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Electro-elastostatic fields of dislocation in piezoelectric plate

Abstract. We present in a form of 2D color-coded plots the results of computer simulations of electromechanical properties of a thin piezoelectric
plate with a generalized linear defect. A typical example of a device with such plate is an immersion transducer in which one side of the active
piezoelectric layer is clamped to a substrate and the other is mechanically free. Therefore we restrict ourselves to mixed boundary conditions.

Streszczenie. Prezentujemy wyniki w postaci kolorowych wykreséw z komputerowych symulacji wtasciwosci elektromechanicznych cienkiej ptyty
piezoelektrycznej z uogdlnionym defektem liniowym. Przyktadem urzadzenia z takg plytg jest przetwornik zanurzeniowy, w ktérym jedna strona
warstwy aktywnej jest zamocowana do substratu, a druga strona jest swobodna. Dlatego ograniczamy sie do mieszanych warunkéw brzegowych.

(Pola elektroelastyczne od dyslokacji w plytach piezoelektrycznych)
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Stowa kluczowe: piezoelektrycznos¢, uogolnione defekty liniowe, formalizm Stroh, symulacje komputerowe.

Introduction

Due to rapid development of fabrication technologies,
recently rising interest in thin-film piezoelectric structures of
dimensions on the order of 1 um or even less is observed.
At this scale practically all defects of crystal lattice become
important: line forces, line charges, electric potential jumps,
and dislocations [1, 2]. A lot of effort has been put into
calculating the physical fields induced by such defects, also
numerically [3]. Although static defects in a single layer with
various boundary conditions have already been investigated
(see bibliography of [2]), to the best of authors’ knowledge,
the solutions for mixed boundary conditions has never been
visualized in 2D yet. In this paper we are going to fill this
gap and give 2D plots of electro-elastostatic fields induced
by a dislocation and a line force in GaAs. This should allow
engineers to get an outline of magnitudes of parasitic fields
and take them into account during development of new
NDT heads, transducers, or other electronic elements, such
as GaAs/GaAlAs heterojunctions in which GaAs usually
forms outer layers.

Electro-elastic fields in the piezoelectric plate
The piezoelectric plate of thickness d with a cross-
section chosen as the XY plane is considered (Fig. 1). The
coordinates of the generalized linear defect parallel to the Z
axis are (x’, y’). The anisotropic material of the plate is
characterized by the elastic moduli tensor c;y, the
piezoelectric constants e;;, and the electric permittivity &;.
The constitutive relations are assumed in the following form:
£
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Fig.1. Geometry of the problem and choice of the coordinate
system.

(1) 0y = Cipt P — ey B,
(2) D; = ey fu+ e £,

where o; is the stress tensor, and D; is the electric
displacement vector. In presence of a line defect of the
crystal lattice (the dislocation and the electrostatic line
defect) the elastic distortion g;; and the electric field E; are
not equal to gradients of the displacement vector u and the
electric potential ¢, respectively. In that case one has

(3) U = Pu + B,

4) -9r=E—E%,
where
(5) ﬂo =—b® nHxx’)o(-y), EO:—AgonH(x—x)cS(y—y),

and b is the Burgers vector of the dislocation, n is the unit
vector along the y-axis, 4¢ is the electric potential jump on
the line defect, H(x-x’) is the Heaviside function, d(-y’) is
the Dirac distribution, and ® denotes the tensor product. In
this case the equilibrium equations are of the following form

(6) 05 ==fi 0(xx") 6(yy),
(7) Dj,j =qo(x-x’)o(-y),

where fis the line force introduced by the defect, and ¢ is
the line charge. In our calculations an extension of the Stroh
formalism [4] to the case of piezoelectricity introduced by
Barnett and Lothe [5] is used. This formalism reduces the
problem to a purely algebraic procedure of finding
eigenvalues p, and eigenvectors &, of some 8x8 matrix
followed by some lengthy but simple algebraic operations.
Below all the necessary notation and the final result of this
formalism is introduced.

Stroh-Barnett-Lothe formalism
The starting point is the eight-dimensional equation [1]

®) 3, ~NG)n(x,y) = g Hx-x) &y -y7),

where g is the generalized line defect strength, I is the
eight-dimensional identity matrix, N is the 8x8 matrix
depending on the orientation of the frame {m, n} and on the
material constants of the strip

_ (nn)”(nm) (nn)”!
9) N=- ,
(mn)(nn)_l(nm)—(mm) (mn)(nn)_1
where (mn) is the convolution operator defined by
(10)

and Cy; are the generalized elastic moduli

(mn)xyr = m; Cigpgy 11,

(1 1) CiJKl = Cijki for J K :j, k=123,
:e]i/' for J:j:],2,3,K:4,
=ey for J=4K=k=123,
=-g; for J=4K=4,

with an obvious symmetry
(12)

Cuxi = Cigyi -
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With this notations our Egs. (1) and (2) can be rewritten in a
shorter form

(13) 2y = Cuyx Uk.
with four-dimensional generalized displacements
u, K=k=123

(14) UK={¢ P

generalized stresses X;; and generalized elastic Uy and

plastic Ul(}< distortions given by [2]

oy Jon T=i=123
(19 Zu=p

Bp K=k=123
16)  Ux=
(16) Uk {_El, C—4

0
o IBY  K=k=123
(17) U,K—{ ,

~E) K=4

In the Fourier representation the Eq. (8) takes the form
(18) (13, —Na)n(x, y) = g (2xik)"'5() ,

The eigenvectors &, and the eigenvalues p, of the matrix ¥
(19)  Né&=p.é

form four pairs of complex conjugates. Therefore, without
any loss of generality we can impose the following
numbering

(20) §a+4 = éa* H Po+a :pa*,
(21) Imp,> 0 for a=1,2,3,4;

The Stroh eigenvectors &, are orthogonal and complete
which means that the subsequent relations hold

8
éa'Tfﬁ:(Saﬁ: z é:a®Té:a:I:
a=1
where the 8x8 matrix T has the following block form:

a3 1|2 !
(23) 1 o)

In order to give formulas for the boundary conditions
and the solution itself, we have to define the following
partition of the eigenvectors &,, the generalized line defect
strength g, and the solution #:

a=1,2,34,
Imp,<0 for a =15,6,738.

(22)

A, b
_ U, | Pa _ Ag
e (Vaj ||
Da q
u(ky)
Ulky) o(ky)
25 ky)= = R
@9 utky) (V(k,y)j J(ky)
D(ky)

There is no risk of confusing U, with U(k,y) and V, with
V(ky), because components of the solution # are always
accompanied by respective variables and have no subscript
indices. Given the above notation we can define the so-
called boundary representation of the solution # and of the
eigenvectors &,

A(Z
) et = [V 00 £ D, i)
« Vo(tj)i La
D, +igV/ )(Pa
, (k)
@1 k) =(Ut ("’y@)J _ | @k Dk )i
V(y?) Ty
Dk, y(/) )iig(’)(p(k, y(l) )

where +=(-1)*'sgn(k). The boundary representation allows
us to express the mixed boundary conditions in a very
simple form [2]

@)  Ut(kyW) = 0, VikP) = 0,

where the first relation means that at y=y/’ the boundary is
clamped, and the second relation means that at y=y/” the
boundary is mechanically free. Moreover, these conditions
guarantee continuity of the normal component of the electric
displacement field. It can be shown that given Egs. (28) the
final solution has the form

(29) (Bj: [ e e
E —0 2z a,p=1

A
x(m+py ”)®[_; J[maﬂ _5aﬂH(y_y’)]§ﬁ'g’

m ), k<,

(30)  mgp(k)=
af m( )W), k>0,
8 do-n))
+ 1 2)+ )+ ikdp,— 2)+
31)  megl)=Vs ﬁ-[ZlVy( Fep p’JJ v
y=
This rather complicated set of equations allows

numerical evaluation of the elastic distortion field g and the
electric field E. The stress field ¢ and the electric
displacement field can be computed more easily, using the
constitutive relations given by Eq. (13).

Results of numerical experiments

For our experiments GaAs as the material of the layer
was chosen. Symmetry class of GaAs is cubic, and the
corresponding material constants are as follows: ¢;;=119
GPa, C12=53.4 GPa, C44=5.96 GPa, 614=-0.16 C/mz, 811=12.9 €0,
where ¢, is the dielectric permittivity of the vacuum. It was
assumed that the layer thickness d equals 0.5 um, and that
relative dielectric permittivities are ¢,=1.13 &, and ¢,=2.26 &,.
The first constant may be the one of a slightly contaminated
gas, while the second one corresponds to a polymer (e.g.
polypropylene or polyethylene) background structure. In the
applied coordinate system the upper boundary at -0.25 um is
clamped, and the lower boundary at 0.25 um is mechanically
free. For such a setup we have computed the physical fields
E, D, B, 6 for 30 equidistant locations of the defect, spanning
from one boundary to the other. Results for all possible
types of defect sources (dislocation, line force, line charge,
potential jump) were computed. As hundreds possible pairs
(defect source, resultant physical field component) are
possible, in Figs. 2-5 below only some selected, typical
results are presented: the fields g, ¢ are induced by a
dislocation with » = (0, 1 nm, 0), and the fields E, D are
induced by a line force with = (0, 10° N/um, 0). Hence, we
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show the cross-effect being the essence of piezoelectricity. o, IMPal for (x,y)=(0.00um,0.014m) and &,=1.13, £,=2.26

The Burgers vector is of magnitude of 1 nm which .
corresponds to a slip of approximately twice the GaAs 0, e
lattice constant, and assumed magnitude of the line force is i
moderate for this system. B
100
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Fig.3. The o, field. The source of the field is a dislocation (marked
with x) with Burgers vector b = (0, 1 nm, 0).

15 The situation is exatcly opposite in the case of stresses.
It is seen that at y=-0.25 um stresses are substantial and
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25 . . . . .
X furm] therefore cannot be disregarded in practical applications,
B, for (x,y)=(0.004m,0.0 1) and e, =1.13, €,-2.26 i and at y=0.25 um no stress is observed since this boundary
025 ‘ ‘ ‘ | is assumed to be mechanically free.
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Fig. 2. The p,, field. The source of the field is a dislocation (marked
with x) with Burgers vector b = (0, 1 nm, 0). o 02 015 01 005 0 005 01 015 02 025 09
X [um]
It is seen that at y=-0.25 um there are no displacements,
. EX [V/um] for (x',y")=(0.00pm,0.23um) and £=1.13,¢,=2.26
as expected. On the contrary, at y=-0.25 um displacements
are of considerable value.
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Fig. 4. The E, field. The source of the field is a dislocation (marked

025 02 045 01 -005 X[O ] 005 01 015 02 025 with X) with line force Vectorf: (0, 10’5 N/,um, 0)
um
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In general, the electric field does not vanish in either
point of the structure. This field is essential when the
internal structure of the material is considered. High values
or high gradients of this field may translate into reduced
durability and stability of structures which are engineered
for manufacturing. Therefore the content of the above plots
should be taken into consideration during sustainability
analysis.
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Fig.5. The D, field. The source of the field is a dislocation (marked
with x) with line force vector f= (0, 10 N/um, 0).

The electric displacement field vanishes at both
boundaries, and this fact is a clear consequence of
boundary conditions (28) where continuity of the dielectric
displacement component normal to the boundary of the
plate is implicitly assumed. It is well known that the
dielectric displacement field governs behavior of free

electric charges which carry information collected by the
device. Therefore values of this field directly influence the
response pattern of the plate as an active element in an
electronic device.

Conclusions

2D color-coded plots depicting electro-elastostatic fields
of a single defect in a thin layer of GaAs were presented.
One boundary of the layer was clamped to the substrate
and the other was mechanically free. The observed plots
allow to conclude about usual magnitudes of the
piezoelectric cross-effect for typical parameters of the
defect. Obtained values show that the parasitic fields
induced by defects in thin layers must be taken into
consideration when designing electronic devices in which
such structures are to be implemented.
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