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Generalized model of second order parametric filter

Abstract. In this paper the method of determining response to any excitation of some class second order filters with non-periodically variable
parameters has been proposed. The variability of the parameters has been described by series of eksponential functions. The restrictions of
parametric functions which are guarantying correctness of this method have been presents. The results have been illustrated by the examples.

Streszczenie. W artykule zostata zaproponowana metoda wyznaczenia odpowiedzi na dowolne wymuszenie pewnej klasy filtrow o zmiennych w
czasie parametrach drugiego rzedu z parametrami zmiennymi nieokresowo. Funkcje parametryzujgce zostaty opisane szeregiem funkcji
eksponencjalnych. Przyjete warunki przebiegu zmienno$ci funkcji parametryzujacych gwarantujg poprawnos$c¢ stosowanej metody. Wyniki zostaty
Zilustrowane przyktadami. (Uogélniony model filtru parametrycznego drugiego rzedu).
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Stowa kluczowe: uktady parametryczne drugiego rzedu, filtry LTV

Introduction

Linear systems with time-varying parameters (LTV) are
described by linear differential equations with variable
coefficients [1], [2], [4]. The certain method of determination
of these equations having good physical interpretation
consists in variation of coefficients of differential equations
corresponding to transfer functions of LLS (linear lumped
stationary) systems [2]. In the case of a low-pass second
order LTV filter the equation can be presented in the
following form [3], [7]:

() YO +20000)y 1)+ o (Oy(t) = x(1)

where: y(¢) — filter response to excitation x(¢), o() — time-
varying angular frequency, o(f) — time-varying attenuation
ratio.

In accordance with differential equations theory [3], [8]
analytical solutions to equation (1) exist when the
fundamental  solutions to  homogenous  equation
corresponding to equation (1) are known. Determination of
fundamental solutions to such equations is possible only for
special cases of parameters variability and requires
knowledge about special functions of mathematical physics
[3]. The mentioned above problem has been considered in
earlier works [5], [7]. In the case of arbitrary non periodical
functions aXt), o(f) (compare with eq. (1)) the determination
of fundamental solutions can be carried out using the
method of successive approximations. The results obtained
in this way are complex and difficult in interpretation.

In this article an analytical-numerical method of
determination the fundamental solutions to equation (1) has
been proposed [6]. The linear combination of obtained
solutions can be interpreted as the LTV filter response to
zero initial conditions with excitation f{#)=0. In the next step
fundamental solutions the solution to non homogenous
system (1) have been determined. The entire solution to
equation (1) will represent the complete mathematical
model of LTV filter described by parametric differential
equation (1).

Formalization of analytical-numerical method

It has been assumed that functions @(f) and o(f)
representing the varying coefficients of equation (1) and
further referred to simply as the parametric functions are
expressed by formulae:

n
(2) o(t) = Za)k exp(—a,t),a, =0,0, > 0,0, € R,a, eR",
k=0

U]
(3) O-(t) = Zo-l exp(_ﬂlt)aﬂo = 050-0 > O’O-l € Raﬁl € R+ .
=0

The functions defined above are expressed by the sum
of functions with limited energy and constant additive
components and it is representation of non-periodical
functions with are reached the steady values ay i oy in the
timet — oo . It can be proved [1], [5] that parametric filters
described by (1) with earlier assumed conditions are
asymptotic stable. After sufficiently long time the properties
of LTV filters are identical as properties of low pass LLS
filters with cut-off angular frequency @y and attenuation ratio
o0y- One can expressed equation (1) in following form:

@) 3" (0 + £y )+ (Dg@0) - 2O+ g (O(0) =0,

thus:
(5) ft)=20()o (),
(6) fg-g* ) +g' (=0,

where g(?) is some unknown function. It can be proved [3],
that particular solutions to equation (6) are expressed by
formulae:

) n@)= eXp(— J'g(t)dt)‘
(8)
»2(0) = expl- [ g0t )1+ [expl- 2 [[o()o(t) - g(0)]dt ) ).

So the problem of solving equation (6) has been reduced to
solving the Riccati equation in the following form:

) gt =g () - 20(t)o(t)g(t) + »° (1),

with function g(#) as a variable. For earlier assumptions
(compare equations (2) and (3)) the analytical solutions to
Riccati equation are unknown [3], [8] and can be found only

by using numerical methods.

Algorithm description
The block diagram of proposed method of analysis of
second order LTV filter has been shown in figure 1. The
algorithm has been implemented in MATLAB™.
First, Riccati equation (9) is solved for given input data
using a numerical method. The solution is approximated by
the exponential function series:

3

g(t) =Y. Grexp(—y41),Gy > 0,7, > 0,7, =0.
=0

(10)
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Fig 1. The analytical - numerical algorithm of analysis

Taking into consideration formulae (7) and (8) the
fundamental solutions to equation (4) are determined:

(11) n()= CXP[Got - i&exp(— m)} ;
ok
(12)
Py (t) = exp{Got - Z—kexp(— 7/kt)J .
o vk
.Iexp[l —2wyot + nlzﬂ‘jz Dk exp(—(oy + B )+
k=1t Py

) L1
—y ) 0y exp(=fi1) — 0y Y o exp(—ayt) +
k=1 =

n3 G
-Gyt - Z—k exp(— 7kt)]]dt.
Py

The integral occurring in equation (12) should be
computed using numerical methods or by series expansion
of exp(+) function.

In the second phase one can obtain the solution to
second order differential equation (1) witch can be
expressed as the system of two first order equations:

(13){191'0)}{ 02 1 }{Pl(t)}{ 0 }
p'O] [~o° () -2000@)] p®)] |x()

Taking into consideration the Wronski matrix (matrix of
fundamental solutions and its derivates) [1]:

»n (@) )’2(0}

14
a4 »n'@® »n'wo

W (t) =[

one can determine the solution satisfies homogeneous
system corresponding to the equation (1):

(15) p()=p.O)+p,),

where: p(f) - vector of complementary solutions:

166

(16) p(t) =W (OW " (ty)x(t,) ,

Py(2) - vector of particular solutions:

(17) P, =[WOW ™ (D)x().
0

On the base of the fundamental solutions and Wronski
matrix, witch is given by formula (14) and (18), one can
calculate solution to non-homogenous equation (1) [3]
Assuming zero initial conditions the solution takes the form:

(18) {p ! (t)} - jW(r)W‘1 (0)x(0)dr .

pZ(t) 0

Eventually the solution to equation (1) with zero initial
conditions one can expressed as:

(19)
y(t) = A@)f [exp[Gor - i%exp(— nf)J'
0

k=1

ny+ny

-Iexp[l —2wyoot + Y, ﬂexp(— () + B )+
k=1 9%+ Py

n, n
—wy Y0y exp(—fit) — o ) @y exp(—ayt) +
k=1 =1

-Gyt - ii exp(— 7kt)]] dt - exp[GOr - Zzﬂ exp(— 7/,;)}(7) -
ol o

exp[GOt - i& exp(— ykt)} . exp[Gor - i& exp(— ykr)J .
o o K

D0

ny+n,
| exp[l —2[wyo,7 + exp(— (o, + B )r)+
Jospll~2anere 3 %+ )

n, n

— @y Z o exp(=f;7) -0y Z @ exp(—oy7) +
k=1 I=1

- Gyr - iﬂ exp(— 7k7)]]dt -x(r)drldr,
=g

where: A(f) — determinant of Wronski matrix.

The formula (25) is a closed form of response of second
order parametric filter with non-periodically variable
parameters to any excitation x(#).

Computing examples

In order to illustrate the method presented in the article
the analysis of a second order LTV filters has been carried
out. The three examples have been proposed. The variable
parameters of filters have been described by formulae (2)
and (3) with coefficient given by tables 1 and 2. The
waveform of parametric functions have been presented on
figures 2 and 3.

Table 1. Coefficients of functions a(7)

example | ey | o | o | | &
1 w () | 2 1 -1 5 1
1I an(t) | 2 | -0,5 11|35
111 ws(t) | 2 1 1 2 11,1
Table 2. Coefficients of functions o(¢)

example Oy | O3 o | BB
I a@® | 1 | 1,5] -1 5 1
I o) | 1 2 -1 1|35
111 a@ | 1 1525211
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Fig 2. Examples of waveforms of functions «¢)
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Fig 3. Examples of waveforms of functions o(¢)

The solution to Riccati equation (4) for assumed coefficients
in case | and its approximation have been presented in
figure 4.

g(lt)
2

g

| n ! ! 1 .
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Fig 4. The solution to Riccati equation (dot
approximation (solid line) for case |

line) and its

Table 3. Coefficients of functions g(¢)

przyktad 20 g Jed3 1 %
I a0 | 2,04 | -0,66 | -0,66 | 0,65 | 0,65
II | & |1,92]-0,56 | -0,56 | 0,05 | 0,05
I | g | 20 | -04 | -04 | 0,05 | 0,05
Numerical solution to equation (4) has been

approximated by series of exponential functions (10).
The coefficients of approximating formula are given also
in table 3. Based on knowledge of function g(¢) one can
find fundamental solution to equation (4) and one can
determine the step response. The results of computing
basing on equation (19), for zero initial conditions have
been presented in figure 5

0,5

2 4 6 8 i
Fig 5. Examples of step responses of LTV filters with variable
parameters.

For comparison of result the response of classical LLS

filter with constant parameters oy=1, ay=2 rad/s have been
drafted also.

Conclusions

The proposed model of generalized parametric filter with
non-periodically variable parameters allows to
determination the system response to any excitation.
Nevertheless, this method requires the numerical aided
solving of an auxiliary Riccati equation.

This model will be used in the future for optimalization of
dynamic properties of LTV systems and improving their
characteristics comparing with LLS sections. The first and
the second order sections are elementary blocks which
enable building more complex filters with different
properties. It allows to find optimal structures and determine
values of parameters for minimum sitting time.

In the stationary state the sections with variable
parameters are equivalent to LLS sections and the
advantages of proposed approach consist in improvement
of dynamic properties.

LITERATURA

[1]. D’Angelo H: Linear Time-Varying Systems. Analysis and
Synthesis, Allyn and Bacon, Inc. Boston 1970

[2]. Kaszynhski R.: Non-zero initial conditions in filters of the
constant component, Proc. of Annual Conference SICE, Vol.2,
4-6 Aug. 2004, pp. 1263 — 1266

[3]. Polyanin A.D., Zaitsev .F.: Handbook of Exact Solution
fo Ordinary Differential Equations. CRC Press, Boca-Raton,
2003

[4]. Richards J. A.: Analysis of Periodically Time—Varying
Systems, Springer-Verlag Berlin Heidelberg, New York, 1983.

[5]. Walczak J., Piwowar A.. Short time stability of
parametric filters, Przeglad Elektrotechniczny, No.4, 2010 pp:
151-153

[6]. Walczak J., Romanowska A.: Analysis of second order
LTV section with exponentially varying parameters Przeglad
Elektrotechniczny, No2, 2007 pp: 106-109

[7]. Walczak J., Piwowar A.: Analytical-numerical analysis of
second order parametric filter, XXXV Conf. SPETO, Gliwice-
Ustron, Maj 2010 pp.73-74.

[8]. Zwillinger D.: Handbook of Differential Equations, Academic
Press, New York, 1992.

Authors:: prof. dr hab. inz. Janusz Walczak, mgr inz. Anna
Piwowar; Politechnika Slgska, Wydziat Elektryczny, Instytut
Elektrotechniki i Informatyki; ul. Akademicka 10, 44-100 Gliwice.
E-mail: Janusz.Walczak@polsl.pl, Anna.Piwowar@polsl.pl

PRZEGLAD ELEKTROTECHNICZNY (Electrical Review), ISSN 0033-2097, R. 87 NR 1/2011 167




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


