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Modification of Petri nets modeling production processes when

quality control is introduced

Abstract. Petri nets can be used as a model of production processes, as far as such processes often contain the steps which can be executed in
parallel. Such modeling can serve for optimization and verification of production processes, because a wide range of existing methods of Petri net
analysis can be applied. Adding to a production process the steps in which quality control is performed requires changes in the modeling net to keep
it well-formed. Such modifications are the topic of the article. The production processes are modeled by s-nets and a-nets.

Streszczenie. Sieci Petriego, jako formalny model proceséw wspétbieznych, doskonale nadajg sie do optymalizacji i weryfikacji proceséw
produkcyjnych. Wykorzystane w tym celu metody redukcji oraz analizy sieci pozwalajg zbadac czy siec jest dobrze zbudowana a tym samym czy
proces produkcyjny bedzie poprawnie realizowany réwniez po wprowadzeniu posrednich punktéw kontroli jako$ci w wyniku czego moze wystgpic¢
konieczno$¢ przeprowadzenia modyfikacji. Do odwzorowania rzeczywistych proceséw produkcyjnych zastosowane zostaty s i a - sieci.
(Modyfikacje sieci Petriego modelujacych procesy produkcyjne po wprowadzeniu punktéw kontroli jakoSci).

Stowa kluczowe: sieci Petriego, a-sieci, s-sieci, proces produkcyjny.
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Introduction

Petri nets [1,2,3] can be used for modeling, analysis and
verification of a wide range of parallel processes, especially
asynchronous ones. Among others, they can be applied to
formal verification of the production processes [4,5]. A
correct production process should have no deadlocks,
should never try to initialize again an operation which is
already active, and should be cyclic. That means that a
Petri net which models such process should be well-formed.
There are various methods which allow to check whether a
net is well-formed and, if it is not, to diagnose its defect.

When the quality control steps are introduced to the
production process (which is usually an obviously
necessary element of a production) it may complicate the
process structure. Among others, modeling Petri net, which
usually belongs to the class of extended free-choice nets or
a-nets, after introducing the quality control steps may turn
to be outside this class. Besides, introducing such quality
control may cause errors in the production process, related
to wrong or incomplete reaction to negative results of the
control.

Our proposition to provide correctness of a production
process is applying the following 4 steps.

1. Perform modeling (by a Petri net), verification and,
if necessary, correcting of structure of the production
process before quality control is added;

2. introduce the quality control steps to the process
where it is necessary;

3.  modify the modeling Petri net to keep it well-
formed;

4. provide the corresponding modifications to the
production process to keep it formally correct.

The main topic of this paper covers steps 3 and 4 of the
mentioned ones.

State of the art

Petri nets were used for modeling production systems
since year 1983 [6] until today. Paper [7] presents a visual
verification approach and an algorithm that employs a set of
graph reduction rules to identify structural conflicts in
process models for a generic workflow modeling language.
There we can find information about modeling and
verification of production workflows. In [8] the method is
presented which maps UML specifications to high-level
Petri nets; it allows checking important properties of the
modeled process. A different approach presented in [9],

where we can see transformation from UML activity
diagrams to stochastic Petri Nets (intended for formal
analysis of software systems). Paper [10] indicates
application of the activity diagrams to verification of the
production processes.

Production processes

A production process is a procedure of obtaining
finished goods from materials and components. It consists
of the operations of several kinds. Technological operations
create a new product, and the quality control operations
verify its quality.

Petri Nets
A Petri net [2,3] is a triple £ = (P, T, F), where P and T
are the disjoint sets of places and transitions;

Fo(PxT)J(TxP). For teT *t ={peP|(p,t)eF}; t'={peP|(t, p)eF};
‘t and ¢ are the sets of input and output places,
respectively. Such notation is also used for places.

A marking of a net is defined as a function M: P—{0, 1,
2,...}. It can be considered as a number of tokens situated
in the net places. Number of tokens in a place p for marking
M is denoted as M(p). A place p such that M(p) > 0 is marked
in marking M. Initial marking is denoted as M,.

A transition t is enabled and can fire if all its input places
are marked. Transition firing removes one token from each
input place and adds one token to each output place of the
transition. A marking that can be obtained from M by a firing
sequence is called reachable from M; the set of reachable
markings is denoted as [M). Anet is safe, if VMe[M),
Vpe[P): M(p)<1. A transition is live, if there is a reachable
marking in which it is enabled; otherwise it is dead. A
deadlock is a marking in which all transitions are dead. A
net is reversible if, for each marking M in [M), M, is
reachable from M [2]. A Petri net is well-formed, if it is live,
safe and reversible.

Concurrency relation ||cPxP is a symmetric relation on
the set of places P of a Petri net such that Vpp’eP (p,p)e||
iff IMe[M,) such that M(p)>0 and M(p )>0.

Graphically Petri nets are presented as oriented graphs
with nodes corresponding to places and transitions and with
arcs joining places to transitions or transitions to places.
Tokens are shown as the dots inside places (Fig. 1).
Behavior of a net can be presented by its reachability
graph. A reachability graph is a labeled directed graph. lts
nodes represent reachable markings of the net, and the
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arcs correspond to possible single transition firings
transforming a marking represented in the graph into
another marking represented in it.

In graphic presentation of the reachability graphs, we
will describe the markings, listing the numbers of marked
places. Listing a number twice in the same node means an
unsafe marking (see Fig. 5).

An s-net is a Petri net with single-token initial marking
[11,12]. An a-net [13] is such s-net that for every two its
transitions ¢, t,: "1,N°t, = @) < (Ct,="1,).

Modeling of production processes with Petri nets

In [4] it was proposed a way to connect two different
models, i.e. UML and PNs, for modeling production
processes. In this method modeling UML is transformed
into a Petri net (where the places correspond to
technological operations), which can be formally analyzed.
An example of Petri net modeling a production process is
shown in figure 1.

Fig. 1. A Petri net (an a-net which is not live)

Methodology of verification of production processes
using Petri nets

Verification is an important part of designing the
production processes. Modeling by Petri nets provides
possibility of efficient formal verification of the processes,
because there is a wide range of methods allowing
checking properties of such nets. Among others, analysis of
a Petri net can decide where it is well-formed, and a net
modeling a correct production process should be well-
formed.

The analysis methods which especially fit to the
structure of production processes are, according to our
experience, the stubborn set method constructing reduced
reachability graphs (RRG) [14], the Andre’s method of
reduction of state machine subnets, described in [1],
developed and extended in [15,16], and the classical
reduction rules of Petri nets presented in [2]. The stubborn
set method allows detecting all reachable deadlocks of
general Petri nets [14], and checking some other important
properties of o-nets and s-nets [11,12]. Net reduction in
both mentioned variants preserves liveness and safeness of
the nets [16,9]. A person performing modeling and
verification should decide which method or combination of
methods should be applied in a concrete case.

Example of net analysis (reduction approach)

Applying reduction methods to the a-net shown in
figure 1 allows easy checking of its properties. Figure 2
demonstrates such checking. In figure 2a the net from
figure 1 after reduction of the SM-subnets [16] is shown.
Subnet specified by places pi1, p2, ps is replaced by
macroplace A; ps, ps by B; ps, pr by C; and pg, p10, p11 by D.
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Figure 2b shows the net after applying fusion of parallel
places — one of classical reduction operations [2];
macroplaces B and C are replaced by macroplace X. Then
we can apply reduction of an SM-subnet again: in figure 2c
the net in demonstrated in which places A, X, ps are
replaced by macroplace Z. Reachability graph of the
reduced net is trivial (Fig. 2d), and it shows, that the net is
not live and not reversible.

d
Fig. 2. Steps of reduction of the net shown in fig. 1
reachability graph of the reduced net (d)

(a-c),

Application of the reduction methods for analysis of the
production processes is limited by the fact that they usually
do not allow to localize a fault easily, and such localization
is very important for correction of the processes. For
example, the reduced net from figure 2c evidently has
adeadlock, but it is not so evident which deadlock
corresponds to it in the original net (Fig. 1). When reduction
approach causes such problems, applying only the
stubborn set method seems to be more reasonable.

Steps of verification and transformation

The following algorithm presents a possible way of
verification and modification of a production process using
Petri net modeling.

Algorithm 1
1. Verify the oa-net modeling the production
process:
a. Reduce the automaton subnets.
b. Apply classical reduction rules, if
necessary, otherwise skip this step.
c. Construct a reduced reachability
graph for the reduced net (by means
of the stubborn set method).
d. If the RRG is strongly connected’,
go to 3.
2. Perform an appropriate correction of the net
and goto 1.

3. Introduce the intermediate quality control
steps where it is necessary.
4. Verify the obtained s-net:
a. Reduce the SM-subnets.
b. Apply classical reduction rules, if
necessary, otherwise skip this step.
c. Construct a reduced reachability
graph for the reduced net.
d. Analyze the RRG. If the net is well-
formed?, go to 8.

! As it is shown in [12], RRG of an a-net is strongly connected, if
and only if the net is well-formed.

2 Analysis of s-nets is described in [11,12].
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Perform modification of the net (Algorithm 2).
Verify the obtained s-net (as in item 4). If the
net is well-formed, go to 8.

7. Perform correction of the net and go to 6.

8. Perform the modifications of the production
process corresponding to the modifications of
the net.

9. The end.

oo

Methodology of Correction of Production Processes

There are several causes why modifications of
a production processes may be necessary. First of all, it is
necessary for optimization and acceleration of the process.
Such modifications can be performed when the process is
formally correct (and the modeling Petri net is well-formed).
Another cause is correction of errors in the process
structure. Third essential cause is introducing the
intermediate steps of quality control into the process.

If the quality control is performed when the process is
finished, it does not influence its structure. If it is performed
before end of the process, the situation is different,
especially if it is a local control operation in one of the
parallel branches of the process. Then the structure of the
modeling net should be modified and verified.
Correspondingly, structure of the process may also require
modifications.

Correction before quality control is introduced

Usual errors at the first steps of design of a production
process are related to wrong way of beginning (Fig. 1) or
ending (Fig 5) of the parallel processes. At the level of
modeling net it may cause non-liveness or non-safeness of
the net. Then a net can be corrected in two ways. The first
one is introducing a common transition at the beginning
(Fig. 3) or at the end (Fig. 6) of a concurrent section of the
process. Common transition for the beginning of a set of
parallel processes can be applied when all these processes
can start at the same time. Another way of correcting is
introducing, together with the common transition, the
synchronization places (in figure 4 such places are S1 and
S2). Adding the places for synchronization makes possible
initialization of the parallel processes at different moments
of time.

Number of the synchronization places depends on
number of parallel processes. Decision whether to introduce
such places should belong to the designer, because every
case should be considered individually.

Modifications after introducing quality control

Petri net modeling a production process usually has
a structure which situates it within the class of a-nets [17].
Introducing the quality control often causes the changes
after which the modeling net belongs to the class of s-nets,
but not to the class of a-nets any more.

When intermediate quality control steps are introduced,
the feedbacks in the process structure should also be
introduced. It is necessary for taking into account situations
when the results of the quality control are negative and
correction of the produced item or its part should be
performed (see figures 7, 8).

There are three possible ways of dealing with negative
result of quality control. First one is cancelling the whole
process and transporting materials and parts to the
warehouses (with possible restarting of the process). Itis
illustrated by place KJ in figure 7 and the transition from this
place to the initial one (however such modification of the net
makes it unsafe). The second way is repeating the previous
operation, adding if necessary an “undo” operation, such as
disassembling (places KJ2 and DE in Fig. 8).

e

Fig. 3. Well-formed a-net being a modification of the net from figure
1 — a common transition for all parallel processes is used at their
beginning

®
@

Fig. 4. Well-formed a-net being a modification of the net from figure
1 — a common transition for all parallel processes and the
synchronization places
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Fig. 5. Wrong structure of joining of the parallel processes and
RRG of the net. The net is not safe (unsafe marking is grayed)

FOEE000

The third way is introducing a special operation for
problem correction (it is not considered in this paper).
Those ways can be combined; for example, figure 8
demonstrates a case in which results of quality control may
cause continuation of the process, repeating an operation
or restarting the whole process. As it can be seen in figures
7a and 8a, when the first way of dealing with negative
results of quality control is applied without taking into
account parallel processes, wrong structure of modeling net
and of a production process can be obtained. But the
structure can be corrected, as it is shown in figures 7b and
8b. Methodology of correction of the nets after introducing
the intermediate quality control steps presents Algorithm 2.
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Fig. 6. Well-formed a-net being a modification of the net from figure
4 — a common transition for all parallel processes is used at their
end

Fig. 7. The net from figure 2 after introducing an intermediate
quality control step. a) unsafe net, b) well-formed net

It uses the fact that the modeling net before quality
control is introduced is usually an a-net, and for the safe a-
nets an efficient algorithm exists allowing to obtain
concurrency relation on the set of places [17]. A modeling
a-net before introducing the quality control (when item 3 of
Algorithm 1 is achieved) is guaranteed to be safe.

Algorithm 2

1. Calculate the concurrency relation for the modeling
o-net (before the quality control steps are
introduced) using the algorithm from [17].

2. For every place p such that after introducing the
quality control steps (p°)*={KJ}, where KJ is a place
corresponding to quality control step and there is
transition ¢ such that KJe*s and p,ef’, where p, is
the initially marked place:

a. Calculate S= {p’eP|(p,p)el}.
b. IfS=@:

i Reduce S by repetitive applying the
following operation: if 3p’eS: (p**)°
€S, then remove p’ from S. When
further reduction is impossible, go
toii.

il. If a quality control step KJ is
introduced immediately after p’eS
((»™)"={KJ’}), then replace in S p’

by KJ’.
iii. For every maximal set S’'cS such
that Vvp'p’eS: (@p") €l

introduce transition # such that *¢’
= S'U{KJ}, £°={p:}.
iv. Remove transition .
3. The end.

b)

Fig. 8. The net from figure 2 after introducing the intermediate
quality control steps with possibility of correction. a) unsafe net, b)
well-formed net

Figures 3, 7, 8 illustrate the method. Consider figure 7a.
Here one quality control step is introduced, but the net is
modified in such a way that it became unsafe. To correct
the net, Algorithm 2 can be applied. Then p '=psg, S calculated
in item 2a of Algorithm 2 is {p, p10, p11}. After reducing of S
in item 2.b.i S = {p;}. “Wrong” transition is replaced by the
transition ¢ such that *s’ = {KJ, p;\}, £*={p:}.
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Figure 8 demonstrates introducing to the process of the
same structure (Fig. 3) two quality control steps in other
locations. The net in fig. 8a is not safe. Let us apply
A|gOI‘Ithm 2. For KJ1 P = p7 S = {p4, Pes Pos P10 pll}' After
reduction (item 2.b.i of Algorithm 2) S = {ps, p11}. As far as
quality control step KJ2 is introduced immediately after py,
in item 2.b.ii of Algorithm 2 §'is modified: S ={ps, KJ2}. S’ =S.
This set is used as the set of input places of newly
introduced transition.

But there is one more quality control step in the example
presented in Fig. 8. For this second control step (at the
second iteration of item 2) S before reduction is {p4, ps, ps, p7,
ps}, after reduction S = {pg}, and new transition has places ps
and KJ2 as the input ones.

Affirmation: if the modeling net before introducing quality
control step was well-formed, and after such introducing it
became unsafe, then applying Algorithm 2 to it changes it
into a well-formed net.

Idea of the proof: introducing the quality control steps
can result in an unsafe net only if a transition placing a
token to the initially marked place is added (the whole
process is restarted if the quality control result is negative).
Then the net becomes unsafe if such transition does not
gather all tokens from the net. In such case its firing leads
to the marking in which initial place is marked together with
some other places of the net; such net is evidently not safe.
Introducing of quality control steps does not affect the
concurrency relation between the places which were in the
net before quality control is introduced. Then, taking into
account such relation (calculated in item 1 of the Algorithm),
we can construct a set of transitions which remove all the
tokens from the places which is concurrent in respect to the
quality control place (item 2.b.iii), avoiding possibility of
unsafe makings.

If the modeling Petri net after introducing quality control
is not well-formed, then production process is not correct.
Correction of the Petri net should be followed by correction
of structure of the production process.

Conclusions

Modeling of the production processes by Petri nets
allows verifying and optimizing of the processes. A Petri net
modeling a correct production process is supposed to be
well-formed (live, safe and reversible). If the net does not
satisfy the mentioned conditions, we may conclude that
structure of the modeled process has some faults, which
should be detected (it also can be done with the help of the
Petri net model) and corrected. Introducing the intermediate
quality control steps in a process complicates its structure
and also may lead to incorrect behavior. The method
proposed in this paper allows correction of the mistakes
which may occur at different stages of process projecting,
when such mistakes can be detected using the modeling
Petri nets.
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