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Numerical integration for symmetric Galerkin Boundary Element

Method

Streszczenie.. Metoda elementéw brzegowych Galerkina (GBEM), w przeciwienistwie do metody klasycznej, przy pewnych warunkach generuje
symetryczny uktad réwnan algebraicznych. Najtrudniejszym elementem obliczerr numerycznych w standardowej metodzie elementéw brzegowych
sg catki osobliwe. Trudno$c ta jeszcze wzrasta w przypadku podejscia Galerkina. W niniejszym artykule przedstawiono propozycje numerycznego
wyznaczania catek w symetrycznej metodzie GBEM. (Catkowanie numeryczne w symetrycznej metodzie elementéw brzegowych Galerkina).

Abstract. The classical BEM produces fully populated coefficients matrix. With Galerkin Boundary Element Method (GBEM) is possible to produce
the symmetric coefficients matrix. Generally the Galerkin boundary integral equations lead to the algebraic system where known and unknown
boundary values are defined by one or two dimensional integrals. The main problems are related to the integrals evaluation and treatment of the
singularities. These paper presents problems associated with integration for GBEM.
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Introduction

Galerkin approach (GBEM) [1,2] is more difficult than
the standard Boundary Element Method [3,4,5,6] mainly
due to a very complicated procedure of the singular
integrals calculation. Galerkin method leads to a double
surface integration. GBEM may, under some conditions,
generate a symmetric system of algebraic equations. That
is a major advantage of Galerkin approach [2].

The concept of GBEM formulation is presented for the
boundary integral equations limited to constant elements
and 2D space.

Symmetric system of Galerkin BEM

Basic integral equation (BIE) for the BEM is constructed
by the convolution with the fundamental solution [3,4,5,6].

Figure 1 presents domain {2 < R" with Dirichlet and
Neuman boundary.

I

I7
Fig.1. The domain Q
The basic principles of traditional BEM are presented for

the paradigmatic example of the n-dimensional stationary
heat conduction described by :

(1) Au(x) =—f(x),ercR”,A:fa2 /ox},

k=1
u(x)=up(x), xel,cQ,
tx)=tr(x), xel,cQ,

where: A - Laplace operator, u — the unknown quantity, 1 -
the known volume sources in Q.
The flux on the boundary is:

(2) t=Au=-0vu=-v-Vu,

where: V, v - the gradient and the outer unit normal,
A, =—v-V - the boundary operator, 0/0x; - the partial

derivatives denotes 0, , x — n-dimensional vector, dx — the

short form for dx;dx, (or dx;dxdx;).

To obtain a well posed problem, half of the boundary
data (either u on I3, or t on 7; should be defined by boundary
conditions, i.e. I, UI, =0Q2.

Most of the numerical methods are based on a weak

form of the differential equation. The basic weak form for
BEM is:

_ (o, _, v
(3) iuAudQ—iAuudQ i(avu u—

and is equivalent to Green's formula.

Basic integral equation for the BEM is constructed by
the convolution with the fundamental solution U(x). The v in
(2) is replaced by U(x-y), where U(x-y) is the response of the
infinite medium to a single source  f(x)=dJ(y) (Dirac

distribution):
) AU(x-y)=-0(x-y),x,y e R".

The fundamental solutions inherit their singular
character from the Dirac distribution &. Unfortunately
analytic formulas for the fundamental solution can only be
found for simple differential operators. Nevertheless, as
long as the coefficients of the differential operator are
constant, the existence of the fundamental solution can
always be assured [1].

The known and unknown boundary quantities u, ¢ are

approximated by a sum of polynomial trial functions ¢,i,¢f

with the coefficients ui,ti :

N“ L. N’ ..
(5) u(x) ~ Zu’% (x), t(x)= Ztl@l, (x) .

For convergence reasons, the ftrial functions for the u
should be at least linear, for the ¢ it is sufficient to take
constant trial functions.

Galerkin BIE lead to the algebraic system of BIEs [1,4]:

(6) YK =F]+y H]'t' =% Gl'u',
i i i

(7) ZKtjii:F}t"‘ZHtjiti_zthiui,
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where the vector and matrices are defined as follows [1]:

Fl = [¢/ 0] f(U(x - y)dQ,dT,
T Q

H" = [¢/ () [/ (U (x = y)dIdT,
T, T,

GI' = [¢/ () [#()AU(x - y)dr, T, ,
T T

x y

K] = [ 4] (g, ()T,
I,

F =[]0 [ f(0)A/U(x = y)dQ, T, ,
T, Q

HY = [¢](x) [ 4] () A/U(x— y)dT T, ,
T T

x y

G/ = [8](0) [$ (A AU (x = y)dT ,dT,,
T T

x y

K/ = [ 4] ()] + 4] k)T,
r,

In general case the «(x) definition may be find in [1]. For
smooth part of a boundary x(x)=1/2.
The Galerkin BIE lead to the final matrix system
ZAjiXi =Y/, where the matrix 4 is fully populated and
1

symmetric [1,4].

Numerical integration

Computer implementation of GBEM [1, 4] requires the
same skills as classical BEM [3,8]. Integration with respect
to two unknowns in the Galerkin approach (from a
mathematical point of view) is equivalent to the surface
integral:

®  Hl'=[¢/®0[¢U(x-y)dl,dr,,
I T,

Y

where: i, j — number of elements, x =[x;,x,], ¥y =[y;,1,]

(two dimensional case).
For the numerical calculation, the equation (8) can be
written as:

o glg2 glg2
©) H' = [ [Ux=y)dydx =[ [U(x), 1, %5, 1,)dydx,
dld2 dld2

where d1, gl and d2, g2 denotes the integration limits.

Determination of double integrals is usually carried out
using Gaussian quadrature with the -1, 1 integration limits.
The nodes coordinates are transformed to a local
coordinate system [5,6] using the transformation (the same
for x and y):

(10) (&) =%(1 . +%(1+§>x2 ,

where £ is the local coordinate.
After dividing the boundary curve I', into elements I'; and

l

Fy into elements l"j the numerical integration in local

coordinate over each element is equals:

[ ]/, yydr dr, =

LT

L

11
= [ [SG(&), 9 EW(E)(E)dE s,

-1-1

(11)

where: f means any function, J(&) = %z is the Jacobian of

transformation .

Double integrals in local coordinates corresponds to the
integration under square surface. The singularity appears
along the diagonal. Non-singular integrals can be
calculated in a similar way as for the conventional BEM
using twice Gauss-Legendre integration rules. In order to
get correct results for singular integrals the different
numbers of integration points in each direction should be
used [9] (table 1):

+1+1 n—1{ m-1

(12) I = Iff(fl,ggz)délﬁz = Z[Zf(fuségzi)wj]wi ,
—1-1 i=0\_j=0

where: n — number of integration points in &; direction, m —

number of integration points in &, direction, ¢&;;,&,; - the

Gauss-Legendre integration points, 0;,o; - the weights for

the integration.

Table 1. The Gaussian points and weights

4 integration points
The points The weights
-0,3400 0,6521
-0,8611 0,3479
0,8611 0,3479
0,3400 0,6521
5 integration points
The points The weights
-0,9062 0,2369
-0,5385 0,4786
0 0,5689
0,5385 0,4786
0,9062 0,2369

The complete list of the weight coefficients and
Gaussian integration points can be found in [9].

To improve efficiency for the singular integrals, the
regularization method need to be implemented [5,6].
For the GBEM the regularisation method rely on subdividing
the square region into two sub-triangles and next those sub-
triangles are mapped into two squares as it is shown in

figure 2.
That transformation for first triangle can be defined as:
1+& -2&
(13) m==S. =—2 =22,
1-&
and for the second triangle as:
—-1+2¢ =&
(14) ==&y My =
1-&

Next the standard Gauss-Legendre rule for numerical
integration can be used, The Jacobian of transformation is
the same in both cases and is equal to:

1+,
5

(15) Jry=Jr2 =
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Fig.2. Regularization method of integration of double singular
integrals

Numerical example
As the test example, the Dirichlet problem of the Poisson
equation:

Au(x)=—f(x),x€Q, u(x)=ur =0,
is considered in a quadratic two-dimensional domain
Q=[0,1]x[0,1] at the boundaries u=0. The interior is

subjected to stationary heat source f. The boundary 0Q is
divided into eight elements (Fig. 3) with constant trial

function ¢,(x)=1.
Xz
_/6' 5
3
==

7
o'(x) 8
S
]

xel,

4
Fig. 3. Quadratic domain with eight boundary elements and

constant trial function

The fundamental solution is:

U(x)=U(x;,x5) zziln\/xlz +x§ ,
T

(16)
where:
U(x_y):U(xlaylfxbyZ):
1 2 2
:—ln X — +(x, — .
by \/(1 )"+ (x = »,)

Taking into account that u = 0 at the boundaries, the
general system of BIE (equation 6) can be reduced to:

(17) 0=F/+> H]'t
i

where:

H]' = [¢/ [$U(x=y)dl T,
T T

X ¥

Fl = [¢/ 0] U (x - y)dQ, dr, .
I, Q

x

The calculation of the H ( 8x8 ) matrix coefficients leads to

the example integration:

1/21/2
H'" = I IU(xl,yl,0,0)dxldyl :
00
11/2
H? = [ [UQx,,,1,0)dx,dy, ,
1/2 1
11/2
H* = [ [UQ,p,x;)dx,dy, .
1/2 1
For the constant boundary elements, the Jacobian value
(equations 10, 11) is constant and proportional to the
elementlength L: J(&)=L/2.

The 64 matrix H coefficients were calculated (using Matlab
symbolic toolbox) symbolically [7], numerically and
numerically with regularization method.

Table 2 presents the values of the first rows of matrix H
calculated numerically using Gauss rule with 4 x 5 and 20 x
21 points of integration.

Table 2. Results of calculations for the first row of the matrix H

Symbolically

Numerically (4 x 5)

Numerically (20x21)

-0,08726255367854
-0,03210365364037
-0,00934285053778
0,00233501514488
0,00079080546173
0,00484298721934
-0,04222282866900
-0,00934285053778

0,08241078918265
-0,03207395713560
-0,00934285068230

0,00233501540380

0,00079080565786

0,00484298712768
-0,04224040701302
-0,00934285678014

-0,08609376042378
-0,03210357534770
-0,00934285053778
0,00233501514488
0,00079080546173
0,00484298721934
-0,04222291373550
-0,00934285053778

Using the symbolical results the relative error is calculated
for 4x5 (Fig. 4), 20x21 (Fig. 5) and 60x61 (Fig. 6) Gaussian
points.

The relative errar [%]

Fig.4. The relative error for 20 (4x5) Gaussian points of direct
integration method

For singular integrals (the diagonal elements of matrix
H), inspecting the figures 4-6, it can be seen that for 20
(4x5) Gaussian points the error is about 6%, for the 420 (20
x 21) points the error is 1,5% and for 3660 (60 x 61) the

error is 1,4-10"5%. This satisfactory results was achieved

using huge numbers of integration points but such number
of integration points is not justified. That is why new, more
effective regularization method with better precision and
less time consuming need to be used.

Figure 7 and 8 presents the analogical results for the
regularization method.
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The relative error [%]

Fig.5. The relative error for 420 (20x21) Gaussian points of direct
integration method

The relative errar [%]

¥ 10

Fig.6. The relative error for 3660 (60x61) Gaussian points of direct
integration method

The relative errors [%]

Fig.7. The relative error for 20 (4x5) Gaussian points of
regularization method

The relative errars [%]

Fig.8. The relative error for 420 (20x21) Gaussian points of
regularization method

Conclusions

The numerical integration in the Galerkin approach is
more difficult than the standard BEM method. The singular
integrals calculation procedure is quite complicated. The
simple Gauss integration gives good results for minimum
420 (20 x 21) points of integration. More effective
calculation and the same results are achieved using
regularization method for 20 (4x5) Gaussian points.

REFERENCES

[1] Duddeck Fabian M.E., Generalization of Boundary Element
Methods by Fourier Transform, Springer-Verlag Berlin
Heidelberg (2002)

[2] Sutradhar A., Paulino G.H., Gray L. J., Symmetric Galerkin
Boundary Element Method, Springer-Verlag, Berlin Heidelberg
(2008)

[3] Beer G., Programming the boundary element method, John
Wiley & Sons, Ltd (2001)

[4] Jablonski P., Metoda elementéw brzegowych w analizie pola
elektromagnetycznego, Wydawnictwo Politechniki
Czestochowskiej, Czestochowa (2003)

[5] Sikora J, Boundary Element Method for Impedance and Optical
Tomography, Oficyna Wydawnicza Politechniki Warszawskiej
(2007)

[6] Sikora J., Podstawy metody elementéw brzegowych,
wydawnictwo ksigzkowe Instytutu Elektrotechniki, Warszawa
(2009)

[7] tukasik E., Panczyk B., Sikora J., Matlab symbolic integration

for Galerkin BEM, Methods of Optimisation and Data Analysis,

Selected Issues, Szczecin (2010), 137-155

Sikora J., Algorytmy numeryczne w tomografii impedancyjnej i

wiropragdowej, Oficyna Wydawnicza Politechniki Warszawskiej,

Warszawa (2000)

[http://www.crbond.com/papers/gwint.pdf

8

—_

[9

—

Authors: prof. dr hab. inz. Jan Sikora, Politechnika Lubelska,
Katedra Elektroniki, ul. Nadbystrzycka 38a, 20-618 Lublin, E-mail:
sikb9@wp.pl; dr Beata Panczyk, Politechnika Lubelska, Instytut
Informatyki, ul. Nadbystrzycka 36b, 20-618 Lublin, E-mail:
beatap@cs.pollub.pl.

PRZEGLAD ELEKTROTECHNICZNY (Electrical Review), ISSN 0033-2097, R. 87 NR 12a/2011 39




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


