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Asymptotic stability of positive continuous-time linear systems
with mutual state-feedbacks

Streszczenie. W pracy sformutowano i rozwigzano problem stabilnosci dodatnich liniowych uktadéw ciggtych ze wzajemnym sprzezeniem
zwrotnym. Wykazano, ze 1) jezeli jeden z uktaddw jest niestabilny wtedy uktad ze sprzezeniem zwrotnym jest niestabilny dla wszystkich wartosci
tych sprzezen, 2) jezeli przynajmniej jeden element na gtéwnej przekatnej blokowych macierzy jest dodatni to uktad ze sprzezeniem zwrotnym jest
niestabilny dla wszystkich wartosci tych sprzezen, 3) mozliwo$¢ modyfikacji dynamiki przez dobér sprzezen zwrotnych jest silnie ograniczona.
Rozwigzanie ogdine zilustrowano dwoma przykiadami. (Stabilno$¢ asymptotyczna liniowych dodatnich ukfadow ciaglych ze wzajemnymi
sprzezeniami zwrotnymi).

Abstract. A new problem of asymptotic stability of positive continuous-time linear systems coupled by mutual state-feedbacks is formulated. It is
shown that: 1) If one of the coupled systems is unstable then the closed-loop system is unstable for all gain matrices of the mutual state-feedbacks,
2) If at least one diagonal entry of the block diagonal matrices is positive then the closed-loop system is unstable for all gain matrices, 3) the
possibility of modification of the dynamics of the closed-loop system by suitable choice of gain matrices is strongly limited. The considerations are

illustrated by two examples.

Stowa kluczowe: stabilno$¢ asymptotyczna, ciggty, uktad dodatni, sprzezenie zwrotne.
Keywords: asymptotic stability, continuous-time, linear system, positive, mutual state feedback.

Introduction

It is well-known [1, 2, 5, 7] that if the pair (A,B) of
continuous-time linear system is controllable then by
suitable choice of the gain matrix K of state-feedbacks it is
possible to assign eigenvalues of the closed-loop system
matrix A+BK in prescribed positions in the complex plane.
In this paper the asymptotic stability of positive continuous-
time linear systems coupled by mutual state-feedbacks is
addressed. It will be shown that if one of the coupled
systems is unstable then the closed-loop system is unstable
for all gain matrices of the mutual state-feedbacks. It will be
also shown that the possibility of modification of the
dynamics of the closed-loop system by suitable choice of
gain matrices is strongly limited.
The paper is organized as follows. In section 2 some
preliminaries on asymptotic stability of positive linear
systems are recalled and formulation of the problem is
given. The solution of the problem and the main result of
the paper are presented in section 3. Concluding remarks
are given in section 4.

Preliminaries and problem formulation

Let R™™ be the set of nxm real matrices. The set
nxm matrices with nonnegative entries will be denoted by

R" and R" =R,
will be denoted by Z, and the nxn identity matrix will be

denoted by I,,.
Consider the linear continuous-time system

The set of nonnegative integers

(1 X =Ax+ Bu

where x = x(f) e R" is the state vector, u=u(t) e R" is

input vector and 4 € R™", Be R .
Definition 1. The system (1) is called positive if and only if

x(t)e Ry, t=0 for any initial conditions x(0) =x, € R’

and all input vectors u(r) e RY, t>0.
Theorem 1. [4] The system (1) is positive if and only if

2) AeM, and Be R

where M, is the set of nxn Metzler matrices, i.e. real
matrices with nonnegative off diagonal entries.

Definition 2. The positive system (1) is called asymptotically
stable if and only if

(3) lim x(¢) =0 forall x, € R’

—0

Theorem 2. [3, 4 p.64, 6] The positive system (1)
asymptotically stable if and only if its characteristic
polynomial

4) det[l s—A]=5"+a, ;s" ' +..+as+a,

has all positive coefficients, i.e. a; >0, k=0,1,...,n—1.
Theorem 3. [4 p.65] The positive system (1) is unstable if at
least one diagonal entry of the matrix 4 =[a;] is positive,

i.e. a; >0 forsome i< (1,2,...,n).
Consider the positive linear continuous-time systems

(5a) X = Ay x; + By
and
(5a) Xy = AypXy + Bou,

where x; eRY' and x, eR}> are the state vectors,

u e R input vectors and
nyxmy 1y XMy

AyeM,, B eR™™ | Ay eM, , B, e R

Let

and u, eR}> are the
(6) u; = Kyx, and u, = Kjx;

where K, e R"™" | K, e R™™" are gain matrices.
Substitution of (6) into (5) yields

7) Fl}:[/lu BIK2:||:xl:|
X, BKy Ay | X
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The system (7) will be called the closed-loop system.
We are looking for K; and K, such that the closed-loop
system (7) is positive and asymptotically stable.

Problem solution
Note that

All BIKZ _
(8) EMn (n_nl+n2)
BZKI A22

if and only if the systems (5) are positive and
9) K, eR"M ) K, e R

Theorem 4. If the positive system (5a) or (5b) is unstable
then the positive closed-loop system (7) is also unstable for
all gain matrices (9).

Proof. The positive system (7) is asymptotically stable only
if both matrices 4,, and 4,, are asymptotically stable. From
the form of the matrix (8) it follows that its block diagonal
matrices 4;; and 4,, are independent of the gain matrices
K, and K,. Therefore if the matrix 4,, or 4,, is unstable then
the positive system (7) is unstable for all gain matrices (9).
]

Theorem 5. If at least one diagonal entry of the matrix 4,, or
of the matrix 45, is positive then the positive system (7) is
unstable for all gain matrices (9).

Proof. If at least one diagonal entry of the matrix 4,, or of
the matrix A4,, is positive then by Theorem 3 the positive
system (5a) or (5b) is unstable. In this case by Theorem 4
the positive system (7) is unstable for all gain matrices (9).
[m}

From Theorem 4 and 5 it follows that the possibility of
modification of the dynamics of the system (7) by suitable
choice of the gain matrices (9) is strongly limited. If the
system (5a) or (5b) is unstable then by suitable choice of
the gain matrices (9) we are not able to stabilize the system
(7). On the following examples we shall show the limits of
modification of the dynamic of the system (7) by suitable
choice of he gain matrices (9).

Example 1. Consider the positive systems (5) witch the
matrices

4y =[ay], By =[h],

(10) 4, =layn], B, =[b,]
(b >0,b, >0)
Assuming K, =[k]], K, =[k,] we obtain the

characteristic polynomial of the closed-loop system (7) of
the form

I, s— A4,
1
- B,K,

_blk2

S—a22

S_all
_b2k1

det =
1,5 = Ay

- BiK;
(11)

2
=5 —(ay; +ay)s+ayay —bbkk,

From (11) it follows that the positive closed-loop system is
unstable for any values of k1 and k2 (k; >0,k 20) if at

least one of the coefficient of the polynomial is nonnegative.
It is easy to show that for any value of k; 20 and &, >0
the characteristic polynomial (11) has only the real zeros

E

_aptap +\/(‘111 _azz)2 +4b,by ki k,
2
o = a;+ay _x/(an —ay,)” +4bbkik,
, =
2

(12)

From (12) it follows that if a;; <0, a5, <0 and

a119

13
(13) hibs

Ik, <

then the closed-loop system is asymptotically stable.

By suitable choice of k, and k, satisfying (13) we have
limited possibility of changing of the positions of the zeros
(12) on the left half of the complex plane.

Fig. 1 shows for a,, > a;; the changes of positions of the

zeros (12) when the coefficient k = k;k, varies from k=0

ana

(s;=a,,5, =a,)to k=k,=—122
1 = d11,52 = Ay 0 b,

(Sl :a11+a22,52 :O) k_)ko

A Ims
k—)kﬂ k=0 k=0 ](-)](D Ees
> >
5=y g, S =y 5, =dy 5, =0

Fig. 1. The changes of positions of the zeros

Example 2. Consider two linear circuits shown on Fig. 2
with given resistances R,R,,R;,R, capacitances C;,C,,

inductance L and source voltages ¢;,e, .

c1m ihmczl)uz
N S

e, L

=R

b)
Fig. 2. Electrical circuits

Applying the Kirchhoff laws we may write the equations

du du du
14a e =RC —L+u +R(C,—L+C,—2%
(14a) 1= /G (e o T dt)

du du du
14b e, =R,C,—2+u, + R, (C,—-+C,—=
(14b) N 5(C a2y,

for the first circuit (Fig. 2a) and the equation
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di

(15) i

for the second one (Fig. 2b).
The equations (14) can be written in the form

(16) g{m}:A{m}+&q
dt|u, U,
where
4 :|:all a12:|
dyy Ay
_ R+ Ry R
(17)= GIR(R +R)+ RBs]  GIR(R, + Ry) + Ry Ry ]
R, ~ R +Rs ’
GIR (R, +Ry) + RyRs] GIR (R, + Ry) + RyRs]
R,
B = b _| GIR(Ry +R3) + Ry Rs ]
' b, R
GIR (R, + Rs) + Ry Rs]

From (15) we have
(18)
where

(19)

%=M=P§}%=W=E}

The both electrical circuits are positive systems since A,
and A, are Metzler matrices and the matrices B,, B, have
positive entries.

The electrical circuits are coupled by the mutual state-
feedbacks

| -
(20) e =ki and e, =[k; k;]

U
In this case the matrix (8) has the form

ay,  ap bk

=lay ay bk
bk, bk, a

21) Ble}

|: All
BZKI A22

and its characteristic polynomial

s—a;, -—a, -bk
22) p(s)=det| —a,, s—a,, —bk
_bkl _bk2 S—a
=57 +a,5 +ays +a,
where

a, =—(ay; +ay +a),

(23) a; = ay,ay, +ay,a + aya — a,a,; —bbkk; —bbykk,,
ay = a;bbykk, + a,,bbikk, + aya,,a — ayaa

- aZlbblkkz - alzbbzkkl

If the gains &, k, and k are nonnegative then the matrix (21)
is a Metzler matrix and its characteristic polynomial (22) has
at least one real zero. It is easy to show that if at least one
of the diagonal entries ay, a5, and a is positive then at least
one of the coefficients ay, a;, a, of the characteristic
polynomial (22) is not positive.

Note that only the coefficients ap and a; depends on the
gains k,, k,, k and the coefficient a, is independent of the
gains. Therefore, by changing of the gains &, k,, kK we have
limited influence on the locations of zeros of the
characteristic polynomial (22).

For R=R =R,=R;=1, C =C,=1
characteristic polynomial (22) has the form

and L=1 the

S_all _a12 _blk
p(s)=det| —a,, s—a,, —bk
(24) —-bky, bk, s-a

4 1 k
=(s+l)(s2 +§s+§—§(kl +k2)j

and its zeros are

s =—1,

2 1
s2=—§+§1/l+3k(kl+k2),

2.0 Mmoo
83 :—315 1+3k(k1+k2)

From (25) it follows that for nonnegative &, k,, k only s, may

(25)

1
be nonnegative for k; +k, > T

Fig. 3 shows the asymptotic stability and instability regions
on the plane k, k, for k satisfying the condition

1
O<k1+k2<;.

llkz
P

Instability region

Stability region

oy

1
i

Fig. 3. The asymptotic stability and instability regions
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The same result follows from the polynomial (22) since for
. . 1 k
asymptotic stable system the coefficient E_E(kl + k2)

should be positive.

Concluding Remarks

A new problem of asymptotic stability of positive
continuous-time linear systems coupled by mutual state-
feedbacks has been addressed. The following has been
shown: 1) If one of the coupled systems is unstable then
the closed-loop system (7) is unstable for all gain matrices
K, and K, (Theorem 4). 2) If at least one diagonal entry of
the matrices 4,, or 4,, is positive then the closed-loop
system (7) is unstable for all gain matrices K, and K,
(Theorem 5). 3) The possibility of modification of the
dynamics of the closed-loop system (7) by suitable choice
of gain matrices K, and K, is strongly limited. The
considerations have been illustrated by two examples. In
Example 1 Fig. 1 shows the changes of position of the
zeros of the characteristic polynomial (11) when the

coefficient k varies from k=0 to k =k, . In Example 2 the

asymptotic stability of two linear circuits coupled by state-
feedbacks has been analyzed. These considerations can be

easily extended for linear discrete-time systems coupled by
mutual state-feedbacks.

This work was supported by Ministry of Science and Higher
Education in Poland under work S/WE/1/06.
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