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Approximation of spectroradiometric data by fractional model 
 
 

Abstract. In the paper results of approximation of spectroradiometric data by fractional model are presented. Investigations of fractional parameters 
show that they  depend on the interval of lambda. By fractional model approximation we illustrate the theoretical basement for a model of  an 
emission intensity. For the development we use the fractional series model that comes from the similar model for energy. 
 
Streszczenie. W pracy została dokonana analiza aproksymacji modelem potęgowym, z potęgą niecałkowitą, danych pochodzących z pomiaru 
spektroradiometrycznego. Model opisu z potęgą niecałkowitego rzędu wykazuje zbieżność z teoretycznym opisem zjawiska. Użyto modelu szeregu 
potęg niecałkowitego rzędu, który pochodzi z podobnego modelu dla zależności od energii. (Aproksymacja modelem potęgowym ułamkowego 
rzędu rozkładu egzytancjii widmowej mierzonego promieniowania świetlnego) 
 
Keywords: approximation, fractional model, spectroradiometric data. 
Słowa kluczowe: aproksymacja, model potęgowy, pomiary spektroradiometryczne. 
 
 
Introduction 
 In the paper we analyze the possibility of describing the 
spectroradiometric measured data. The question is what an 
approximation method and what type of a mathematical 
model we can use. We discuss some privileged models. As 
a shape of line seems to be Gaussian we checked the 
goodness of fitting by that type of models.  Moreover we 
take under consideration also the nature of optical 
properties of the emission intensity for an ideal LED, [1]. 
After analysis of the theoretical description we propose the 
exact fractional power model that coincides with the 
theoretical assumptions. 
 We use the approximation, not interpolation [2]. 
Methods of interpolation or approximation is widely 
discussed in the literature, e.g. see [3]. However one can 
find the discussion of sensitivity analysis of regression. 
 All calculations are done in MATLAB 7.5.0 (R2007b). As 
the main criterion we take the minimum of the sum of 
squares of errors – SSE and the same time the 
maximization of the determination coefficient R-square. Such  
parameters we obtain directly working with  Curve Fitting 
Toolbox in MATLAB program. We also point the important 
case like confidence intervals for parameters. They are 
given by 95% realization of confidence intervals. We do not 
make any revision of approximation general methods. 
Additionally one can find the description of methods and 
guide of used commands in Matlab in description of Spline 
Toolbox 3 or in Curve Fitting User’s Guide. Moreover some 
basic commands are explored in the text. For Polish 
readers we refer also [4,5,6]. 
 
Theoretical emission spectrum of an LED [1] 
 The physical mechanism by which semiconductor LEDs 
emit light is spontaneous recombination of electron-hole 
pairs and simultaneous emission of photons. The properties 
of spontaneous emission in LEDs are discussed in [1]. In 
our paper we only shortly describe the situation following 
this book. The emission intensity as a function of energy is 
proportional to the product of the joint density of states (E)  
and the distribution of carriers in the allowed bands. 
Moreover, according to [1], we have that 
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where h is Planck’s constant,  
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hole effective masses, gE is the bandgap energy.  

 The distribution of carriers in the allowed bands is given 
by the Boltzman distribution, i.e. 
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Then the emission intensity is written accordingly to 
multiplication in Eqs. (1) and (3). 
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In that case we easily see that )E(I is the multiplication of 

power function of gEE  and exponential function for E . 

Then theoretical emission intensity of an LED as the 
function of E  is presented in Fig. 1. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Theoretical emission spectrum of an LED. The full width at  
half maximum (FWHM) of the emission line is 1.8kT [1] . 

The full width at half of the maximum of the emission is: 
 
(5)  .kT.FWHME 81  

Let us notice that as ,
hc

E


  where c is the light velocity 

and   is wavelength then the relation given by Eqs. (3) can 
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be interpreted as the function of the inverse .

1

 It can be 

analytically proved that the relation remains to be the power 
type function of  . Then we claim that the emission 
intensity given by  Eqs. (4) we can rewrite as  
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The formula in Eqs. (6)  is very sensitive in using it in 
nonlinear approximation and it is dependent on gE . 

However it can be investigated by using series expansion to 
two one-sided infinite series of the following type    
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 But from another side we can also think about two-sided 
approximation: one type of function up to the point of 
maximum and the next function on the right of maximum. In 
our investigations we can use a class of approximated 
function as comes from the model of the emission intensity 
given by formula in Eqs. (4). 
 
Approximation for measurement LED data type  
 For a chosen measurement vector data type for LEDs 
firstly we consider general Gaussian model. And applying 
the curve fitting tool we get the following results for the 
model its goodness. 
General model Gauss2: 
       fittedmodel1(x) = a1*exp(-((x-b1)/c1)^2) 
     + a2*exp(-((x-b2)/c2)^2) 
Coefficients (with 95% confidence bounds): 
       a1 =      0.4571  (0.4537, 0.4605) 
       b1 =       379.8  (379.7, 379.8) 
       c1 =       10.07  (9.98, 10.15) 
       a2 =    0.001245  (-0.001518, 0.004008) 
       b2 =       506.9  (479.2, 534.6) 
       c2 =       15.27  (-23.87, 54.41) 
Goodness of fit: 
  SSE: 0.01614;   R-square: 0.9937 

The plot of fitting curve is presented at the Fig. 2. (red line: 
fitting curve, blue points: measurement points). From the 
values of SSE and R-squared we see that the model is very 
well fitted to the data. What it is only with doubt are some 
points on the top excluded from the fitted curve.  

 

Fig.2. Gaussian approximation function for LEDs data type. 

As the next step we reconsider the half right part of the data 
and the left part of data. 
General model Power1: 
       f(x) = a*x^b 

Coefficients (with 95% confidence bounds): 
       a =   3.68e+131  (-2.311e+132, 3.047e+132) 
       b =      -51.09  (-52.31, -49.86) 
Goodness of fit: 
  SSE: 0.008155;    R-square: 0.9925 

   
Fig. 3. Right part  approximation function for LEDs data type for 
lambda>380 nm. 
 
General model: 
       f(x) = a*(385-x)^c 
Coefficients (with 95% confidence bounds): 
       a =  1.761e+004  (8614, 2.66e+004) 
       c =      -4.294  (-4.486, -4.102) 
Goodness of fit: 
  SSE: 0.003924;   R-square: 0.979 
  

 
Fig.4. Left part  approximation function for LEDs data type for 
lambda<380 nm. 
 

 We also show by the example  that considered model is 
with agreement with measured data. For those purpose we 
produce two vectors by excluding procedure in Matlab. One 
for data with wavelengths longer than 380 nm and the 
second with wavelengths not longer than 380 nm. And we 
use the following models with calculated coefficients. 
I) For wavelength greater than 380 nm  we use the following 
model: 
General model: 
     f(x) =a+b*(x-380)^(0.5)+c*(x-380)^(-0.5)+d*(x-380) 
  +e*(x-380)^(3/2)+f*(x-380)^(-3/2) 
Coefficients (with 95% confidence bounds): 
       a =     -0.7023  (-0.7502, -0.6544) 
       b =     0.08275  (0.0741, 0.09141) 
       c =       2.078  (1.991, 2.166) 
       d =   -0.004044  (-0.004656, -0.003432) 
       e =  7.012e-005  (5.561e-005, 8.463e-005) 
       f =      -1.004  (-1.059, -0.9479) 
Goodness of fit: 
  SSE: 0.01205 
  R-square: 0.9889 
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Fig.5. Right approximation by the sum of power functions:      
f(x)=a+b*(x-380)^(0.5)+c*(x-380)^(-0.5)+d*(x-380)+e*(x-
380)^(3/2)+f*(x-380)^(-3/2) for lambda>380 nm. 

 
II) For wavelength less than 380 nm  we use the following 
model  
General model: 
 f(x)=a+b*(380-x)^(0.5)+c*(380-x)^(-0.5) 

 +d*(380-x)+e*(380-x)^(3/2)+f*(380-x )^(-3/2) 
Coefficients (with 95% confidence bounds): 

a =     -0.7667  (-1.529, -0.004206) 
 b =      0.2014  (0.06283, 0.34) 
 c =      0.3815  (-1.295, 2.058) 
 d =    -0.01943  (-0.03078, -0.008083) 
  e =   0.0006445  (0.000298, 0.0009911) 
  f =       10.97  (7.721, 14.22) 

 
Goodness of fit: 
 SSE: 0.001904 
R-square: 0.9898 
 

 
f(x) = a+b*(380-x)^(0.5)+c*(380-x)^(-0.5)+d*(380-x) 
+e*(380-x)^(3/2)+f*(380-x )^(-3/2) for lambda<380 nm. 

Conclusions 
 In all presented models we got very high value of 
criterions. Considered data can be approximated by 
fractional power model by one-sided function because of its 
behavior. Series given by Equations (7) are used by 
extracting few terms and then checking if the goodness of fit 
is high enough. It is worthy to notice that also the 
confidence intervals for coefficients are short. Our goal was 
to confirm if from the model for energy we can introduce 
also a model for the wavelength and if using measurement 
data there exists an approximating  function close to the 
theoretical model. 
 
The work was done in Bialystok University of Technology 
under grant S/WI/1/08. 
Pracę wykonano w Politechnice Białostockiej w ramach 
działalności naukowej S/WI/1/08. 
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Fig.6. Left approximation by the sum of power functions: 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


