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T-potential based model of induction heating of thin conductive
plates in hard-coupled formulation

Abstract. Mathematical and computer models of induction heating of very thin plates are presented. The plate is supposed to be exposed by time-
variable external magnetic field. Distribution of eddy currents and other quantities is modeled in terms of electric vector potential. The problem is
solved in hard-coupled formulation and the methodology is illustrated by a typical example.

Streszczenie. Zaprezentowano model matematyczny i model komputerowy dla problem grzania indukcyjnego bardzo cienkich ptytek. Ptytka wy-
stawiona jest na dziatanie zmiennego pola magnetycznego. Rozktad gestosci pradéw wirowych i inne wielkoSci zostaty zamodelowane poprzez
uzycie elektrycznego potencjatu wektorowego T. Problem zostat rozwigzany w warunkach silnego sprzezenia elektromagnetyczno-cieplnego a
przedstawiona metodyka zilustrowana jest prostym przyktadem. (Model grzania indukcyjnego cienkich plytek bazujacy na potencjale T przy

silnym sprzezeniu zjawisk)

Keywords: induction heating, T-potential, hard-coupled formulation, numerical analysis.
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Introduction

Nowadays, modeling of induction heating is usually
performed numerically using the finite element method [1-3]
and magnetic field in the system is described in terms of the
magnetic vector potential A . This approach is also imple-
mented into a number of professional codes such as
OPERA [4], ANSYS [5] or FLUX [6].

From time to time, however, one must solve problems
where this classical approach can fail. One class of such
problems is characterized by geometrical incommensurabil-
ity of some parts of the investigated system. This means
that one dimension of such a part is much smaller than
other dimensions, but yet, this dimension is important and
its influence cannot be neglected. We can mention, for
example, local induction heating of nonferromagnetic thin
plates. One of the possible arrangements for realizing this
technological process is depicted in Fig. 1. A nonferromag-
netic plate 1 of an arbitrary shape and very small thickness
O is locally heated by eddy currents generated by time-

varying magnetic field B, (t) produced in magnetic circuit

2 by field coil 3 and concentrated by appropriately shaped
magnetic focusators 4.1 and 4.2.
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Fig. 1. Local induction heating of a very thin plate (§<<a,b):

1-locally heated thin nonferromagnetic plate, 2—-laminated magnet-
ic circuit, 3—field coil, 4.1 and 4.2—ferromagnetic focusators

Handling such a problem as a geometrically 3D task
(depending on quantities x,y,z,t), formulating it in the

classical manner (in terms of magnetic vector potential A )
and solving it by the finite element method is practically

unreal. This is because the thickness ¢ of the plate is
negligible with respect to its remaining dimensions, which
represents the fundamental complication for building the
finite-element mesh.

On the other hand, considering the problem as a 2D
task (thickness & would be neglected) is also counterpro-
ductive because in this case it is not possible to numerically
approximate the boundary conditions for the magnetic vec-
tor potential A4 .

The paper solves the problem of induction heating of a
circular nonmagnetic disk in a novel way. Distribution of
eddy currents induced in the disk is described by means of
electric vector potential T while the nonstationary tempera-
ture field is described in terms of heat sources and sinks.
This eliminates the above difficulties and allows fast compu-
ting of results. The numerical solution is realized in a hard-
coupled formulation.

Formulation of the problem
Consider a very thin, nonferromagnetic, electrically con-

ductive circular disk of radius 7, , thickness 6 — 0 (it must
be substantially lower than the depth of penetration), elec-
trical conductivity y,, and magnetic permeability 1, , see

Fig. 2. Its surface is denoted by symbol 2 and its bounda-
ry by symbol 7.
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Fig. 2. Basic arrangement of the investigated circular disk

The disk is locally (in a circle (2 — £2 whose radius
1y <r,) exposed by a time variable external magnetic field

B (r.t)=2yB, . (r,t) and heated by the currents in-
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duced in it (their density being denoted J, ). The corre-
sponding nonstationary temperature field affects the electri-
cal conductivity y, (and also thermal conductivity and heat

capacity of the disk), so that both mentioned fields are mu-

tually coupled.

The task is to map the time evolution of distributions of
induced currents, specific Joule losses and temperature
along the radius of the disk.

Continuous mathematical model

The total magnetic flux density B in the system con-
sists of two components: external flux density B, and
magnetic flux density B, ; produced by currents of density
J.

ind induced in the disk.

The total electric field strength E in the system follows
from the second Maxwell equation

(1 curlE:—a—B:_%_aBind

ot ot ot

As in the disk J; 4 = 7, E , we can write

J; oB
(2) curl =nd = _——
Vel ot
Both vectors E and J;4 obviously have only one

component in the circumferential direction, so that

3) E=9E,, Jina =P0/ind,p -

Introduce now the electric vector potential T by relation

(4) Jing = —curl T .

1

Itis clear (see (3)) that T (r,t)=1z,T, (r,t). Hence,

(5) curl {Lcurl T

Vel

Ve Ot ot ot

Neglecting the displacement currents in the first Maxwell
equation (values of applied frequencies are supposed to be

smaller than 10° Hz) we can write

B.
nd =g ind
Hy

(6) curl H; 4 = curl
and using (4) we obtain

B.
7 —curl T = curl —2d |
Ho

Hence, generally

B
(8) -7 ="1_orady ,

Ho
where  is any scalar function. But in our case, the quanti-

ty T represents the electric vector potential produced only
by the induced magnetic flux density. That is why

grady =0.
On this assumption (5) may be rewritten as follows:

B
9) curl LcurlT =—,L106—T+ﬁ.
Vel ot ot
Considering (3) and the aforementioned fact that
T(r,t)=2yT,(r,t), we finally obtain
(10)
o(1Yer, 10T, 1101, T, OB, ey
_ + — > 4+ — :/uO__—
or\yq)Or ygq oOr Yo ¥ OF ot ot

which holds everywhere in region (2. Of course, in region

£ the external field B, does not exist, so that the term

OB, o / Ot vanishes there.
For the density of the induced currents J;4 , we obtain
from (4)
oT,
(11) J(p,ind = - 8}"2

and the volumetric Joule losses are

(12) Wy~ gina! Vet -

From the above formulas we can see two principal ad-
vantages of introducing the electric T potential for such
kinds of problems:

e Potential T is defined only in electrically conductive
domains, in our case only in the disk. On the other hand,
magnetic vector potential 4 would have to be determined
everywhere in the whole system (i.e., inductor, magnetic
cores, focusators, ambient air), which would require much
larger 3D mesh. Transversal discretization of the thin disk
would be, moreover, very complicated. The only drawback
is that the currents induced in the disk have the same den-
sity along its thickness

e The boundary conditions for the electric vector potential
T are very simple, because the normal component of the
induced current densities J;,; along the boundary 7/~ of

the disk vanishes. This means

o
or

where 7 is the tangential direction to boundary /7 at its
arbitrary point. In other words, the value of T along the
boundary /" is a constant, and as before the heating pro-
cess there is no magnetic field in the system, we can put

T(I')=0. On the other hand, finding the value of the

magnetic vector potential 4 along the boundary 7 is
impossible and for solution we would have to introduce a
sufficiently distant artificial boundary with the Dirichlet con-
dition.

e Potential T is advantageous for the solution of cou-
pled electromagnetic-thermal problems similarly as the
magnetic vector potential 4. From its distribution one can
easily derive the density of induced currents J, ; and vol-

umetric Joule losses w; necessary for the consequent
thermal computations.
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For computation of the nonstationary temperature field it
is advantageous to describe the thermal balance of the disk
in terms of heat sources (volumetric Joule losses) and sinks
(convection and radiation from both its sides), see Fig. 3.

i heat sources *heat sinks

Fig. 3. Heat sources and sinks in the disk

Using this approach the heat-transfer equation may be
written in the form

oA0T _o*T 10T or
——+Al—+A——=pc—-w; +
or Or o r or ot

+%|:(ac’1 + G{C’Z )(T _Text,c ) + 2‘C’.SBCr (T4 - Tg)‘(t,r ):|’

(13)

where A, p, ¢ are the temperature-dependent thermal
conductivity, specific mass and specific heat, respectively,
&gp is the Stefan-Boltzmann constant, C, is the coefficient

T.

ety are the distant temperatures for

of emissivity, T,

simulation of convection and radiation and, finally, «; and
a,, are the coefficients of convective heat transfer along

the upper and lower sides of the disk. Now the boundary
condition is given by zero thermal flux (the thickness & of

the disk is considered negligible) from the boundary 7" of
the disk.

Numerical solution

The system consisting of coupled nonlinear parabolic-
type partial differential equations (10) and (13) (defined on
1D domain 0 <r <r,) was solved numerically by the finite

difference method using explicit approximation of accuracy
0[(Ar)2+AtJ [7]. We checked both convergence and

numerical stability of the solution. The stability is deter-
mined by the von Neumann condition [8] in the form
AtS(AF)z/O', where in (10) o =1/y,4,, while in (13)

o =1/ pc . The code developed by the authors was written
in Free Pascal [9].

lllustrative example

An aluminum circular disk of », =0.1 m is exposed (in a
region (2, ~0<r <7, where r; may vary in some limited
range, similarly as the thickness J ) by harmonic magnetic
field B, . (t)=Bysin(2nft), where B, and frequency f
also can vary.

The physical properties of pure aluminum are nonlinear
functions of the temperature. For example, Fig. 4 depicts

the dependence A =A(T), taken over from [10].

At first we carefully tested the convergence and stability
of the results. Fig. 5 shows the convergence curves for
electric vector potential 7, and volumetric Joule losses w;

at a given radius. It is clear that for the number of nodes

n>100 the changes decrease fast. The convergence of
the temperature for the specified geometry and other input
data is shown in Fig. 6. Even in this case, the results well
converge for n>100.
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Fig. 4. Dependence A = A(T) for pure aluminum
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Fig. 5. Convergence curves for electric vector potential 7, (r,t) (1)

and volumetric Joule losses wJ(r,t) (I.) for »=0.02 m after 10
periods (7 =0.02m, § =0.001m, By =1T, f =50Hz)
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Fig. 6. Convergence curves for the temperature 7 at three differ-
ent radii after 60 s of heating for 1 =0.02m, 6=0.001m,

By=1T, f=50Hz(l.r=0m,Il.r=0.02m,lll. r=0.1 m)
Figure 7 shows the distribution of the component T of

the electric vector potential along the radius of the disk of
specified parameters excited by harmonic external magnet-

ic field (B, =1T, f =50Hz) after t=0.42 s obtained for
different time steps (I — instable for time step A¢ =0.0006s,
Il — stable for time step Az =0.0004 s, the limit of stability
being about Af =0.0004713 s).
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Fig. 7. Distribution of electric vector potential 7, along the radius of

the disk (1 =0.02m, §=0.001m, ¢=0.42s): | — instable solu-
tion, Il — stable solution

Then we started investigating various characteristics of
the system. For example, Fig. 8 shows the distribution of
temperature along the radius of the disk for different times.
It is clear that the domain of the highest temperature can be
found between the focusators (a thin air gap with rather
high temperature of air, very low convection).
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Fig. 8. Distribution of the temperature in the thin aluminum circular
disk (17 =0.02m, §=0.001m, B, =1T, f =50Hz)

Figure 9 depicts such the time evolution of temperature
for varying radius 7 of the part exposed to the external
magnetic field.
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Fig. 10. Time evolution of the temperature at two radii for varying
frequency f: (7 =0.02m,r=—0.1m, 6=0.00lm, B, =1T)

l.Lr=n, f=50Hz, Il.r =5, f=75Hz,lll.r =5, f =100 Hz,
V.r=r, f=50Hz,V.r=r, f =75Hz,Vl.r =r,, f =100 Hz

Conclusion

Electric vector potential seems to be a powerful tool for
modeling induction heating in systems characterized by
geometrically incommensurable elements, because it allows
handling specific 3D arrangements as 2D problems. Anoth-
er advantage consists in the formal similarity of equations
for the electric vector potential and magnetic vector poten-
tial, which makes possible to use classical FEM codes for
numerical computation of such tasks.

Next work in the field will be aimed at the process of
thermoelastic displacements in the heated disk.
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