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Minimum mean-squared error multi-user MIMO receive filtering

Abstract.

In this paper we use two modifications of the minimum mean-squared-error (MMSE) cost function to derive new multi-user (MU) MIMO

receive algorithms. We derive algorithms that have lower complexity than the lattice reduction techniques and are able to extract full diversity inherent
in the system. The resulting algorithms work in the overloaded systems, i.e. can process signals at the user terminals (UTs) equipped with the arbitrary

number of antennas, and have no bit error floor.

Streszczenie. W pracy wykorzystano dwie modyfikacje funkcji MMSE do otrzymania nowego algorytmu otrzymywania danych przez wielu uzytkown-
ikéw. Zaproponowany algorytm jest mniej ztozony niz technika redukcji siatki i jest w stanie wydoby¢ réznorodnos¢ wtasciwa dla systemu. Mozliwe
Jjest przetwarzanie sygnatu w terminalu uzytkownika wyposazonego w dowolna liczbe anten. (Minimum btedu srednio-kwadratowego w filtrowaniu

przesytu MIMO)
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Introduction

Multi-user (MU) multiple-input, multiple-output (MIMO)
systems are a key component of the future wireless commu-
nication systems because of their promising improvements
in terms of performance and bandwidth efficiency [1]. Such
systems have the potential to combine high capacity achiev-
able with MIMO processing with the benefits of space divi-
sion multiple access (SDMA). It has been shown that linear
increase in capacity with the number of antennas in a multi-
user scenario can be achieved only by using multi-user MIMO
precoding and detection. While maximum likelihood (ML) de-
coding is optimal, multiple access channel (MAC) sum-rate
capacity can also be achieved via a minimum mean-square-
error (MMSE) receiver with successive interference cancel-
lation (SIC). However, MMSE receive filtering suffers from a
performance loss when it is used to suppress the interference
between the signals transmitted from the antennas located
at the same user terminal (UT). Since each user can coor-
dinate the processing over all of its antennas, we can com-
bine the signals transmitted from different antennas at the
same UT in order to extract higher spatial processing gains.
Space-time coding (STC), and spatial multiplexing (SMUX) ,
provide full diversity and achieve high data rates over MIMO
channels, respectively. Group layered space-time architec-
ture has been proposed to achieve a better trade off between
multiplexing gain and diversity gain. In this case, the transmit
stream is partitioned into different groups, and in each group,
STC is applied . It can be regarded as a combination of STC
and SMUX. Neither scheme requires channel state informa-
tion (CSI) at the transmitter and therefore are suboptimal.

It is well known that K co-channel users, each equipped
with IV antennas, and transmitting uncorrelated signals can
be detected with N-order diversity gains if the receiver is
equipped with N (K — 1) 4 1 antennas. However, the struc-
ture of STC can be exploited to reduce the number of receive
antennas. It was shown in [2] that only K receive anten-
nas are needed to provide /N-order diversity gains and sup-
press K — 1 co-channel users. A simple interference can-
cellation scheme for two co-channel users employing STC
scheme was already developed in [2]. It was shown that by
using two transmit antennas for each user and two receive
antennas at the base station (BS), it is possible to double the
system capacity by applying only linear processing at the re-
ceiver. However, since the total number of antennas at the
UTs is greater than the number of the antennas at the BS,
the bit error rate (BER) curve for all of these algorithms has
an error floor. One way to separate users on the uplink in a

MU MIMO scenario is by using another dimension, like time,
frequency or code. A different approach was used in [3], [4]
where the authors propose propose two algorithms for de-
tection of MU space-time coded signals. In the first case, an
intuitive approach for the detection of MU space-time coded
signals is used where the co-channel interference is sup-
pressed first and then the space-time decoding is performed.
Another alternative is to do space-time decoding first, and
then suppress the co-channel interference. Also, in second
case an error floor occurs when the total number of antennas
at the UTs is greater than the number of antennas at the BS.
In [5] the authors introduce a novel turbo space-time equal-
izer. In the paper, the authors assume that all users have the
same number of antennas, symbol spaced channel model
and simple transmission of different data symbols from differ-
ent antennas at the same UT. The processing is done in time
domain and it requires whitening of the spatial interference.
The matrix used to generate receive filter is a linear combi-
nation of each UT’s channel MIMO matrix. Dimensionality of
this matrix is proportional to the number of channel taps, the
number of UTs and the length of the receive filter. As a con-
sequence, the complexity of this method becomes extremely
prohibitive.

Our goal in this paper is to develop an algorithm for MU
MIMO detection that will have lower complexity than the lat-
tice reduction techniques, that will be able to extract full di-
versity inherent in the system, that will work in the overloaded
systems, that can process signals at the UTs equipped with
the arbitrary number of antennas, and that will have no bit
error floor. [6] to derive new MU MIMO receive algorithms
that provide higher array and diversity gain than group lay-
ered techniques. These cost functions are derived from a
modified mean-squared-error (MSE) cost function. Some of
the algorithms presented in this paper approach the optimum
solution in simulations with significantly lower computational
complexity than lattice reduction techniques. The MU MIMO
receive matrix is generated in two steps. In the first step we
suppress the multi-user interference (MUI) and in the second
case we decode each UT signal assuming a set of orthogo-
nal SU channels. This approach was used in [4] to derive a
technique called successive MMSE (SMMSE) SIC filtering.

System model

We consider a MU MIMO uplink channel, where Mg an-
tennas are located at the base station and My, antennas are
located at the i-th UT, ¢ = 1,2,..., K. There are K users
(or UTs) in the system. The total number of antennas at the
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UTs is

K
My = ZMUi.

i=1

A block diagram of such a system is depicted in Fig. ??.
We use the notation {My,, ..., My, } x Mg to describe
the antenna configuration of the system. First, we assume
frequency flat slow fading channels. In case of frequency
selective channels, we assume transmission using OFDM
where the same MIMO processing is performed on each
subcarrier. Let the MIMO channel of user ¢ be denoted as
H; € CMvi*Ms_ Then, the combined channel matrix is
given by

(1) H= HL T e qMuxMs,

H{ Hj

Data vectors ¢, € C™*!, k = 1,..., K, for the K UTs
are stacked in the vector z = ¥ ... oL e @1 The

received vector is given by

(2) y=D H'Qz+n

where y = ylI ... yk T e @1 is the received
data vector, n € CM2*1 is the vector of the zero mean ad-
ditive white Gaussian noise at the input of the receive anten-
nas at the BS. The joint detection matrix at the BS and the
precoding matrices at the UTs are denoted by D and Q;,
respectively.
Let us define the joint detection matrix as

¢ D= D DI Df TeqrM
where D; € C"*Ms js the i-th user's detection matrix.
Moreover, r = Efil r; < rank (H) < min(My, Mp)
is the total number of the transmitted data streams, whereas
r; is the number of data stream sequences transmitted from
the i-th user. The precoding matrix @ can be written as
Q - 0

. . . c (DJWU Xr

(4) Q= : B
0 - Qg

where Q; € CMui X" s the i-th user’s precoding matrix.

Spatial detection of multi-user signals

In order to facilitate generalized design of the detection
matrices in a MU MIMO scenario, we separate the multi-user
interference (MUI) suppression and the system performance
optimization. Therefore, the detection matrix design is per-
formed in two steps. In the first step we balance the MUI
suppression which is achieved by reducing the overlap of the
row spaces spanned by the effective channel matrices of dif-
ferent users and any MIMO processing gain which requires
that the users use as much as possible the available sub-
spaces. In the second step we optimize the system perfor-
mance assuming parallel single-user (SU) MIMO channels.
Thus, the detection matrix in equation (2) is factored as

®) D = D,D,
where
6) D,= DT DT DT T M Mo

and

D, O 0
0 Dy, 0
(7) D= .

e o o

with D,, € CM=*Ms and D, € C"*M: M, < r; and
M, = Zfil M,,, depending on the specific choice of the
algorithm to obtain D,. Matrix D, is used first to suppress
the MUI interference, and then the matrix D, is used to opti-
mize the system performance according to a specific criterion
assuming that the MU MIMO channel has been transformed
into a set of parallel SU MIMO channels. Note that unless
at the UTs we use the STCs, the choice of the matrix D will
depend on the matrix Q. Moreover, the optimum choice of
matrices Q and D), depends on the matrix D, . In one case,
the matrices @Q; could be desiged at the UTs in a distributed
way. In this case, we would have to estimate these matrices
at the BS in order to perform the optimum decoding. The
other option is to design matrices D and @ at the BS and
then feed forward matrices Q; to the UTs. Over-the-air CSI
at the BS is used for spatial processing on the downlink and
the uplink and for resource allocation. In order to perform op-
timum detection BS needs to estimate over-the-air CS| and
acquire the information about the spatial processing at the
UTs. We assume that the BS and the UTs operate in time
division duplexing (TDD). The cost of acquiring the CSI at
the transmitter is much lower in a TDD system than in a fre-
quency division duplexing (FDD) system, because in a TDD
system it is possible to exploit the estimated uplink channel
for the downlink transmission due to the reciprocity principle.
In the case of FDD we would have to rely on the feedback of
the CSI.

We will first obtain matrix D, assuming matrices Dy,
and @); are unitary. This assumption corresponds to the as-
sumption that the users use the maximum available chan-
nel row subspace for communication. Matrix D, is used to
suppress MUI, and by assuming that the UTs use the maxi-
mum available subspace to communicate, the row subspace
of each UT’s effective channel matrix after the detection,
H,D:;F will span the maximum of the available row sub-
space spanned by the matrix H; while keeping the MUI to
a minimum. After we have defined the matrix D,, matrices
Dy, and Q; are designed according to the specific optimiza-
tion criterion and UTs’ qualty-of-service (QoS) requirements,
assuming all effective UTs’ channel matrices HZD;F are or-
thogonal. We will consider two different cost functions to de-
sign matrices D,,,. These cost functions represent two mod-
ifications of the minimum mean-squared-error (MMSE) cost
function. They are introduced in [6] for the generalized de-
sign of the downlink MU MIMO precoding matrices. In this
paper we will use the same approach to derive in the simi-
lar way the MU MIMO detection matrices that will allow easy
adaptation to any optimization criterion or the combination of
different optimization criteria for different users. For exam-
ple, if one user requires the transmission under the minimum
bit-error-rate (BER), another might transmit under the maxi-
mum data rate assumptions, etc. If we consider the "regular"
MMSE cost function, assuming that all users are equipped
with only one antenna:

c CTXMw

(8) rrBHE{II(DHT—I,,)a:—i—Dn 2}
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the optimum solution for D should be chosen such to min-
imize the Frobenius norm of the off-diagonal elements of
the effective channel DHT at high signal-to-noise ratios
(SNRs), while the elements on the main diagonal should con-
verge to 1.

Regularized block diagonalization (RBD)

Since the matrix D, is used only to suppress MUI, anal-
ogous to the optimization in (8), we can define D, such to
minimize the Frobenius norm of the block matrices off the
main diagonal of the effective channel after the detection
D,HT. Thus, the matrices D, are derived from the fol-
lowing optimization:

K

T
9 D, —r%lnE{Z D, H!z

=1

g IIDainllz}

where vector n € CM&*! contains the samples of a zero
mean additive white Gaussian noise (AWGN) at the input of

the receive antennas at the BS and the matrix H; is defined
as

Hz 1 I

|

|

c C(]V[[j—MUi)XMB-
I HH—I

(10) H, =

s

Vector z; € C(Mv—Mu;)x1 s given as

T
s _ T T T T
(11) zZi= 2z - Zi Ry 2k

where in general z; = Q;x; € Cvi*1 However, since we
have assumed that each user transmits over all of its modes,
i.e. 1, = My, and that the matrix Q; is unitary, we have
that the vector z; has the same statistics as the vector x;. If
we assume that the elements of the vector x; are indepen-
dent identically distributed (i.i.d.) zero mean complex uniform
random variables with the variance P;, then the elements of
the vector z; will also be i.i.d., zero mean, and with the vari-
ance P;. We assume throughout this paper that the AWGN
samples at the input of different receive antennas are i.i.d.,
zero mean, with the variance 0’ . Each user’s detection ma-
trix D, can be written as D,, = ®,, - M,,, where M,, €

MpxMbp s 5 unitary matrix and ®, c RM5*Mb is 3 diag-
onal power loading matrix with elements on the main diago-
nal greater than or equal to zero [7] Let us deflne the singular
value decomposition (SVD) of H as H U VH The
solution to the minimization of (9) results in

_vT
azi‘/"l

_ T~

(12)
a; — 7 7,+ }DHIAIB

—1/2

From equation (12) we can see that the cost function in equa-
tion (9) is minimized if each user transmits over the space
spanned by the combined matrix of all other users with the
power that is inversely proportional to the singular values of
the combined channel matrix of these users H;. As a result,
at high SNRs, and Mp > My, each user transmits only
in the null space of all other users and the effective matrix
D, HT is block diagonal. After we suppress MUI using D,
we optimize the system performance by optimizing a set of
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SU MIMO channels. One option is that UTs transmit using
STCs over the effective channels D,, H!". Other option is
that we design the optimum detection matrix Dy, and pre-
coding matrix @Q; at the BS and then feed forward Q; to the
UT. In this case we can use the results for the generalized
design of SU MIMO precoding and decoding matrices [7].

RBD successive interference cancellation (RBD SIC)

Successive interference cancellation (SIC) means that
users are decoded sequentially, and that the user to be de-
coded treats all the other users to be decoded as interfer-
ence, and subtracts out the symbols transmitted by the users
already decoded from the received codeword. Since each
user is transmitting at an arbitrarily small bit error rate, the
users already decoded can be subtracted without introduc-
ing additional errors. The RBD SIC decoding filter is derived
from the linear RBD receive filter optimization by neglecting
the influence of the previously decoded users. Let us assume
that the users are ordered in such a way that the first user is
decoded first, then the second one, etc. The RBD SIC opti-
mization criterion can be written as:

K
(13) Da_rlgnE{Z D, H'z

2

= [ Da,n| }
=1
where the previous ¢ — 1 users’ combined channel matrix f-I\l
is defined as:
(14)

— T K

H,= H!, € CXk=it1 Mu)xMp

Hj
and its corresponding SVD as I/LI\Z» = ﬁiAﬂAfiH. Elements

ofthevector 2, = 2L, ... 2L

i1 " are i.i.d zero mean

random variables and have variance P;, assuming that the

matrices Dy, and @Q; are unitary and that the elements of

the transmit data vector & are also zero mean i.i.d., and with
variance P;.

The optimum solution of the RBD SIC criteria for D,,, is

given by:

M, =VT,
(15) o~ o~ o2 —-1/2
w= I i+ b ST

Iterative RBD (iRBD)

The performance of each user can be further improved
by exploiting the row subspace of H; that remains unused
after the spatial processing. In RBD, the detection matrix for
each user is generated under the assumption that the other
UTs use all the available modes for transmission. However,
after the power loading some modes remain unused and they
can be exploited to improve the system performance. We
can identify two cases. In the first case, if the number of
the transmitted data streams of the ¢-th user r; is less than
the rank of the i-th user’'s channel matrix, then the other co-
channel users could also transmit in this unused subspace
without causing additional interference. In the second case,
when Mp < My and K < Mg, users must leave a part
of their own subspaces unused in order to reduce the overall
MUI.

Once we have obtained matrices D, using the RBD
algorithm, we can determine how much of the channel matrix
H; row subspaces each UT is using for transmission as:

H = V) TH,
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where the matrix V;(i”) contains the first r; right singular vec-
tors of D,, H! . Iterative RBD (iRBD) is defined as a solution
to the following optimization problem:

(16)

K — 2 2
D(“—mmE{Z DYH" "z, "+ DVn }

IN0)
where
l
[ ]
- o |
(17) H" = Hi(l—)l | € Cr—r)xMs
| Hi+1 |

is the modified combined channel matrix of co-channel users
in the [-th iteration, and 2, € C("~")*!  Total number of
transmitted data streams and the number of data streams
transmitted by the i-th user are denoted by r and r;, respec-
tively. The i-th user’s effective channel matrix in the [-th iter-
ation is equal to:

H =

where contains the first r; vectors of Ve(f_l)
which is obtained from the following SVD

) (=1)

(19) D(l 1)HT U(l 1)2([ I)V(l 1) H

The first r; vectors of V(“ (-1) correspond to the 7;
strongest singular values of D((ll )HiT. Following the analy-
sis for RBD detection, the solution to the optimization problem
given in (16) is equal to:

I 2 -1/2
(20) D((zli) _ gl) T z('l) i %IMB> Vi(l) T
t
where
1) ﬁ(l) _ ﬁ(l) ~(l)‘7(l) H
7 (3 (3 7 °

Note that the computational complexity of one iteration of the
iRBD algorithm reduces after the first iteration since the di-
mension of the UT matrices reduce from (My, x Mp) to

(r; x Mp). The objective in (16) is a concave function of the

receive matrices, and the optimization over each D((ll) is sep-

arable. In such situation, it is generally sufficient to optimize
with respect to one variable while holding all other variables
constant, then optimize to the next variable while holding all
other variables constant. This is referred to as the block-
coordinate ascent algorithm and convergence can be shown
under relatively general conditions. At each step of the algo-
rithm, we optimize the receive matrix of only one user, user 7,

we update its corresponding matrix Hi(l) in ﬁ(l)i for all other
co-channel users, and then move on to the next user.

Successive minimum mean-sqare error (SMMSE) filter-
ing

If we use the "regular" MMSE optimization criterion that
is given in equation (8) to design the receive matrices, by
treating the signals transmitted from the collocated antennas
at the same terminal as interference, system performance is
degraded. Since each user can coordinate the processing

over all of its antennas, these signals can be combined in
order to extract higher spatial processing gains.

A straightforward way of reducing this problem is to de-
sign receive matrix row by row, by neglecting the contribution
of the signals from the collocated antennas at the same ter-
minal to this UT’s MSE. The interference of other co-channel
users to the signal from the ¢-th user’s j-th antenna signal
is suppressed independently from the other antennas at the
same terminal. This is done for each antenna at the same
UT successively. Therefore, the j-th row of the i-th user’s
receive matrix D, corresponding to the i-th user’s j-th an-
tenna, is equal to the first row of the matrix ﬁaw which is
obtained from the following optimization

(22)
J— __ (4 . N 2
D, , = min E {”Dau 72D 4t n —z0 }
’ D., . '
i,7
Matrix ﬁl(-j) and the vector Zgj) corresponding to the i-th
users,i =1,..., K, j-thtransmitantenna, j = 1,..., My,,

are defined as

(23) FEJ) = |: hi,j ﬁLT :|T c C(A4U_MU7.’+1)><AIB7
and
4) == z; 2 T e WMu-Mutx1

where h7 . is the j-th row of the i-th user's channel matrix
H; and z“ is the j-th element of the i-th user’s vector z;.
The elements of the vector z; are i.i.d. complex uniform ran-
dom variables with zero mean and variance P;. Matrix H;
and the vector z; are defined as in equations (10) and (11),
respectively.

The rows of the receive matrix D,,,, each corresponding
to one of the UTs’ antennas, are calculated successively. The
j-th row of the i-th UT’s receive matrix D, is equal to:

() * -1

—
() H +aly,

(25)  d.,, =hl, H,
The parameter « is equal to a = U%/Pt as in (12). The
combination of SMMSE and SIC was introduced in [4].

Iterative SMMSE (iSMMSE) receive filtering
Iterative SMMSE (iISMMSE) receive filter is derived from
the following optimization:
(26)
; . N2
Dil) = min E {”D((ll.). ﬁﬁ“) TEEJ) +n — EEJ) }
59 5(1) 253

i,

=51
where the matrix ng ) is defined as

(27) H§j7l) = |: h;l]) ﬁ-z(l) T ]T c C(T*Ti+1)><1\/[3.

Vector hgl]) r

! s .
HZ( ). The elements of the vector z; are i.i.d. complex uni-
form random variables with zero mean and variance P;. Ma-

trices ﬁfl) ( ) and the vector z; are defined as in equa-
tions (17), (18) and (11), respectively. Same as for previous

algorithms, when we generate matrices Dé?, in each itera-

tion we assume that the matrices D(l) and Q([) are unitary,
which corresponds to the assumptlon that each UT is trans-
mitting over all of its available channel subspace. In the first
iteration the number of elements of z; will be My;, and in ev-

is the j-th row of the i-th user’s channel matrix
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ery other iteration ;. The j-th row of the ¢-th UT’s receive
matrix Dc(fi) is obtained as:

—1

(28) d(l-),- = hE? H Hga‘,l) Tﬁgj,l) 4ol

g,
The parameter « is equal to av = aﬁ/Pt asin (12).

Numerical results

In this section we compare the performance of MU
MIMO algorithms introduced in this paper and VBLAST. To
this end we simulate a purely stochastic spatially white fre-
quency flat channel H,,. The elements of the channel ma-
trices are zero mean, unit variance complex Gaussian vari-
ables. Data is modulated using 4QAM. In case the UTs do
not use STCs on the uplink a part of the system throughput is
used for the feedback of the UTs’ uplink precoding matrices
Q; or there are additional pilots used for estimation of the
matrices @; at the BS. In the results presented in this paper
we have assumed that the matrices (Q; are generated at the
BS and then sent to the UTs.

In Figure 1 we compare the performance of algorithms
for MU MIMO detection in an overloaded system with the an-
tenna configuration {2, 2, 2} x4. In this case only the iterative
MU MIMO detection algorithms with Q; feedback do not have
error floor and still extract the maximum diversity order inher-
ent in the system. Although iRBD and iSMMSE algorithms
with the feedback of the uplink UT precoding matrices QQ; ex-
tract full diversity also in the overloaded system, they require
part of the throughput to be reserved for the feedback of ma-
trices Q; from the BS to the UTs. In the following figure we
investigate the influence of the feedback overhead size on the
performance of these algorithms. Consider a system where

: : (2,2,2)4

HW, flat fading

N =10, 4QAM
symb

—O— VBLAST BPSK
orthogonal users
—3¥— SMMSE SIC Alam.
107 || —¥— SMMSE SIC feedb.
—&— RBD SIC Alam.
~—#— RBD SIC feedb.
—0— IRBD #it =3
—}— ISMMSE #it = 5

-4 -2 0 2 4 6 8 10 12 14 16
P, /o2 [dB]

Uncoded BER
5
T
"

Fig. 1. Uncoded BER performance of MU MIMO detection algo-
rithms in a system with the antenna configuration {2, 2, 2} x 4.

10 T ! ! - = —
- [ {22.2)x4

Hw, flat fading

Nsymb =96, QAM CC 1/2

E
3
T
"
I
"

f —¥— SMMSE SIC Alam
[| =—¥— SMMSE SIC feedback
H = RBD SIC Alam

~3|| —&— RBD SIC feedb

B —&— IRBD feedb #it = 5

[| =— iSMMSE feedb #it = 5
[| =—6— VBLAST BPSK CC 1/2
I orthogonal users
T T

-4 -2 0 2 4 6 8 10
2
P, /o2 [dB]

Fig. 2. Influence of feedback overhead on coded BER performance
of MU MIMO detection algorithms in a {2, 2,2} x 4 system.

the data is transmitted in packets of size 96 symbols. In case
UTs transmit data using the Alamouti code the data is coded
using a convolutional code rate 1/2 (561,753),.,. In case
the uplink UT precoding matrices Q; are generated at the
BS and then fedback to the UTs, we assume that the data is
coded using a convolutional code rate 2/3 (561, 753) ., with

the puncturing pattern 1 0 1 1 Higher data rate
is introduced in order to account for the throughput used for
feedback overhead and to keep the comparison between the
algorithms using Q; feedback and the algorithms that com-
bine MU MIMO detection techniques with the STC fair.

The results shown in Figure 2 for iRBD, taking into ac-
count the feedback overhead, show that the iterative MU
MIMO detection algorithms in combination with the feedback
of the UT uplink precoding matrices still provide full spatial
diversity gain. The BER performance of iRBD that takes into
account the feedback overhead is represented using a red
dashed curve. Due to the feedback there is a 2 dB SNR loss.
However, even with this SNR loss, the iterative MU MIMO de-
tection algorithms in combination with QQ; feedback still out-
perform algorithms that do not require CSI at the transmitter
at the SNR range of interest.

Conclusions

In this paper we have used the modified MMSE criterion
to design MU MIMO uplink detection matrices in a general-
ized way which would allow easy adaptation to any optimiza-
tion criterion or the combination of different optimization cri-
teria for different users. We have shown that the iterative MU
MIMO detection techniques in combination with the feedback
of the UT uplink precoding matrices are able to extract full
spatial diversity gain inherent in the system and without the
limitations of other algorithms previously presented.
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