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Mathematical model of drive system for metallurgical roller table
unit with rotation of rollers transmitted by chain transmission

Abstract. The paper discusses the drive system with the chain transmission driven by induction motor through the multi-stage gear-reducer. The
mathematical model is formulated taking into account the load at both endings of each roller of drive set. The equations describing the drive system are
derived on the basis of variational Hamilton’s principle and Lagrange’s equation of the second type. The final system of equations was transformed to the
linear differential equations. The aforementioned system of equations allows formulating the computer model for digital simulations.

Streszczenie: W artykule zaprezentowano ukfad napedowy z farcuchowym napedem rolek z zastosowaniem wielostopniowego reduktora
zebatego napedzanego silnikiem indukcyjnym. Model matematyczny sformutowano z uwzglednieniem obcigzenn na obu koricach kazdej rolki
zestawu napedowego. W oparciu o wariacyjng zasade Hamiltona oraz réwnanie Lagrane'a drugiego rodzaju wyprowadzono réwnania opisujgce
uktad napedowy. Ostateczng postac uktadu réwnarn sprowadzono do uktadu liniowych réwnan rézniczkowych umozliwiajgcego sformutowanie
modelu komputerowego do obliczeri symulacyjnych. Ukfad napedowy z fancuchowym napedem rolek z zastosowaniem wielostopniowego

reduktora zebatego napedzanego silnikiem indukcyjnym
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Introduction

The drive systems for roller-table sets with rotation of the
rollers transmitted by chain transmission are example of a
constructional solution of the drive systems for roller-table
transporting lines. The aforementioned drive systems are
applied in transporting lines in which due to technological
problems the instalment of gear-motors with self-transporting
construction on each roller is not possible. It concerns also
these cases where transmission of motion among rollers
through the shaft with gears is not possible. These cases
also appear in technological lines in which elements have
sections transported perpendicular to the roller-table by
single shifters or shifter sets apart from motion of these
elements along the roller-table [3], [4].

The goal of the paper is to develop a mathematical
model of drive system for roller-table set with chain
transmission among rollers. The working torques have to be
determined in the model. The chain transmission can have
various solutions depending on technological requirements.
In the paper an exemplary way of transmission of rollers’
motion is presented. The drive consists of three gears fixed
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on rollers’ shafts, two gears for chain tension and a driving
gear fixed on the ending of the multistage gear-motor.

The kinematic diagram of the drive for three rollers of
transporting roller-table with chain transmission covered
rollers of the drive is depicted in Figure 1.

In the presented kinematic diagram of the abovementioned
drive system the gears of the chain tension are shown as
elements with inertia J17 and Jig. These gears in the other
constructional solutions may be replaced by eight gears of
the chain tension in such a way that the gears of the chain
tension shown as elements with inertia J17 and J1g are not in
the axis of the chain gears fixed on the endings of the
transport rollers shown as elements with inertia J16, J1s, J20.
The advantage of the presented drive system is the
possibility of whichever forming of the rollers’ span
depending on the constructional requirements.
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Fig. 1. The kinematic diagram of the drive for three rollers of the transporting roller-table with chain transmission, where: 1 — the
induction motor, 2 — two-stage reduction gear, 3 — the clutch, 4 — the chain drive set for rollers, 5 — the transporting roller
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Fig. 2. The simplified computable kinematic diagram of the system depicted in Figure 1

Determination of the output quantities
Taking into consideration a kinematic diagram of the drive
system illustrated in Figure 1 this system was transformed to
the reduced computable kinematic diagram given in Figure 2.
The distributed load torques shown in Figure 1 for
respective rollers appear in the simplified computable
kinematic diagram (Fig. 2) as follows:

- for the first roller the load torques mW

ol 7

shield with moments of inertia J,, J,,,
- for the second roller the load torques M2, M%) at

ol 7

reduced shield with moments of inertia J,,, J,,,
- for the third roller the load torques M), M) at reduced

ol 7
shield with moments of inertia J,;, J,, .
The gear ratios of the gear transmissions shown in
Figure 2 are determined by dependencies (1):

M ((,12) at reduced

d

d
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The moments of inertia reduced to the shields shown in
Fig. 2 for respective elements of the system are expressed
by dependencies (2): for the driving motor Ji' for the
reduction gear J,' — J4', for the chain set of the driven rollers
Js' —Jg', for the transporting rollers Jy' — J14’

) Jy=J,+05J,, Jy=05J,+J,+J;5,
Jy=Jy+Js+Jg+J +Jg, Jy=Jo+J1g+Jp 1y,
J; =Ji3+Ju+Jis, J% =Jis +0,5P§5J17 +0.57,,,
Jy=Jig +0,5p3sJ 17 +0,5pisT 1 +0,5],5, ,

Jg =Ty +0,5p55] 19 +0,5] 57,
Jo =057, +0,55,, Jyg =050 +J 3,
i =0,505, 40,5755, J1y = 0,5J,5 +J o,
J1'3 = 0,5']27 +0’5J28‘ Ji4 = 0’5‘]28 +J29

In the kinematic diagram (Fig. 2) the rotating masses
are transformed to the shields with moments of inertia J; (i

= 1,2,...,14). The position angles (p; (i =1,2,...,14) and

coefficients of elasticity c, :Mk/A(/);{ (k=1,2,...,13) were
assigned to the shields, where A, is an internal torque
resulting in torsion of any elastic element by angle Ag, .
Assuming addition of the moments of inertia of the halves
the clutch to the moments of inertia of the shafts with the
gears as well as considering serial connection of the shafts
with coefficients of elasticity ¢, and c¢3 the equivalent
coefficient of elasticity c,.3 is defined as follows:

CHC
(3) €y y=—22

For the chains of the drive set the coefficient of elasticity
¢, =F,JAl, (k=4,..7)is defined as the ratio of the force
F, and the chain elongation A/, . The following external

torques are in the drive system:
- the electromagnetic torque of driving motor A£,

- the load torques at the i-th transporting roller occurring in
the places of its settlement MY, M) .

ol »

In the drive system presented as the kinematic diagram

(Fig. 2) the fourteen elements with the determined moments

of inertia are indicated. There are 12 degrees of freedom

determined as independent coordinates of angles of shafts’

rotation in the system. These coordinates are expressed as
the column matrix (4):

) q=[aeaaeae nd dasad
In the drive system presented as the kinematic diagram
(Fig. 2) the transformed moments of inertia given by the

diagonal matrix (5) correspond with the considered
independent coordinates given by dependency (4):

(5) D=diagon[J; J, J5 Jg J; Jg Jy Jig Ty Sy Jis il

where: J, =J,, J, =Jy+ pids + phpiy, J=Jp, k=5,..14.
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Mathematical model

The mathematical model of the drive system (Fig. 2) is
based on Lagrange’s equation of a second type taking into
consideration the Rayleigh’s dissipation function [1], [2]. In
general form the Lagrange’s equation of a second type is
expressed by the following dependency:

(6) i(i.Tj—iT+iV+i.(D=Qk , k=1..,n
dz\ gy oq; oq; oq;

where: T is total kinetic energy of the system, V is total
potential energy, @ is total power of energy dissipation in
the system (Rayleigh’s dissipation function), g« is the i-th
independent generalized coordinate, Ok is the non-potential
generalized force affecting on a part of the system with k-th
coordinate, n is a number of independent generalized
coordinates of motion.

The total kinetic energy of the analyzed drive (Fig. 2) is
given as follows:

* d2 (D‘ * d2 q)’z 14 * d2 (0"
(7) T=05J —Lt+J +3YJ,—
ba T as ,2:5 7 e

In the chain drive set for the rollers the deformation
potential energy of the stretched chain between driving chain
gear and driven chain gear is collected. The deformation
between these gears may by expressed as follows:

(8) Ali_iyy = 075(‘1#’1‘ —d; 9, ) >0

The value of the potential energy collected in the
stretched chain between the driving chain gear and driven
chain gear is given by the dependency (9):

! 2
o v - 05¢_ ;M2 yys dla Ay >0
ST dla Al,__, <0

1

Differentiation of the potential energy given by (9) over
generalized coordinate results in the dependency (10):

aVi—(i—l) _ 5Vi—<i—1) aAli—(i—l) _
o0p; aAli—(i—l) op;

(10) = {O’ZSdiczg—(i—l)(di%’ ~d;_1¢,,), for Alj_iony > 0} _

0, for Al_;_;) <0

1

=0,25- I(Ali—(i—l))dicf—(i—l)(diq)i ~di )

1, for Al ;1) >0
0, for Al,_;_;, <0

i

where the unit step function: I(Al,.(,.,))z{

The torque which deforms (stretches) the chain in the
chain drive set for the rollers transformed to the shaft of the
driving chain gear may be expressed by dependency (11):

0,5d, [cl-/_(i_l)Ali_(i_l) +

1)y M= +bil(di¢i _di—1¢i—l)]’ for Al;_;_)>0
0, for Al_;_4)<0

where: bf is the general damping coefficient of deformed
chain.

Considering the value of potential energy collected in the
deformed chain, the total potential energy of the analyzed drive
system (Fig. 2) may be expressed by dependency (12):

- 0,5[01 (-0 F +s(prapmes —ouf +
Vs AV Vg Vs +0,5[c8(¢'6 o +
" +aslpy — o] +cnles — o, [+l —wiz)Z}
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The Rayleigh’s dissipation function of the analyzed drive
system (Fig. 2) is given by the dependency (13):

D= O,S[bl (gb{ - qb'z)z +by 4 (plzpzs(/'"z — s ﬂ +
+ 0,5[0,25 1(Als_¢) by (dscb; - d6¢é)2 +

+025-1(Alg )b ldegpy - d7¢;)1 +

(13) #0025 181 )iy - dyif +
! .t .
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+b11(¢il —¢12)2}+0,5[b12(¢é _¢i3)2 +b13(¢"i3 _¢1'4)2:|

_ byb, . . .
where: b, ; = o T the generalized damping coefficient.

» +0;

Substitution in the equation (6) 7, M; and 7 equal (7), (11)
and (12), respectively, as well as differentiation of the equation
over all independent coordinates determined by the column
matrix (4) and over generalized velocities corresponding
with these coordinates result in the system of the 14
differential equations describing the drive system (Fig. 2).

18) I +bo - )+ alo - 0h)= M,

J;(Pz —b ((P1 - (?'2 )+ p12p23b2,3(p12p23¢£ - (P; )+
- (¢’1 - @ >+ P12P2362-3 (P12P23(/7'2 - ‘/’; )Z 0,

J;(Ps —by_; (p12p23¢'2 - (b; )+
+0,25-1(Als_¢) dsbzlt (ds(/’; - d6¢"6 )_
~0,25-1(Aly_s)dsbs (ds(?;s - dsﬁs)‘

—Cr 3 (P12P23§0|2 - (0; ) +
+025-1(Als_)dselldsgs — degs)-
—0.25-1(8ly_5)dsch (s — sl )=,
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where: Al,_, Al,_,, Al,_; are length increments of the
chain in the drive system among the chain gears with the
moments of inertia J5, Jg, Jo, Jg.

The system of equations expressed by dependency (15)
allows setting the true loads on the respective rollers
working in the transport line. In many studies the load of
drive systems is assumed to be a technological torque
determined as a ratio of the rated torque of the motor in the
drive system.

The formulated system of equations allows for
consideration of the drive system consisting of the assumed
chain gears at determined number of rollers for various
constructional solutions and dimensions of driving chain
applied in the chain drive set. Various solutions with regard
to: the distance between rollers as well as the shape of the
chain route may be assumed for this drive set dependently
on constructional requirements.

Additionally, the system of equations expressed by de-
pendencies (15) allows for consideration of the meaningful
technological case concerning irregular placement of the
transported elements against the supports of the
transporting rollers. Irregular placement of the transported
element may be considered in the system of equations (15)
using the symmetry factor determined by dependency (16):

(16) W, o=

where: «a is the width of transported element measured along
the roller axis, ax is the distance between the edge of trans-
ported element and the roller ending, L is the roller length.
The system of equations (15) takes into account the
dependencies dealing with free damping of elastic elements

of the analyzed drive system and allows for analysis of this
system for different materials applied in true drive systems.
It expands significantly the possibility of practical application
of the mathematical model in analysis of the drive systems
at the stage of their designing or setting up the prototypical
systems. It was not considered in previous mathematical
models [5], [6]. The significant practical meaning has the
proper selection of the driving chain in the systems with
precise positioning of the transported element which is the
most damage element of the system and it is exposed to
the significant deformation during the operation of the drive
system in frequent dynamical states.

Conclusions

The analysis of the drive system presented as
computable kinematic diagram (Fig. 2) results in the system
of equations (15). This system of equations allows for the
wide and optional analysis of the dynamical states of the
drive system. The obtained mathematical model allows
analyzing, inter alia, the following cases:

- the computable analysis of the system in dynamical states
considering or not the dissipation energy,

- the computable analysis of the drive system for various
configuration of the chain gears contained in the chain
drive set for the rollers,

- the computable analysis of dynamical states of the drive
system for different sorts and lengths of the chain working
in the chain drive set for the rollers.

The analysis presented in the paper and developed
mathematical model does not consider an influence of the
placement and elasticity of the transported element on the
operation of the transporting rollers in analyzed section of
operation of the transporting lines.
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