in the accuracy of a 
classifier for feature numbers less than ܿ െ 1, is favorable 
regarding to feature evaluation concerns. The designer of a 
classifier always seeks to find the minimum number of 
features which yields to most accuracy simultaneously. The 
designer desires to find a way to sort the features in an 
order in which the most valuable features are in the first. 
One should note the reduction in the computational errors 
e.g. in necessary eigen-decomposition in the framework of 
LDA. The reduction is because of working by much smaller 
matrices during eigen-decompositions. 

It should be noted that, as experiments show for the 
used databases, even for a very small ݌, i.e. ܰ 20⁄ ~ܰ 10⁄ , 
the accuracy of the classifier is still better than that obtained 
from LDA and aPAC. Thus, ܰ 20⁄ ~ܰ 10⁄ , is better 
suggestion than ܰ െ ܿ as the dimension of PCA 
representations before application of DA algorithms. In 
those cases, the storage cost will decrease in the order of 
1 20⁄ ~1 10⁄  and a significant efficiency improvement will be 
achieved.  

Finally, our two suggestions for performance 
improvement of plug-in classifiers are as follows: 

Considering the curse of finite sample size, we suggest 
following optimal measurement complexity recommendation 
with regard to the sample size, in the design of a plug-in 

classifier, as a plug-in Bayes classifier. Holding the number 
of measurements between ܰ 10⁄ ~ܰ 5⁄ , in addition to 
significant accuracy improvement, usually decreases 
computational and storage costs. This is due to the fact that 
DA techniques often work on a much larger number of 
measurements. As stated above, ௉ܹ஼஺ is one of the best 
means to utilize this idea. Instead of working on all available 
raw measurements of existing samples, we suggest 
working on ܰ 10⁄ ~ܰ 5⁄  number of good measurements. 
These are initially extracted from all available 
measurements, e.g. by means of ௉ܹ஼஺. Then apply DA 
techniques to the optimal number of extracted 
measurements. 

Since mathematical determination of ݌ை௣௧ is very 
complicated, instead of rough estimation of ݌ை௣௧ like 
ܰ 10⁄ ~ܰ 5⁄ , which is based on i.i.d. normal distribution 
assumption, to achieve the best accuracy, a tuning process 
seems to be inevitable for each individual database, since 
its distribution can only be reasonably approximated to 
normal distribution. Our experiments show that ݌ை௣௧ and the 
overall shape of the accuracy curves for each of four tried 
databases is almost similar in different iterations. This is 
rational, since in determining ݌ை௣௧ for a given database, the 
particular underlying distribution of that database plays the 
main role. Thus, we suggest offline tuning of the classifier 
just once and find ݌ை௣௧ by stepwise increase of ݌. Empirical 
results show that for a usual FR or object recognition 
problem, a good suggestion for the step size, start, and stop 
points of the tuning process may be  ܰ 10⁄ , ܰ 10⁄ , and 
2ܰ 5⁄ , respectively. Therefore, the offline tuning 
computational costs due to our tuning mechanism is at most 
0.3 times of that of the original method, i.e. LDA, aPAC, etc.  
To achieve the probable slight improvement in the classifier 
accuracy we can decrease the step size and increase the 
span of tuning. However, a reasonable theoretical stop 
point for the tuning process is ܰ െ ܿ. 

 

Conclusion 

A mechanism has been proposed to eliminate Hughes 
phenomenon from linear DA algorithms. It has been shown 
that using the mechanism yields a significant improvement 
in the accuracy of used DAs while their computational and 
storage costs are reduced. Also, the usual vulnerability of 
LDA based algorithms versus PCA has been removed by 
utilizing the mechanism. The mechanism results in 
achieving the optimal complexity for linear DAs. It has been 
shown by intensive experiments that following the 
recommendation yields significant improvement in DA 
algorithms accuracies. In addition to accuracy improvement, 
the modification decreases their computational and storage 
costs and makes the overall method more efficient. The 
mechanism causes LDA and aPAC to outperform the state 
of the art and most superior linear and nonlinear DAs. This 
could be a very good demonstration for the strength of the 
idea of finding the optimal complexity for a classifier. 
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