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A low complexity frequency domain pilot time domain doubly-
average channel estimation for LOFDM systems

Abstract. In this work, a low complexity time domain channel estimation algorithm for LOFDM (Lattice Orthogonal Frequency Division Multiplexing)
systems is proposed through doubly-average based on the equivalent time-frequency subspace projection and traditional frequency domain pilot
time domain average (FPTA) algorithm with special pilot design. Furthermore, the interference problem is analyzed and the Cramér-Rao bound
(CRB) of the time domain channel estimation for LOFDM systems is also deduced. Our theoretic analyses are confirmed by numerical results.

Streszczenie. Zaproponowano algorytm okre$lania w dziedzinie czasu kanatéw dla systemu LOFDM bazujgcy na projekcji czasowo-
czestotliwosciowej podprzestrzeni oraz systemu pilota FPTA. Przeanalizowano problem zaktécen. Analize teoretyczng potwierdzity rezultaty
numeryczne. (Okreslanie kanatow w systemie LOFDM metoda algorytmu FPTA)
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Introduction

LOFDM (Lattice Orthogonal Frequency Division
Multiplexing), which is proposed by Strohnmer T and Beaver S
in 2003 [1], has higher spectral efficiency and better bit error
rate (BER) performance compared with OFDM systems in
the doubly dispersive channel. To minimize the joint inter-
symbol interference (ISl) and inter-carrier interference (ICI)
caused by the doubly dispersive channel, the LOFDM
systems use the pulse shape with optimal time-frequency (TF)
concentration as the transmission pulse and design time-
frequency lattice (TFL) based on the Sphere Packing theory.
Until now, researches on the LOFDM systems focus on the
adaptation of TFL [2], design of pulse shape [1][3],
synchronization and fast modulation-demodulation [4][5].

LOFDM systems need to adapt the parameters of signals’
TFL and shaping-pulse scale to the channel dispersion
characteristics in the transmitters, while the exact channel
impulse response (CIR) estimation is also very important to
the coherent demodulation. On the other hand, in the fast
varying channel environments, LOFDM signal's no CP
(Cyclic Prefix) structure decides that the channel estimation
can not ignore the influence of ISI/ICI interferences [6]-[9].
Since the ISV/ICI interferences destroy the integrality of data,
the frequency domain channel estimation is difficult to realize
[10], which is also disadvantageous for the realization of a
joint interference cancellation algorithm. In conclusion, the
time domain channel estimation is very attractive to the
LOFDM systems.

However, the data symbols of LOFDM signal are transmitted
at nonrectangular lattice point of TF plane and subcarriers
are interleaved in the TF space. Because of these, we can’t
achieve the time domain channel estimation via the
received signal directly. That is to say, the traditional OFDM
channel estimation algorithm does not apply to the LOFDM
systems. In this paper, based on the properties of LOFDM
signals, a frequency domain pilot time domain doubly-
average channel estimation algorithm is proposed. The
characteristics of this algorithm are described as: firstly,
separate the odd and even subcarriers of LOFDM signals
through the equivalent time-frequency subspace projection
based once average; secondly, a low complexity time
domain channel estimation algorithm for LOFDM systems is
proposed on the base of pilot design and traditional
frequency domain pilot time domain average method over
frequency-selective block-fading channels. The interference
problem is analyzed and the Cramér-Rao bound (CRB) of
the time domain channel estimation for LOFDM systems is
also deduced.

The rest of this paper is organized as follows. In section
I, we briefly review the basic structure of LOFDM systems.
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In the next section, the FPTDA algorithm is carried out. The
systems performance analysis and the Cramér-Rao bound
are then presented in section IV. The numerical results are
provided in section VI. At the end of the paper, the
remarkable conclusions are presented.

LOFDM System Model

The discrete-time LOFDM system block diagram and
the TF representation of LOFDM signal are shown as Fig.1
and Fig.2, respectively. According to Fig.1 and Fig.2, the
data symbol d,,, is pulse-shaped by ¢, while odd and
even subcarriers are interlaced with half of the symbol
length to transmit over the channel. In the receiver, the
conjugate function w*,,,yk of pulse-shaping function ¢, is
used to realize matched filtering demodulation, where the
{@mi} is generated from the prototype pulse-shaping
function ¢ via time-shift and frequency-modulation, and it
can be expressed as

(1) (Dm)Zk (n):(D(n_mAM)e/ZﬂnZk/N

(Dm)z,wl (n) _ (D(I/l —mAM — AM/z)ejZIrn(zkH)/N
where ¢, denotes the pulse-shaping function of m-th
symbol and i-th subcarrier,N is the number of the LOFDM
subcarriers, AM denotes the length of the symbol, T is the
sample period. Consequently, the discrete-time LOFDM
signal can be expressed as [3]

) (=3 [(;d exp(j27m2k/N)j(/)(n —mAM)}

m=—c0

+ i [(Agld,,,lk,l exp(j27n(2k + l)/N)Jga(n —mAM — AM/2)}

m=—0

where d,, is the transmitted data m-th symbol and #-th
subcarrier, p =N/AM is the spectral efficiency, the length of
pulse-shaping function ¢@=[¢(0), &(1),..., @L,1)] is L,
( L>AM). The base-band expression of the received signal
is [5]

3) r(n):gh(l,n)s(n—f,)+w(n)

where w(n) represents the additive white Gaussian noise
(AWGN), L is maximum length of channel, the discrete-time
complex channel response A(n,z) can be described by

L-1
(4) h(n,t)=> h(l,n)5(z-7)

1=0
where 7, is the delay of the /-th path, normalized by the
sample period T, and 7,=0; h(l,n) is the corresponding

complex amplitude. Due to the motion of users, i(l,n)’s are
wide-sense stationary (WSS) narrowband complex Gaussian
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processes, and uncorrelated with each other based on the
assumption of uncorrelated scattering.

Fig.1. The discrete-time LOFDM system model
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Fig.2. The TF representation of pilot-aided LOFDM systems
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On the assumption of frequency-selective block-fading
channel, whose pulse-shaping duration L, is subject to
independent fading realizations, a block of signals are
affected by the same fading realization. If the channel
coherence time is longer than the transmission duration of
each block L, the channel is reasonably assumed to be
constant [17][18]. The received signal vectors of the

m-th symbol and length of L,, is [6][7]
T (n) = ’;m\m( )+ ’m\m 1 ( )+ W (}’l)

[Z (Ln)s, (n- T,)( L)
(5) b ) _
[Z(; s, n 2',)( )(lfu(nfr[))

+Lzllh L (Ln)s,_ I((n q)( ))(l—u(n—fl)).‘.wm(n)

where r,(n) represents the n-th sample of the m-th LOFDM
received symbol, r,|, is the received sample component
with contributions only from block m, r,,.; is the received
sample component with contributions only from block m-1,
h,(l,n) denotes the time-variant channel impulse response
of the /-th path and (mAM+n)-th sample, u(n) is the unit step
function.

FPTDA channel estimation

The data symbols of LOFDM signal are transmitted at
nonrectangular lattice point of TF plane and subcarriers are
interleaved in the TF space. Consequently, the dominant
issue of LOFDM channel estimation is the separation of
subcarriers. Considering matched filtering demodulation
based separation (as Fig.1 shown), it isn’t feasible in the
practice due to its high computational complexity. In this
section, we propose a frequency domain pilot time domain
doubly-average channel estimation algorithm based on the
equivalent time-frequency subspace projection to achieve
the separation of carriers and estimate the CIR. And the
pilot is designed to further reduce the complexity of channel
estimation.

Equivalent Time-Frequency Subspace Projection

Conclusion3-1: r =[r(0), r(1), ..., r(L,1)] is the received
signal vector of length L, @={¢;}, i=0,1, ...,N/2-1 are the TF
subspace sets, where ¢, ={@(0), @(1), ..., @(L,1)}, and
satisfies that

1, i=i

(6) <¢i,¢,v>—{07 i

@) (ﬂi( ) (ﬂx( ) j2mn(i*=i)/(N/2)

Thereby, the received signal of TF subspace projection on
@ is equivalent to the fast Fourier transform (FFT) of
Hadamard product of the received signal r and ¢
overlapped at the period N/2. (Proof can be seen in
Appendix A)

From [16] we can know that the odd and even subcarriers
can be effectively separated with the TF subspace projection.
According to conclusion 3-1, we can get the time domain
separated signals of via overlapping the Hadamard product
of the received signal r and ¢', at the period N/2, which can
be described as

0,-1
(8) y(p):er(p+lN/2)

1=0
where Q= |—L¢, /(N/2)1, [x] denotes the minimum integer
which is lager than x. r,= r(n)p(n) , n=0,1, ..., L1,
expressed as r,= rO© @', O represents the Hadamard
product.

Pilot Design

Based on the characteristics of LOFDM signals and the
process of TF subspace projection, we choose the comb-
type pilots and place all the pilots on the even sub carriers
to simplify pilot signal’s extraction. The pilot distance D, is
even, and the index of initial pilot subcarrier is 0. The
number of the pilots is M = N/ D, that is to say, the number
of the subcarriers can divide by the number of the pilots.
The pilot pattern is depicted as Fig.2. Thus, the pilot
subcarriers set of the m-th LOFDM symbols can be

expressed as S,= iDy, i=0,1, ...,M-1, that is
X, (m,k,) keS,
9) dyy = K # ks
, ‘XDala(m’ki') ki'GDm

where X, and Xp,, are denoted as pilot vector and data
vector, respectively, and D,, is the data subcarriers set of
the m-th LOFDM symbols. Define all the pilots are identical,
namely X,(m,k;)=A.

Once Average Based Carriers Separation
As pointed out above, all the pilots are distrusted at the even
subcarriers, thereby only even subcarriers need projecting

operation. The received signal vector r,, =[7,,0(0), 7,0(1),

rmo(Ly1)] of the moAM-th symbol and length of L, is
projected to TF subspaces According to (8), we can get

(10) Vo (P Z o (P +IN/2)

1=0
If the channel coherence time T.>L, the channel is
reasonably assumed to be constant in the observing
intervals. Then, the CIR #, (/,n) can be written as £, (/),

and on the conditions of the sample-spaced path delay, we
can have (Deduction can be seen in Appendix B)

D) 5 (2)= Sho O 40O e((0=0), )+ (0=1),) |+ L)

where A;(I,O):Zf‘;:ga((nfl)w))(p*(n) , 4,(,) is defined as the

ambiguity function of supported interval (0,L,-1) [16]. Zwu(p)
is the total interference, including ICI/ISI produced by
multipath propagation and noise, which can be seen as
Gauss noise according to central limit theory [17]. And

Nj2-1 D, /2-1

/
(12) ()= T X, ()" =TS oy

i=0,k €S},

—rM
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2 N/2-1

z ‘Xdam

i'=0,k; €D),
where S, :k =k,/2+iD, /2, i=0,1,...
set after once average operation and the data carriers set
isD) .

o2k J(N/2)

(13) d(p

,M-1 is the pilot carriers

Twice Average Based CIR Estimation

With the help of once average based separation of
carriers, the channel estimation of LOFDM systems has
been transformed into that of OFDM. However, in formula
(11), besides pilot's signal, the separated signal also
contains data signal, which will interfere above channel
estimation. Fortunately, thanks to the property of DFT, we
can eliminate data signal effectively by averaging the
received signal over D/2 periodic part. Without loss of
generality, omitting index m, then the twice average process

can be expressed as
Dy /2-1

2
) ()= S )= () ) (0)
f =0
5 P2
(15) _F Z() total p I"M
2 I)//Z 11 v
17, ZO 2 (. 0e((rM +1-1), )
Dy[2=1 -1 Dy /2-1
(19) 2 h(1)4°,(, oﬂ > (M +r-rm-1), )
D/ r=0 1=0 D, /5
“2AS ), 1.0)5(1-1)
D, = o
9 P2 .
(=5 Z) ]Zh(l)Aq,(l,O)d((rM +1=1),,)
ror=0 I=
9 P2 9 N2l
17) == Z z A (l 0) Z Xdam ,2;uM+1 ~1)k/(N/2)
1=0

O

r=0 I=i k=0

_ ] . ID
=L na ,(,0)— lede[k' : j Jaa(l=Dk T’/“V/Z)
=0
With (9), we get r,()=0. So, if L<M satisfies, the estimation
of channel time impulse response can be derived as

N D, D

18)  A(1' =SN"n(1 I A
(8) W) =r 24-4,(10) Z 2A~A’¢(l',0)
Performance analysis

This section we will analyze the interference and noise
of the systems, and the CRB of Mean Square Error (MSE)
is also deduced. Before the analysis, two preconditions
need to be added in the rest of the paper:
— The data symbol is independent and identically
distributed (i.i.d) random vector with zero mean, and it is
uncorrelated with pilot symbol. The power of data and pilot

il

- TheCIR h,()ecN(0,67),and Y o7 =1.

1-0 91

r,(l‘)

symbols is equivalent, viz. o} =0c] = [

m.k

From the appendix B, we can get that
1 Nj2-1

1 /21{/)1/(:’\‘/2)
N/2 Z

1 NJ2-1 "
[.e/2Pi pif(N[2) _ r Jj2apif(N[2 )4 -\ 27 pif(N/2)
N/2 Z “ NJ2 ¢ Z ¢ N2 20: wli)e
Lt Ticr 7,
Since the useful signal is independent with interference,
and 5, I,c; and I, are also independent and zero mean, the
interference power is

(20) o? :E[

(1 9) Im/ul

ol
N/2

According to [7], when L<< L, we have oy ~oy, .
Thereby, it's easy to get that

2 2 2
1 (p)‘ } =055 T 05

272

(21) 0-1251

zo, S (1-u(n-0)o ()]

n=0

Then, we have 7 (p) e CN(O,o—, ) and

total

TP | <2613 ] £[ 1]
oS S (1-uln-D) ()] -2

Rewrite formula (1 1) to matrix form as follows
(23) Y =Ph+Dh+I

where P,= c((i)v2), D= d(ix)wa), Y=NO)(1),... . AN2-D)],
h=[h(0),h(1).....h(L-1),0.,....01",

I, is complex additive white
Gaussian noise.

The conditional expectation and variance of Y is
uy, (h) = Ph+ Dh
Cyy (h) =c1 }
So the likehood can be expressed as [17]
(25) 1 exp{_(Y—Ph+Dh)" C,;(h)(Y—Ph+Dh)}
27|, () 2
According to [19], the fisher information matrix I(k);; can
be calculated as
oul! (h auy (h aC,y (h aC,y (h
(26)  s(n) -2ke { hf oy (1) ¢ (h)%,)}n-{c;;(h)i&( )C;}(h)ig;/( )}
With (25), Cyy(h) is independent of A, that is to say,
dCyy(h)/oh=0. Thus

(22) 7 :E[

(24)

p(Y;h):

1), =2re B g 2 L)
(27) o ol }

2o B+ P'D,+ DI'P,+ DD,
= €

2
o

where  P=[cyp.is1.Cnnin - oCnnal. @nd Ddvpierdnpisa. . dynil’
denote the i-th column of P and D, respectively.
Like the deduction of (17), we can have
2 2 2 P— 7
(28) 1(h) = oifor. i=]
" 0, i#j

1

(29) 1(h),, =

i 2

7201 Z:][(l u(n- l))(p (n)]z-!-]\?—o“_'j

n=0

So the CRB of unbiased estimator hl. satisfies

L-1 L,-1

(30) Var(h)>l (h)ivi:%|:$+2p2qZ[(lfu(n—l))ga*(n):r}

1=1 n=0

Simulation and result

In this section, supposing the ideal synchronization, we
discuss the MSE and symbol error rate (SER) performances of
LOFDM system using FPTDA channel estimation algorithm,
and compare the MSE performance of our algorithm with
CRB. The specific simulation conditions are as follows:
— The spectral efficiency is 0=0.8 and the sample period is
7,=2.5x10°%.The pulse-shaping function is derived from the
generalized Gabor transform [3] and the length is L,=600.
We use QPSK modulation and the modulation and
demodulation are realized as [4].
— The number of the pilots is M=10, the space of the pilot
subcarriers is D=4, and the amplitude of the pilot is A*=2.
— The multipath channel is modeled as the frequency-
selective block-fading channel, the maximum Doppler
spread is f=100Hz, the power delay profile (PDP) for the
channel is characterized by the exponential distribution
E[l h(l) Fl=e*"* and uniform distribution E[| h(l) P}=1/L. The
numbers of paths are L=2,4,6, respectively.
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In Fig.3 and Fig.4, when the number of the subcarriers
is N=40 and the length of the symbol is AM=50, we compare
the MSE performances of FPTDA with CRB on the
condition that the number of channel taps L is different. It is
easy to know that both the performances of FPTDA and
CRB gradually decrease when L increases. On the other
hand, comparing Fig.3 with Fig.4, we can find that when L is
same, our algorithm can achieve better performance on the
exponential PDP condition than uniform PDP. That is to
say, the performance of channel estimation is decided by
both the number of channel taps and the PDP, which is
consistent with the CRB theoretical formula.

10°

—8—Exp.,FPTDA,L=2
--©- Exp.,FPTDA,L=4
v+ Exp.,FPTDA,L=6

1071

04
g4
dd

¢, 4

—o—Exp.,CRB,L=2
--+-Exp.,CRB,L=4
A Exp.,CRB,L=6

the interference will be stronger than the noise. From the
CRB formula we know that the ability of combating the
multipath interference and performance of our algorithm can
be improved by adding the number of the subcarriers. Fig.5
evaluates the influence of different subcarrier numbers on
the performance of FPTDA algorithm and CRB, where L=4,
N=16,32,64, and the PDP of channel is characterized by
uniform distribution. As seen from Fig.5, when L is fixed, the
MSE performance of FPTDA can improve through
increasing N, which can also solve the error floor problem to
a certain extent. However, the improvement is at the cost of
increasing complexity of receiver. In practice, a
counterbalance is needed between power complexity and
performance.

T
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Fig.3. Exponential PDP, N=40, comparing the MSE performance of
FPTDA with CRB
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Fig.4. Uniform PDP, N=40, comparing the MSE performance of
FPTDA with CRB
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Fig.5. Uniform PDP, L=4, comparing the MSE performance of
FPTDA with CRB

Fig.4 shows that the MSE performance of our algorithm
appears an error floor at about 20dB when L are 4 and 6
with uniform PDP. The reason is that the number of the
subcarriers N which we choose in this paper is not large, so
when L increases, which is comparable with N (about
L>N/10), the effect on the performance of the system from
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Fig.6. The SER performances of the system with exponential PDP
and N=40
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Fig.7. The SER performances of the system with uniform PDP and
N=40

In Fig.6 and Fig.7, where N=40, AM=50, channels with
exponential and uniform PDP, we depict the SER
performances of the system with different multipath
numbers, which uses FPTDA channel estimation value and
ideal channel value to demodulate, respectively. Obviously,
when L increases, the error of FPTDA channel estimation
and the interference of multipaths both increase, so the
SER of the system increases. It is also seen that when we
use the FPTDA channel estimation value to do the
demodulation, the SER performance of the system is close
to that of the system when using the ideal channel value.
That is to say, our algorithm has good practicability.
Moreover, when the number of channel taps increases, the
effect on the performance of the system from the error of
channel estimation decreases gradually, and the SER
performance of the system mostly depends on the
interference and noise.

Complexity analysis
From above analysis we can know that, the calculating
complexity of our proposed channel estimation algorithm
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mainly comes from the doubly-average operation. Since,
the complex addition contributes little influence to the
calculating complexity, we focus on the number of complex
multiplication. Once of the subspace projection based
average needs L,xN/2 times of multiplication, while the
twice time average in the receiver needs M times of
multiplication.Thereby, the calculating complexity of our
algorithm is L, xN/2+M times of multiplication, viz. ON?). The
calculating complexity of our algorithm is low.

Conclusion

In this paper, based on the characteristics of LOFDM
systems and equivalent TF subspace projection, a low
complexity LOFDM time-domain doubly-average channel
estimation algorithm is proposed in the frequency-selective
block-fading channels. Theory analyses and simulations
demonstrate that on the different channel conditions the
proposed algorithm has good MSE performance between
the estimated CIR and the true CIR, while SER
performance of demodulation through the estimated CIR is
near with the ideal channel. Furthermore, the interference
problem is analyzed and the Cramér-Rao bound (CRB) of
the time domain channel estimation for LOFDM systems is
also deduced.

This work is supported by the National Natural Science
Foundation of China under Grant 60772083.

Appendix A

Proof: the data symbol projected to the i-th TF subspace is
L,-1 L1

(A1) Y(i) = <I”,(/7f> = z r(n)q,l_* (n) _ z r(n)(pg (n)e—jZImi/(N/Z)
n=0 =0

Taking N/2-point IFFT on the projecting signal of TF subspace set @, we
have

! N/il j27 pi/(N/2)
Y / 7z pif (N,
N 2
1/ N/2|Lw1 S,
= — r(n * ne—jmzz.' ej”””
N/Z IZO: ; ( )(/70( )
(A2) L"Vfwir n) g (m) 2T
N2 & &
ISR / j27(p=n)i/(N/2)
=— 7 (n+IN/2)e’ "
N/2 i=0 n=0 [=0 <ﬂ( )
k nQ¢’1
= ZV(P(I’!-!-IN/Z)
=0
Appendix B
wal
Y, (0)= 2 1, (n)o" (n)
n=0
L,-1 -1
_z mn‘mn (n ?; ) ’/;no\mo ( )@,]*( )+ meo(n)wil*(n)
Ly—lp "7‘
=y 230, ( ’””"“%(( D)o ()

_z[fhm(l)sm((”‘l)m 1-u(n-1) }

r,

4((”—l)(m)(l—u(’l—l)):|¢;t_‘*(n) +w(i)
ri

where the first, second and third item are the useful signal, the

ICI/ISI interference and noise, respectively, (-)y denotes the module

N procession. Since the linear transformation of Gauss random

vectors also follows Gauss distribution, we can get

L7 1 L1
:3 [Zh (1)s,
1=0

n=0

that w(z’):ZL"1 w, (n)¢"(n) is a Gauss random vector,

n=0
and w(i)e CN(O,O‘M) . The above formula can be simply expressed
as
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L-1
(82) YmD (i):de.Z[ZA;(l’O)hmo (l) 7j2”h/ V/z +1mml( )
1=0
where  1,,,(i)=Ts-T'»+w(i), according to central limit theory [13],
lL.a(i)can be seen as Gauss noise. After theTF subspace
projection, the pilot carriers set can be  written

as S, :k =k/2+iD,/2, i=0,1,....M-1, the data carriers set is D, ,

taking IFFT on the both sides of the formula (B.2), we have (see
(B3) at the bottom)

l N[2-1 L1 Lyl
- Zd W A0, ( ZI,,,
1=0 n=( D
z X wf‘ X, (k,)e 27 p=1)ky [(N/2)

- 7h ROYS (10)7
=Y h, ()4 (10)7[¢ I)+d(p- 1]+1,[, p)

0

,,2”,,/[ V/Z)e/lrrln/( v/z» /Z 7pif(N/2)

2

APy o (17)

~ —
Lz
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